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1. Axion
• Axion is a scalar particle predicted in Peccei-Quinn(PQ) 

mechanism which solves the strong CP problem in QCD


• In PQ mechanism there exists a complex scalar field  Φ (PQ 
scalar) with U(1)PQ which is spontaneously broken at  scale η


• Axion is the Nambu-Goldstone boson associate with U(1)PQ  
breaking and  can be identified with the phase of PQ scalar  

      


• Axion acquires mass through QCD non-perturbative effect  
 
 

• Axion coherent oscillation accounts  for dark matter of the 
universe


• Axions are produced not only from coherent oscillation but also 
from topological defects (strings and domain walls)
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Today’s Talk

• Introduction


• Cosmological evolution of axion


• Axions from axionic strings


• Axions from  axion domain walls


NDW =1


NDW ≥ 2


• Conclusion



2. Cosmological Evolution of Axion

• Spontaneous symmetry breaking  
of 

!

axion is a phase direction of PQ 
scalar and massless


• Formation of Cosmic Strings 

θa takes  different values at  
different places in the Universe 

1 dim. Topological Defect

U(1)PQ

V (�a)

T = 0
ma = 0

� = 0

Axionic String

�
d�a = 2�

�
�µ�adxµ =

�
d�a = 2�n

(n : integer)
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T � �QCD

ma � 0.7� 10�3eV

�
Fa

1010GeV

��1 �
T

0.1GeV

��3.34

Fa � �/NDW [NDW : Domain wall number]

V (a) = m2
aF 2

a [1� cos(a/Fa)]

V (a)

a0 2πFa 

• Axion acquires mass through QCD 
non-perturbative effect 

axion mass depends on temperature 

!

!

• Axion Potential 

 

UPQ(1) is broken to ZN


Formation of Domain Walls


Coherent oscillation

NDW = 1

V (a)

0

θ = a / (Fa NDW)
π 2π

NDW=2



• Axion potential 

!

!

!

!

!

!

• Axion field begins to feel the potential  

Formation of domain wall

Axion Domain Wall

H � ma(T�) t� � m�1
a

θa = 2π

θa = π/2

θa = 2π
θa = 0

θa = π

θa = π θa = 3π/2

string

V (a)

0

θ = a / (Fa NDW)
π 2π

NDW=2



• Domain walls attach to strings 
 
  NDW > 1                                                 NDW=1 

string

Collapse 

wall NDW=3

Stable and dominate the universe 

Domain Wall Problem  
Axion overproduction

Virenkin Everett (1982) 

Barr Choi Kim (1986)  

no domain wall problem



• Axion field starts to oscillate


• Coherent oscillation of axion field gives a significant 
contribution to the cosmic density 

!

!

!

!

• Axion is a good candidate for dark matter if  

Coherent Axion oscillation V (a)

a0

H � ma(T�)

��2
�� � 6

WMAP, Planck

Axion solves not only strong CP problem but also dark matter problem

2πFa 

NDW = 1

�� = a�/Fa : misalighnment angle at T�

including anharmonic effect

�a,osch
2 � 7� 10�4��2
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�1.19

�CDMh2 � 0.12

Fa � 2� 1011 GeV



3  Axionic String and Axion Emission

• Axionic strings are produced when U(1) PQ symmetry is 
spontaneously broken


• After production string network obeys scaling solution             
O(1) strings in a horizon volume 

!

• Strings lose their energy by emitting axions       
Controversy about energy spectrum of axions                                 

!

!

Knowledge of precise energy spectrum is crucial in 
estimating axion density from strings

⇥string = �
µ

t2
(µ : string tension)

P (k) �

�
�

�

peak at khorizon (Davis, Shellard)
or

1/k (Sikivie)

� : length parameter

µ � ��2 ln
�

t

�s�

�



Simulation Hiramatsu, MK, Sekiguchi, Yamaguchi, Yokoyama (2010)

•  Field theoretical lattice simulation


•   N(grid) = (512)3


•  enough spatial resolution and large simulation box    

horizon = 0.8  at  τ=4



•  Scaling solution 
!

!

