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1. Introduction
Observation of BH: 
• GW wave during a binary inspiral and merger.  
• X-ray emission from a BH jet or accreting matter. 
• BH shadow observation. 

BH shadow:  
• A distant observer observes a BH shadow when a light 

source exists behind/around the BH. 
• Carries information of the immediate vicinity of the BH. 
• Very important for testing the theory of gravity in the 

strong regime.
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1. Introduction
Study of BH shadow: 
• Static/stationary cases have been extensively investigated. 
• However, almost no work on the case of gravitational collapse. 
• In the case, the effect of redshift by spacetime dynamics is expected to be crucial. 
In this talk: 
• We investigate redshift of light and shadow formation in gravitational collapse. 
• We focus on the case where the collapsing object is transmissive s.t. only the spacetime 

dynamics causes the redshift of light.
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2. Brief review of static case



2. Brief review
Shadow in Schwarzschild spacetime 
• Schwarzschild spacetime: 

• Null geodesic eq.: 

• Conserved quantities: 

• Energy:  

• Angular momentum:  

• The radial equation:

E := − g(k, ξt)

L := g(k, ξϕ)
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·r2 + V(r) = 0, V(r) = B2 (1 − 2M
r ) r−2 − 1. : conserved impact param.B := L/E

ds2 = − f(r)dt2 + f −1(r)dr2 + r2dΩ2, f(r) = 1 − 2M
r

kν ∇νkμ = 0

: timelike Killing vector 

: Killing vector for the spherical sym.

ξt

ξϕ



2. Brief review
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red shift of photons, but due to the absence of null geodesics
that emanate from a distant light source and reach the
corresponding points on the celestial sky of a distant
observer. We assume the mass function to be exactly
constant in the past and future so that the global structure
becomes as simple as the Schwarzschild spacetime and
define the photon sphere from the causal point of view. As
our main focus, we show the evolution of the photon sphere
for the entire time region and clarify what the appropriate
boundary condition is. Specifying the photon sphere as
analytically as possible, we also discuss the relation between
our photon sphere and several generalized notions of a
photon sphere.
In Sec. II, reviewing the photon sphere and the black hole

shadow of the Schwarzschild spacetime, we clarify what is
the photon sphere shaping a black hole shadow in the Vaidya
spacetime. In the current work, we focus our attention on
eternal black holes that are static in the past and future time
domain. We specify the photon spheres and the behaviors of
null geodesic motions corresponding to the edge of the black
hole shadows in the following three cases. In Sec. III, we
consider the case where the black hole increases its mass
moderately and numerically show the photon sphere shaping
the black hole shadow. The result briefly shows the existence
of a photon sphere relevant to a black hole shadow in a
dynamical case. In Sec. IV, we consider linearly increasing
mass in the dynamical time domain. The photon sphere is
explicitly specified in terms of the parameters of the
spacetime, such as the initial and final mass. In Sec. V,
the null dust shell accretion is considered. In Sec. VI, we
discuss the relation between our photon sphere and recently
proposed generalized notions of a photon sphere. In
Sec. VII, we summarize our results. We use units in which
G ¼ 1 and c ¼ 1.

II. REVIEW AND PRELIMINARY

Reviewing the photon sphere and the black hole shadow
in the Schwarzschild spacetime, we clarify what we inves-
tigate as a photon sphere and a black hole shadow in the
Vaidya spacetime.

