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Nucleon & QCD degrees of freedom: quarks and gluons

DIS - I

December 5, 2024 5 / 33



Nucleon & QCD degrees of freedom: quarks and gluons
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Nucleon & QCD degrees of freedom: quarks and gluons

Proton mass radius: hint for higher Fock components?

”a mass radius that is notably smaller than the electric charge
radius”, Duran et al, Nature 615, 813 (2023)

Pion charge radius rπval > rπexp & rπnval < rπexp
Ydrefors et al., PLB 820, 136494 (2021)

Higher Fock-components:
large virtualities → more compact configurations
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Nucleon & QCD degrees of freedom: quarks and gluons

How to access the LF Fock-space dynamically?

Define the Light-cone Hamiltonian and diagonalize

Brodsky, Vary, Zhao...Basis Light-Ftont Quantization

Start with a four-dimensional model: Bethe-Salpeter equation
(pion/nucleon)

Continuum methods

Aguilar, El-Bennich, Cloet, de Paula, Eichmann, Fischer, Pelaez,
Salme, Roberts, . . .

Minkowski space representation – 4D equation
– project onto the Light-Front

Sales, Sauer, Marinho, Salme, TF

Caveat: simple kernels
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Nucleon three-constituent quark model

Nucleon schematic model

Spin and color factorized

Constituent Quarks (totally symmetric state)

Contact interaction & diquark

What physics remains?

4D structure / LF Fock-state decomposition

What we learn?

Three-body description in Minkowski space
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Faddeev-Bethe-Salpeter equation

Faddeev-Bethe-Salpeter equation

Basic building block is the two-body graph (contact interaction)
[TF, PLB 282 (1992) 409]

Physics Letters B 282 (1992) 409-414 
North-Holland PHYSICS LETTERS B 

Null-plane model of three bosons with zero-range interaction 
T. Frederico 
Instituto de Estudos Avanqados, Centro TOcnico Aeroespacial, 12.225 Sdo Jos~ dos Campos, S~o Paulo, Brazil 
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The relativistic formulation of the three-boson model interacting via a zero-range two-body force in the null plane is given. The 
Faddeev-like equation for the three-boson bound state is obtained and compared with the non-relativistic formula. The three- 
boson bound state energy is calculated numerically as a function of the tow-body boson energy. 

The wavefunction defined in the null plane allows a relativistic description of bound states that has two simple 
characteristics: (i) the center of mass coordinate (CM) is easily separated [ 1-3], and (ii) the pair creation 
process is not relevant [ 3 ]. This feature allows the construction of the bound state wavefunction in terms of 
only particle degrees of freedom. It has been used extensively to construct relativistic models for the light pseu- 
doscalar mesons [ 4 ] and the nucleon [ 4 ] in terms of bound-state quark systems. It was also applied to nuclear 
systems in the study of electron-deuteron scattering [3,5 ] for high-momentum transfers. These models are 
successful in describing the phenomenology. 

The next step towards understanding the null-plane formulation of relativistic systems is to describe the bound 
state wavefunction dynamically. In this work, the two- and three-boson systems in the null plane are studied for 
the zero-range force model and numerical results are presented. 

We choose this schematic model [ 6 ] because it qualitatively represents the nuclear interaction for the non- 
relativistic three-nucleon system. The results are consistent with realistic nuclear force models [ 7 ]. Also, it does 
not have retardation effects, which simplifies the relativistic dynamical description of the bound state system. 

The general features of the Faddeev three-body null-plane equation have been discussed some time ago [ 2 ] 
but a calculation with a specific interaction is still missing. It is thus illustrative to work out the details of the 
null-plane three-body equation for the given dynamical model. 

The Weinberg equation [ 8 ] for the two-boson system is solved in the zero-range model of an attractive inter- 
action. It is renormalized by introducing the condition for the existence of the two-boson bound system. Then, 
the two-body relativistic amplitude thus derived is inserted in the Faddeev-like [ 9 ] three-hoson equation. The 
important ingredient in both cases is the integration over the null-plane energy in the momentum-loop integral. 
This integration must be convergent [ 10 ] as it is in this case. 