!

            including sys. errors


• Energy Spectrum 
peaked at horizon scale  
exponentially suppressed 
at higher wavenumber


•Mean energy

Simulation Hiramatsu, MK, Sekiguchi, Yamaguchi, Yokoyama (2010)
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Figure 5: Time evolution of the scaling parameter ξ obtained by averaging over 20 re-
alizations. [Note that data points are not homogeneously placed in t, but in
τ ∝

√
t.]

4.2 Net energy spectrum of radiated axions

Figure 6 shows the energy spectra of radiated axions at t1 = 12.25tcrit (left) and t2 = 25tcrit
(right), that are estimated from the 20 realizations used in Section 4.1. The amplitude
of energy spectrum at t1 is about (t1/t2)2 ≃ 0.24 times that at t2. This is because the
energy density of free axions scales as R(t)4, without emission or absorption. We see a
clear exponential behavior at large k after the removal of the contamination from strings.

As we see in Section 4.1, the system of axionic strings are already in the scaling regime.
Most of axions at this epoch are however emitted before the settlement into the regime. In
order to extract the energy spectrum of axions radiated during the scaling regime, we need
to differentiate the energy spectra at different times. We define the differential spectrum
of radiated axion between t1 and t2,

∆Pfree(k; t1, t2) ≡ R(t2)
4Pfree(k, t2) − R(t1)

4Pfree(k, t1). (25)

If there are no emission nor absorption of axions, the energy density of axion scales as
R(t)4. Therefore, ∆Pfree(k, t) is the net energy spectrum of axions radiated from strings.
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Figure 7: Differential energy spectrum of radiated axions between t1 = 12.25tcrit and
t2 = 25tcrit. Errors shown are estimated from the quadrature of those shown in Figure 6.
Green (red) bars correspond to statistical errors alone (statistical and systematic errors).
Note that the scale in y-axis is arbitrary since the scale factor R(tcrit)/R0 is not well-
defined.

just before tw. After tw, axions becomes non-relativistic due to the finite mass. Today,
axions exist as CDM in the Universe.

In Appendix B, we give a detailed derivation of the density parameter of CDM axions
radiated from axionic strings, adopting the axion mass at finite temperature from recent
studies [6, 31]. By substituting Eqs. (24) and (27) obtained from our simulation into Eq.
(50), we obtain

Ωaxionh
2 = 1.66 ± 0.25 γ

(g∗w
70

)−0.31
(

Λ

400MeV

)(
fa

1012GeV

)1.19

, (28)

where γ, g∗w and Λ are the dilution factor, the number of relativistic d.o.f. at tw, and the
scale of the QCD phase transition, respectively (See Appendix B).

Ωaxionh2 should be smaller than the observed ΩCDMh2. Recent cosmological observa-
tions [26] give ΩCDM = 0.11 (assuming flat power-law ΛCDM model). Therefore we can
translate Eq. (28) into constraint on fa. Assuming no entropy dilution (γ = 1), we obtain
fa ≤ 1.3 × 1011 GeV at 2 σ level. By taking account of uncertainties in the QCD phase
transition, a conservative constraint would be

fa ≤ 3 × 1011 GeV. (29)
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Density of Axions from Strings

•  Cosmic density of produced axion  

 

!

•Axions from strings gives at least comparable contribution to the 
cosmic density with those from the coherent oscillation   
 
 

• Large uncertainty comes from estimation of ξ 

�a,osch
2 � 4� 10�3

�
Fa

1010GeV

�1.19

�a,strh
2 = (5.9± 4.2)� 10�3N2

DW

�
Fa

1010GeV

�1.19



4. Domain Wall and Axion Emission

•  QCD scale 
 U(1) PQ            discrete ZN 

Domain wall formation


•NDW  > 1 
Produced domain walls are stable and soon dominate the 
universe, which causes a serious cosmological problem 
      Domain Wall Problem


•NDW =1 
Produced domain walls are disk-like,  collapse by their 
tension and disappear in the universe 
     No Cosmological Domain Wall Problem 
However, axions are produced in the collapse, which may 
affect the cosmic axion density



4.1 Axion domain wall (NDW =1)   

• Lattice simulation with N(grid) = (512)3 


• Time evolution of string-wall network
Hiramatsu, MK, Saikawa, Sekiguchi (2012)



• Strings  
Strings obey scaling solution 
!

!

• Walls  
Walls also obey scaling solution 
O(1) walls in a horizon volume

Scaling Parameters

�string = �
µ

t2

(� � F 2
a ma : wall tension)

�wall = A�

t
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Axion Emission
• Domain wall collapse when wall tension exceeds string tension


!