A. Schwarzschild photon sphere and the black
hole shadow

The spacetime is given by the metric

g ¼ −
!
1 −

2M
r

"
dt2 þ

!
1 −

2M
r

"−1
dr2 þ r2dΩ2

2: ð1Þ

A null geodesic obeys the one-dimensional potential
problem,

_r2þVðE;L;rÞ¼0; VðE;L;rÞ≔L2

!
1−

2M
r

"
r−2−E2;

ð2Þ

where _≔ d=dλ is the derivative by the affine parameter λ,
E ≔ −gð∂t; kÞ and L ≔ gð∂ϕ; kÞ are the energy and the
angular momentum, and k is the null geodesic tangent. We
have assumed that the null geodesics are in the equatorial
plane θ ¼ π=2, without loss of generality. Normalizing the
affine parameter as λ → λ=E, the equation reduces to

_r2 þ Vðb; rÞ ¼ 0; Vðb; rÞ ≔ Vð1; b; rÞ; ð3Þ

where b ≔ L=E is the impact parameter. Null geodesics
are drawn as horizontal lines in r − b plane (Fig. 1).
They are reflected by the effective potential when they
touch the boundary of the forbidden region, Vðb; rÞ > 0.
The extremum of Vðb; rÞ is at r ¼ 3M. This is the
Schwarzschild photon sphere.
Suppose an observer looking to the black hole at robs ≫

2M and a spherical light source at rsrc > robs. There is the
critical impact parameter, bc ¼ 3

ffiffiffi
3

p
M ≃ 5.196M. For

jbj > bc, null geodesics emanating from the source are
reflected by the potential and eventually reach robs. For
jbj < bc, null geodesics from the source fall into the black
hole. For the null geodesics reaching robs, the incident angle
α to the observer is given by

k ¼ βðe0 þ cosαe1 þ sin αe2Þ; ð4Þ

where β is a constant and the tetrad feμg for the equatorial
plane is given by

e0¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

2M
r

r −1
∂t; e1¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

2M
r

r
∂r; e2¼ r−1∂ϕ: ð5Þ

Using the impact parameter, we have

tan α ¼ gðk; e2Þ
gðk; e1Þ

¼ b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 2M=robsÞr−2obs

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2ð1 − 2M=robsÞr−2obs

p ð6Þ

or, by approximation with the large robs,
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FIG. 1. r − b plane for null geodesics in the Schwarzschild
spacetime. The region of Vðb; rÞ > 0 (shaded region) is the
forbidden region. Null geodesics with b > bc coming from
infinity are eventually reflected by the potential at radii corre-
sponding to Vðb; rÞ ¼ 0.
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3 types of light orbit from infinity: 

BH shadow with distant light source:

8

r = 3M

B > Bc := 3 3M B < Bc B = Bc

Source

(wind around the Photon sphere)

The apparent angular size of the shadow 
is determined by that of PS (or )Bc

2. Brief review



Causal viewpoint 
• Imaging is ray-tracing backward in time. 
• Past-directed light from the obs.: 

• For , from  to  (i.e. light source). 

• For , from  to  (white hole horizon). 

• In an eternal BH spacetime, the shadow is a 
complemental image of the white hole. cf. [YK, 
Asaka, Kimura, Okabayashi (2022)]

B > Bc ℐ+ ℐ−

B < Bc ℐ+ ℋ−
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i+

i−

ℐ+

ℐ−

i0

PSℋ+

ℋ−
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Shadow in gravitational collapse: 
• All the past-directed null geodesic from  go to  

(no white hole). 
• This fact does not mean that the observer never 

observes shadow. 
• The shadow (dark) image is formed by the effect of 

redshift of light. 

Def. of “redshift factor” 

•  : static Killing vector in the asymptotic region. 

• Trivially,  in static spacetime.

ℐ+ ℐ−

∂t

α = 1
10

ℐ+

ℐ−

ℋ+

i+

i−

i0

to

2. Brief review

α =
E |ℐ+

E |ℐ−
, ,   : null geodesic tangent.E := − g(k, ∂t) k
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3. Thin shell model
A collapsing thin shell model: 
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• Exterior: Schwarzschild spacetime 

• Interior: Minkowski spacetime 

• Boundary: a thin shell 

• Impose 1st junction condition (equivalence of induced metrics on 
) & specify  by hand. Σ R(τ)

ds2
ex = − f(r)dt2 + f −1(r)dr2 + r2dΩ2, f(r) = 1 − 2M

r

ds2
in = − dT2 + dr2 + r2dΩ2

Σ := ∂M1 ≡ ∂M2 = {r = R(τ)} : proper time of the shellτ

=> spacetime is fixed & coord. trans  is obtained.t ↔ T



Null geodesic motion: 
• In the Schwarzschild region: 