The diagram in fig. la  shows the amplitude for two-boson scattering which, in the zero-range model, can be 
solved analytically. The solution in the center-of-mass system is easily obtained as 

(a) (b) 
Fig. 1. (a) The diagrammatic representation of the integral equation for the two-boson scattering amplitude. (b) The kernel of the 
integral equation is given by the bubble diagram ofeq. (2). 
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The expression of  z(M2) for M2> 2M is obtained by analytically continuing the inverse tangent function in 
the physical sheet. For our purposes we do not need this, as will become clear in the following. 

The Faddeev-like equation for a component  of  the three-boson vertex is shown in fig. 2. The factor 2 comes 
from symmetrization of  the total vertex. The vertex v, in the center of  mass system depends only on the momen-  
tum of  the spectator particle, q u. The three-boson vertex is the sum of  the three components  in which each boson 
is spectator once. The two-boson amplitude, eq. (5),  enters in the kernel of  the vertex integral equation. Then, 
fig. 2 gives the following: 

I d4k i i 
v(q u) = 2z(M2) (2~r) 4 k 2 - ~ / 2 - i a  (P3 - q -  k ) 2 - M 2 - i e  v(k~') ' (6)  

where P~ = (M3, 0, 0, 0) is the three-boson four-momentum in the center of  mass system and the mass of  the 
two-boson subsystem is given by 

M22 = (P3 _ q ) 2 .  

The integration over k -  is performed to obtain the integral equation in the null-plane variables. Due to the 
zero range of  the interaction, the third boson is on the mass shell while the other two are interacting. This is a 
physically motivated argument. The third boson is propagating freely for any finite distance from the interacting 
pair due to the zero range of  the interaction. As the third boson is free, it is on the mass shell. The interaction of  
the third boson occurs when the distance between it and one boson of  the pair is zero. This configuration belongs 
to the other Faddeev component  of  the three-boson system, where the third boson loses its character of  specta- 
tor. From the discussion above, we conclude that v is a function of  q +, q± and 

q - =  (q2 +M2) /q+  . 

This result should also be obtained if one assumes analytical behavior of  the vertex in the k -  complex plane. 
Then, the pole of  the propagator of  the spectator particle gives the on-mass shell condition after integration over 
k - .  The loop integral in the null-plane variables is 

_½ f d k - d k + d 2 k ±  v ( k - , k  + , k ± )  
J (270 4 k + ( P 3 - q - k )  + 

1 × (7) 
[ k -  - (k~ + M a - i e ) / k + l { P y  - q -  - k - -  [(P3 - q - k ) ~  + M 2 - i e l / ( P  + - k  + )}" 

The integration in k -  has contributions from 

O < k + < p ~  - - q +  

for P~- > q ÷ >  0. The argument here to obtain the limits in k + using the Cauchy theorem for the integration, 
follows the same steps as discussed after eq. (3).  Before presenting the integral equation for v, let us discuss the 
limits of  the variables qx and 

y = q  + / M  3 . 

The mass of  the two-boson subsystem must be real, so that 

Fig. 2. The diagrammatic representation of the integral equation 
for the Faddeev component of the vertex of the three-boson 
bound-state. 

411 
The iteration of the BSE gives rise to multiple exchanges
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Faddeev-Bethe-Salpeter equation

Faddeev-Bethe-Salpeter equation

The three-body BS amplitude is:

iΦ(k1, k2, k3; p) = i3
v(k1) + v(k2) + v(k3)

(k2
1 −m2 + iε)(k2

2 −m2 + iε)(k2
3 −m2 + iε)

,

Faddeev-Bethe-Salpeter (FBS) equation (p nucleon momentum):

v(q, p) = 2iF(M2
12)

∫
d4k

(2π)4

i

k2 −m2 + iε

i

(p − q − k)2 −m2 + iε
v(k, p)

M2
12 = (p − q)2

F(M2
12) =

Θ(−M2
12)

1
16π2y

log 1+y
1−y
− 1

16πma

+
Θ(M2

12) Θ(4m2 − M2
12)

1
8π2y′

arctan y′ − 1
16πma

+
Θ(M2

12 − 4m2)

y′′
16π2 log 1+y′′

1−y′′ −
1

16πma
− iy′′

16π

y =
M12√

4m2−M2
12

, y′ =

√
−M2

12√
4m2−M2

12

, y′′ =

√
M2

12
−4m2

M12
.