• Axions from collapsed domain walls


• Energy spectrum 

!

• Simulation 

peak at axion mass 
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• Uncertainties in estimation of averaged axion 
energy


Dependence on κ=ΛQCD / Fa 


number of bins in power spectrum


           (resolution of P(k) is not good in low k )
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Figure 4.17: The numerical results of ϵw given by Eq. (4.83) for various values of κ, N ,
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• Axion density from string-wall systems 

!

!

• For NDW =1,  axion density from  string-wall systems is 
comparable to axion densities from other sources 

!

• Total axion density 

!

!

• Constraint on the PQ scale

Axions from string-wall systems

�a,tot � �dark

�a,wallh
2 � (5.3± 2.9)� 10�3

�
Fa

1010GeV

�1.19

�a,osch
2 � 4� 10�3

�
Fa

1010GeV

�1.19

�a,toth
2 � (1.7± 0.4)� 10�2

�
Fa

1010GeV

�1.19

Fa � (4.3� 6.7)� 1010GeV ma � (0.9� 1.4)� 10�4eV

�a,strh
2 = 6� 10�3

�
Fa

1010GeV

�1.19



4.2  Axion Domain Wall ( NDW > 1 )

• Wall-string networks are stable  and soon dominate the universe

                    Domain Wall Problem 


• The problem might be avoided by introducing a “bias” term 
which explicitly breaks PQ symmetr


 0

 1

 2

 3

 0

w bias
w/o bias

</ </
� //
�

V

�a = a/fa

• Bias term lifts degenerated vacua


•  Differences of the vacuum energy 
produce pressure on the walls 
and eventually annihilate domain 
walls 

Vbias = ���3
�
�e�i� + h.c.

�

Sikivie (1982)



• For small bias


Long-lived domain walls emit a lot of axions which 
might exceed the observed matter density 

Large bias is favored


• For large bias 


Bias term shifts the minimum of the potential and 
might spoil the original idea of Peccei and Quinn 

!

!

Small bias is favored 


• Consistent parameters?

� : phase of bias term

� =
2�N3

DWF 2
a sin �

m2
a + 2�N2

DWF 2
a cos �

< 7� 10�12



NDW = 6 � = 6� 10�5

Numerical simulations

• Lattice simulation with 81922  163842  327682 (2D) ,  5123 (3D)

Hiramatsu, MK, Saikawa, Sekiguchi (2014)

N=3 N=6



Area parameter

• Area parameters increase 
for large NDW 


!

!

!

• Slightly increase with time?


!

!

• It is not clear if the increase continues in later times, so 
we consider both two cases, “exact scaling” and 
“deviation from scaling” 

�wall = A�

t
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C. Estimation of the decay time of domain walls

In Fig. 1, we show the map of the potential energy of the field Φ as a visualization of the 2D simulations. As shown
in Figs. 1 (a), (c), and (e), green lines corresponding to the core of domain walls continue to exist for the case with
Ξ = 0. On the other hand, Figs. 1 (b), (d), and (f) show that these domain walls tend to collapse for the case with
Ξ ̸= 0. In this case, the domains with higher energies (colored regions) gradually disappear, and the domain with
the lowest energy (white region) dominates over the simulation box at late times. In Fig. 2, we also plot the time
evolution of the quantity A/V , where A is the comoving area occupied by domain walls, and V = L3 is the comoving
volume of the simulation box. The results of the simulations with Ξ = 0 indicate the behavior A/V ∝ τ−1, which
corresponds to the scaling solution, while the values of A/V rapidly fall off at late times for the cases with Ξ ̸= 0.

In order to estimate the energy density of axions produced from long-lived domain walls, we must estimate some
numerical quantities, which cannot be predicted in the analytical calculations. First, we determine the value of the
area parameter A defined by Eq. (4.2). In a similar way to Ref. [29], this quantity can be computed in terms of the
comoving area density A/V obtained from the results of the numerical simulations:

A =
At

R(t)V
. (4.15)

In Fig. 3, we show the results for the simulations with Ξ = 0 [cases (a-1), (a-7), (a-11), (a-13), (a-15), (b-1), (b-6),
(b-10), (b-14), (b-17), (c-1), (c-2), (c-3), (c-4), and (c-5) in Table II]. Without the bias term, the area parameter A
takes almost constant values of O(1). The values of A at the final time of the simulations are shown in Table III. We
see that the value of A increases for large NDW, which agrees with the results of the previous study [29].