• In the Minkowski region: 

• Relation btwn energies, :E ↔ EM
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Energy of null geodesic

E := − g(∂t, k), L := g(∂ϕ, k),

−(T − T0)2 + R2 = = L2/E2
M .EM := − g(∂T, k), L := g(∂ϕ, k),

·r2 + V(r) = 0, V(r) := E2 − f(r)r−2L2 .

E1

EM

E2

E = − g(∂t, k) EM = − g(∂T, k)

coord. transformation on Σ



E1

EM

E2

Energy of null geodesic 

• Eliminating , EM
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Energy of null geodesic

α =
E |ℐ+

E |ℐ−
= E1

E2
= . . .

= f2
f1

A1 (A2 − C2 1 − B2
2 f2r−2

2 ) + C1 (A2 − C2 1 − B2
2 f2r−2

2 )
2

− B2
2 f 2

2r−2
1

(A2 − C2 1 − B2
2 f2r−2

2 )
2

+ C2
1bB2

2 f 2
2 f−1

1 r−2
1

.

A = 1 + (R′ )2 f + (R′ )2 − (R′ )2,

C = σ(R′ )( 1 + (R′ )2 − f + (R′ )2), σ = Sign( ·r)

= α(r1, r2, R′ 1, R′ 2, σ1, σ2, B2) .
only 7 parameters determines α



Redshift Factor for (r1, r2, R′ 1, R′ 2, σ1, σ2, B2) = (5M, r2, 0, R′ 2, − 1, + 1, B2)
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Redshift in monotonic collapse

r

t

Shell

, r2 R′ 2 < 0

σ2 = + 1

, r1 = 5M

R′ 1 = 0

R′ 2 = − 0.1

B 2

r2

• Every light is redshifted  if the shell is shrinking and . (no blueshift) 
• High redshift (small ) for rapid collapse (large ) & in the late stage ( ).

α < 1 σ2 > 0

α |R′ | r2 → 2M

R′ 2 = − 1 R′ 2 = − 10
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Demostration of Shadow formation

For simplicity, suppose 
• A distant light source distributed on a large sphere. 
• The shell dynamics: 
• static at  for , 

• collapses with zero internal pressure for  (dust shell).
r = 5M t < 0

t ≥ 0
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src.
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tobs: observation time 
: coords on the celestial sphere 

Color: Energy flux
X, Y

•  

•  

•

ro = 20M

rs = 100M

-Jsω0 = 1

Dust case
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: observation time 

: incident angle 
dFo: Energy flux

to

θo ∼ X2 + Y2

•  

•  

•

ro = 20M

rs = 100M

-Jsω0 = 1

Dust case
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Dust shell
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t obs src

Shell

r
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4. Generic spacetime and new formula



Question: 
• The study in the shell model implies that gravitational collapse leads to redshift of lights. 
• How can we characterize the relation between redshift of lights and spacetime dynamics? 

In the following, 
• We define the energy of a null geodesic by taking the “Kodama vector” as the reference of time. 
• We derive a covariant formula that relates redshift and spacetime dynamics. 

Reference of time: 

• If the spacetime is static, the static Killing vector  is the unique reference of time. And the energy 
of a null geodesic w.r.t , , is conserved.  

• If the spacetime is dynamical, there is no unique reference of time. 

ξt

ξt E = − g(ξt, k)
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4. Generic spacetime and new formula



Kodama vector 

• Suppose general, asymptotically flat, spherically symmetric spacetime : 

• Def. of Kodama vector: 

• Properties: 
• , 

• If static, . In vacuum and thus in the asymptotic region,  (can be natural extension of the static KV). 

•  on a trapping horizon. 

• Conserved current: , where . 