Bound (a > 0)/virtual (a < 0) state (a scatt. length)
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Faddeev-Bethe-Salpeter equation

Universal low-energy physics

Non-relativistic limit reduces to the 3-body Skorniakov and
Ter-Martirosian equation with contact interactions [1956];

Contact interaction leads to Thomas collapse of the 3-boson system
[1935];

FBS model: Efimov effect but not Thomas collapse!

December 5, 2024 12 / 33



FBS equation in Euclidean space

Euclidean FBS equation: 3B bound states

Wick-rotation of the FBS equation
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BS Ground State LF Ground State

BS First Exc. State LF First Exc. State

Low-lying unphysical solution with M2
N < 0.

No Thomas collapse.
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FBS equation in Euclidean space

Valence truncation - the full BS solution has contributions coming
from the coupling of the valence state with an infinite number of
Fock states: effective three-body force.
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FBS equation in Minkowski space

FBS in Minkowski space (a < 0)

E. Ydrefors et al. PLB 791 (2019) 276 & PRD 101 (2020) 096018

By adopting a similar method as the one introduced by Carbonell and
Karmanov1 to solve the two-body problem (finite-range interaction)
the FBS equation for the equation for the vertex function, can be
written in the form

v(q0, qv ) =
F(M12)

(2π)4

∫ ∞
0

k2
v dkv

{
i

[Π(q0, qv ; εk , kv )v(εk , kv ) + Π(q0, qv ;−εk , kv )v(−εk , kv )]

2εk

− 2

∫ 0

−∞
dk0

[
Π(q0, qv ; k0, kv )v(k0, kv )− Π(q0, qv ;−εk , kv )v(−εk , kv )

k2
0 − ε

2
k

]

− 2

∫ ∞
0

dk0

[
Π(q0, qv ; k0, kv )v(k0, kv )− Π(q0, q; εk , kv )v(εk , kv )

k2
0 − ε

2
k

]}
,

Singularities at k0 = ±εk = ±
√
k2 + m2, eliminated by subtractions.

Remains only weak logarithmic singularities to be handled numerically.

1PRD 90 (2014) 056002
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FBS equation in Minkowski space

Three-body vertex function in Minkowski space
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v(
q 0
,q

)

Re[v(q0, q)]

Im[v(q0, q)]

The figure shows the real and imaginary parts of v(q0, qv ) at fixed
qv/m = 0.5, for the case B3/m = 0.395 for am = −1.5.

It is seen that there are four peaks (either singularities or branch cuts). It
turns out that they have the positions q0 = M3 ±

√
q2
v + 4m2 and

q0 = M3 ± qv , shown by red dashed lines. These are thus moving peaks
depending on qv .

The non-smooth behavior of v makes the solution of this problem
numerically very challenging.
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FBS equation in Minkowski space

Transverse amplitudes Minkowski vs. Euclidean

L(~k1⊥, ~k2⊥) =

∫ ∞
−∞

dk10

∫ ∞
−∞

dk1z

∫ ∞
−∞

dk20

∫ ∞
−∞

dk2z iΦM (k10, k1z , k20, k2z ;~k1⊥, ~k2⊥)

0 1 2 3
k

1⊥
/m
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|L
1(k
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2⊥
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=
0

)|
/|L

1(0
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k
2⊥
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k
2⊥

/m = 0.5, Eucl.

k
2⊥
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k
2⊥
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am = −1.5, B3/m = 0.395
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Three-body LF dynamics

Light-front dynamics and Fock-space @ x+ = 0

Fock-components: prob. ampl. invariant under kinematical boosts

Pn =

[
n∏

i=1

∫
d2ki⊥
(2π)2

∫ 1

0

dxi

]
δ

(
1−

n∑
i=1

xi

)
δ

(
n∑

i=1

~ki⊥

)
|Ψn(x1, ~k1⊥, x2, ~k2⊥, ...)|2 ,

where n > 3. Ψn has a probability amplitude interpretation.
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Light-front proton dynamical model

Valence truncation

Valence LF wave function:

Ψ3(x1, ~k1⊥, x2, ~k2⊥, x3, ~k3⊥) =
Γ(x1, ~k1⊥) + Γ(x2, ~k2⊥) + Γ(x3, ~k3⊥)

√
x1x2x3(M2

N −M2
0 (x1, ~k1⊥, x2, ~k2⊥, x3, ~k3⊥))

,

x3 = 1− x2− x3, ~k3⊥ = −~k1⊥− ~k2⊥, M2
0 (x1, ~k1⊥...) =

∑3
i=1(k2

i⊥+m2)/xi

Projection of the BS equation onto the LF:

Γ(x , k⊥) =
F(M2

12)

(2π)3

∫ 1−x

0

dx ′

x ′(1− x − x ′)

∫ ∞
0

d2k ′⊥
1

M2
0 −M2

N

Γ(x ′, k ′⊥)

M2
0 = (k ′2⊥ + m2)/x ′ + (k2

⊥ + m2)/x + ((~k ′⊥ + ~k⊥)2 + m2)/(1− x − x ′)

TF, PLB 282 (1992) 409; Carbonell, Karmanov, PRC 67 (2003) 037001; Ydrefors, TF, PRD 104 (2021) 114012

LF proj.: Sales, TF, Carlson, Sauer, PRC 61 (2000) 044003; J A O Marinho and TF, J. Phys.: Conf. Ser. 110 (2008) 122009
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Light-front proton dynamical model

Valence LF dynamical model: QCD scale

E. Ydrefors and TF, PLB 838 (2023) 137732

Valence three-body regularized LF equation:

Γ(x , k⊥) =
F(M2

12)

(2π)3

∫ 1−x

0

dx ′

x ′(1− x − x ′)

∫ ∞
0

d2k ′⊥

[ 1

M2
0 −M2

N

− 1

M2
0 + µ2

]
Γ(x ′, k ′⊥)

M2
0 = (k ′2⊥ + m2)/x ′ + (k2

⊥ + m2)/x + ((~k ′⊥ + ~k⊥)2 + m2)/(1− x − x ′)

Cut-off: no unphysical solution M2
3 < 0, and enhances IR vs. UV.

The quark-quark transition amplitude has a pole: s-wave diquark.
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Light-front proton dynamical model

Application: Proton model on the light-front

Dirac EM form factor

Unpolarized quark distribution function

Double parton scattering cross section enters the double parton
distribution function (DPDF) [Blok et al, PRD83 (2011) 071501(R)]

Transverse momentum distribution (SIDIS)

Image on the null-plane
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Light-front proton dynamical model

Mass and vertex function

Model m [MeV] a [m−1] µ/m Mdq [MeV]

(a) 366 2.70 1 644
(b) 362 3.60 ∞ 682
(c) 317 -1.84 ∞ -

 0  0.5  1  1.5

k⊥/m

 0

 0.2

 0.4

 0.6

 0.8

 1

x

 0

 0.2

 0.4
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 1

 1.2

Vertex function Γ(x , k⊥)
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Light-front proton dynamical model

Dirac EM form factor: valence

F1(Q2) =

[
3∏

i=1

∫
d2ki⊥
(2π)2

∫ 1

0

dxi

]
δ

(
1−

3∑
i=1

xi

)
δ

(
3∑

i=1

~k f
i⊥

)
×Ψ†3(x1, ~k

f
1⊥, ...)Ψ3(x1, ~k

i
1⊥, ...),

∣∣∣~k f(i)
i⊥

∣∣∣2 =
∣∣∣~ki⊥ ± ~q⊥

2
xi

∣∣∣2 and
∣∣∣~k f(i)

3⊥

∣∣∣2 =
∣∣∣±~q⊥

2
(x3 − 1)− ~k1⊥ − ~k2⊥

∣∣∣2

 0

 0.1
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 0.4
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 0.6
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 0.8

 0  2  4  6  8  10

Q
2
 F

1
(Q

2
)

Q
2
 [GeV

2
]

Fit exp. data, Z. Ye et al

Model (a)

Model (b)

Model (c)

Note: QCD scaling laws are not built-in!
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Light-front proton dynamical model