• Conservation of the quasi-local mass, “Kodama mass” , defined by .

(ℳ, g)

K ⋅ ∇R = 0

K ∝ ξt K = ξt

g(K, K) = 0

∇aJa = 0 Ja := Ta
bKb

E(t, r) g(K, K) = 2E/r − 1
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g = hAB(xC)dxAdxB + R2(xC)(dθ2 + sin2 θdϕ2), xC = t, r .
submanifold (-, h)

K := curlR = − (ϵAB ∇BR)∂A : the totally anti-sym tensor of ϵAB (-, h)

4. Generic spacetime and new formula



• The energy of light associated with : 

• Redshift factor:  

• The derivative:

K
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E := − g(k, K),

α :=
E |ℐ+

E |ℐ−
=

∫ +∞
−∞ ∇kEdλ + E |ℐ−

E |ℐ−

: a null (/timelike) geodesic tangentk

∇kE = − ∇kg(k, K) = − g(∇kk, K) − g(k, ∇kK) = − ∇(aKb)kakb

 geodesic eq.∵ Symmetric derivative of the Kodama vector 
is a geometrical quantity 
that characterizes redshift

4. Generic spacetime and new formula



Symmetric derivative of Kodama vector: 
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Proposition: In a 4-dim spherically symmetric spacetime, the Kodama vector satisfies 

∇(aKb) = 4πR4̃ab,

Proof: Einstein equation.            ∎

where

is the dual of , 4

is the trace-free part of , and  is the restriction of the energy momentum tensor  onto  .T-
ab T-

ab Tab (-, h)

4̃ab := ϵa
c4cb

4ab = T-
ab − 1

2 habhcdT-
cd

4. Generic spacetime and new formula



Derivative of the energy: 
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Theorem: The local redshift of energy of a light associated with Kodama vector is given by 
∇kE = − 4πR4̃(k, k) .

Note this is valid for a timelike geodesic tangent  instead of null .u k

4. Generic spacetime and new formula



Meaning of the theorem: 
• Rewrite the energy momentum as 

• Newtonian analogy:
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∇uE = − 4πR4̃(k, k) = − −4πR2T(k̄, n̄)
R

=: − δM
R

: projection of  onto ,k̄ k (-, h)

4̃(k, k) = 4̃(k̄, k̄) = 4(k̄, ˜̄k) = T-(k̄, ˜̄k) = − T(k̄, n̄)

t

r
θ, ϕ

k k̄

n̄

: radial outward vector orthogonal to .n̄ := − ˜̄k = − ϵa
bk̄b∂a k̄

 : contraction with ,˜ ϵa
b

The energy current in the direction of .n̄

Loss of the potential energy due to the increase of the mass inside the sphere of  at the moment.R

4. Generic spacetime and new formula



The thin shell case: 
• The dual energy momentum tensor: 

• The redshift when crossing the shell:
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4̃ab = − δ(l)ρU(aNb)

ΔE |entry = + 4πRρ |g(k, U) |

: shell’s 4-velocity, : orthonomal vector to , 
: shell’s rest mass energy, 

: a radial coordinate s.t.  on  and .

U N U
ρ = S(U, U)

l l = 0 Σ g(dN, dN) = 1

ΔE |exit = − 4πRρ |g(k, U) |

r

t

Shell

light

Blueshift at entry

Redshift at exit

Redshift is more efficient if the shell is collapsing

4. Generic spacetime and new formula

U
k
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5. Summary
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Summary:  
• Tendency of redshift of lights is confirmed in gravitational collapse of a thin shell model. 

• Proposed the general covariant formula  of redshift by taking the Kodama 
vector as a reference. 

• The formula gives a very clear interpretation of redshift due to the spacetime dynamics. 

Discussion:  
• Can we prove the generality of redshift in gravitational collapse? 
• Beyond spherical symmetry? 
• Application to other gravitational or astrophysical phenomena?

∇kE = − 4πR4̃(k, k)