Valence Proton PDF @ initial and experimental scale

f1(x1) =
1

(2π)6

∫ 1−x1

0
dx2

∫
d2k1⊥d2k2⊥|Ψ3(x1, ~k1⊥, x2, ~k2⊥, x3, ~k3⊥)|2 = I11 + I22 + I33 + I12 + I13 + I23

Iii =
1

(2π)6

∫ 1−x1

0
dx2

∫
d2k1⊥d2k2⊥

Γ2(xi , ~ki⊥)

x1x2x3(M2
N
− M2

0 (x1, ~k1⊥, x2, ~k2⊥, x3, ~k3⊥))2

Iij =
2

(2π)6

∫ 1−x1

0
dx2

∫
d2k1⊥d2k2⊥

Γ(xi , ~ki⊥)Γ(xj , ~kj⊥)

x1x2x3(M2
N
− M2

0 (x1, ~k1⊥, x2, ~k2⊥, x3, ~k3⊥))2
; i 6= j.
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Figure: [Left] proton PDF @ initial scale. [Right] Valence u-quark and d-quark
PDFs @ Q = 3.097 GeV vs. DSE from Lu et al (2203.00753 [hep-ph]) and the
results of the NNPDF4 global fit. The shaded areas indicate the uncertainty with
respect to the initial scale Q0 = 0.33± 0.03 GeV.
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Light-front proton dynamical model

Valence Proton Double PDF

D3(x1, x2; ~η⊥) =
1

(2π)6

∫
d2k1⊥d2k2⊥Ψ

†
3 (x1, ~k1⊥ + ~η⊥; x2, ~k2⊥ − ~η⊥; x3, ~k3⊥)Ψ3(x1, ~k1⊥; x2, ~k2⊥; x3, ~k3⊥).

Fourier transform in ~η⊥: probability of quarks 1 and 2 for x1 and x2

with a separation in the transverse direction ~y⊥.
D3 = 0 for x1 + x2 > 1 - momentum conservation. (Below ~y⊥ = ~0⊥)
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Light-front proton dynamical model

Transverse momentum distribution
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Quark transverse momentum distribution

f̃1(k⊥, x) =

∫ 1

0
dx1δ(x − x1)

∫
dk1⊥

(2π)2
δ(k⊥ − k1⊥)

∫ 2π

0
dθ1

∫
d2k2⊥

(2π)2

∫ 1−x

0
dx2 |Ψ3({x, ~k⊥})|2 , (1)

Integrated TMD L1(k⊥) = k⊥
∫ 1

0 dxf̃ (k⊥, x) ,
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Proton Image on the null-plane

3D Hadron Image on the null plane
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Proton Image on the null-plane

Ioffe-time image - valence state
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Quark-Diquark model

First step: quark-diquark in Minkowski space

Fermion (1/2+)-scalar model (0+) - ”gluon” exchange

Nakanishi integral representation
Alvarenga Nogueira et al PRD100, 016021 (2019)

Covariant gauges & UV limit
Aline Noronha et al PRD107, 096019 (2023)
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Quark-Diquark model

Fermion-scalar bound system in the UV limit

Miransky scaling [1985](Kaplan, Lee, Son, Stephanov [2009])

Credits to Giovanni Salmè
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Quark-Diquark model

Fermion-scalar bound system in the UV limit

Credits to Giovanni Salmè
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Nucleon EM form factors

Time-like and space-like nucleon EM factors
de Melo, TF, Pace, Pisano, Salmè, PLB 671 (2009) 153

TL nucleon EM FF
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Summary and Prospects

Summary and Prospects

Relativistic Three-boson system for zero-range interaction:

Bethe-Salpeter 4D framework in Euclidean, Minkowski and LF

Application: EM form factor, PDF, TMD and Ioffe-time image.

Fermion-scalar model in Minkowski space: UV properties

Prospects:

Quark spin & dressed constituents [DC Duarte et al PRD105 (2022)114055]

Gluon exchange & dressed vertices [de Paula et al EPJC83 (2023)985]

Integral representation to solve the FBS equation (ongoing)

Quantum algorithm for FBS equation [Fornetti, et al, PRD110 (2024) 056012]

How much exotic is the nucleon itself? THANK YOU!
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