TABLE III: The value of A at the final time τf of numerical simulations for various values of NDW.

NDW A(τf ) (N = 8192, τf = 160) A(τf ) (N = 16384, τf = 230)
2 0.694 ± 0.113 0.690 ± 0.085
3 1.10 ± 0.20 1.10 ± 0.18
4 1.41 ± 0.13 1.46 ± 0.20
5 1.84 ± 0.17 1.90 ± 0.23
6 2.24 ± 0.21 2.23 ± 0.19

We note that there is a subtlety in the results shown in Fig. 3. The values of A plotted in this figure slightly
increase with time, deviating from the exact scaling behavior (A = constant). At this stage it is not clear whether
this slight increase of A continues in later times or not, because of the limitation of the dynamical range of the
numerical simulations. Here, we just take account of the possibility of the deviation from the scaling solution, and
fit the result of A(τ) obtained from the simulations with N = 16384 into the model function given by Eq. (4.7). In
terms of the conformal time, this model function can be rewritten as

A(τ) = Aform

(
τ

τform

)2(1−p)

. (4.16)

We fix the value of τform and seek for a value of p which fits the data obtained from the simulations. The value of
τform should be taken as the time when initial fluctuations of A is sufficiently moderated. Here we choose τform = 50
as a reference value. For this choice of τform, the best fit values of p is shown in Table IV. The preferred values of p
become slightly smaller than 1, as was expected.

Next, let us estimate the decay time of domain walls. Our purpose here is to obtain the value of the coefficient
Cd appearing in Eq. (4.5) or Eq. (4.8). By using the results of numerical simulations with Ξ ̸= 0, we determine the
value of tdec as the time at which the value of A/V becomes 10% or 1% of that with Ξ = 0 (hereafter we call these
criteria “10% criterion” and “1% criterion”, respectively).10 Furthermore, we adopt two different assumptions: One

10 In the previous study [27], we measured tdec based on the 1% criterion only. However, it might be more appropriate to use a higher
percentage as the criterion, since most axions are produced at the time when A/V starts to fall off. In this paper, we consider two cases
(10% criterion and 1% criterion) in order to see how the different choice of the criterion affects the final result.
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Decay time

• Bias term produces pressure pV acting on walls 


• Walls decay when it becomes larger than wall tension


!

• Cd should be determined  by the numerical simulation

pT � A�/t

tdec = Cd
A�

��4[1� cos(2�/NDW)]

pV � ��4

A/V (�)
A/X(� = 0)

����
tdec
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• Axion spectrum


Peak at k ~ axion mass 


Mean energy 

!

!

!

!

Mean energy does not depend on choice of number of bins 
because axion mass scale is much smaller than the horizon size

Emission of axions  from domain walls
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TABLE V: The values of Cd for various assumptions.

NDW Cd (exact scaling) Cd (deviation from scaling)
2 5.33 ± 0.38 (for 10% criterion) 7.48 ± 0.71 (for 10% criterion)

9.14 ± 0.62 (for 1% criterion) 12.2 ± 1.1 (for 1% criterion)
3 5.02 ± 0.44 (for 10% criterion) 7.16 ± 0.53 (for 10% criterion)

8.15 ± 0.67 (for 1% criterion) 10.8 ± 0.7 (for 1% criterion)
4 3.86 ± 0.31 (for 10% criterion) 5.09 ± 0.29 (for 10% criterion)

5.78 ± 0.45 (for 1% criterion) 7.54 ± 0.40 (for 1% criterion)
5 2.72 ± 0.24 (for 10% criterion) 3.34 ± 0.28 (for 10% criterion)

4.17 ± 0.35 (for 1% criterion) 5.06 ± 0.37 (for 1% criterion)
6 2.08 ± 0.17 (for 10% criterion) 2.44 ± 0.20 (for 10% criterion)

3.14 ± 0.26 (for 1% criterion) 3.67 ± 0.22 (for 1% criterion)

TABLE VI: The values of ϵa for various values of NDW obtained in Ref. [29].

NDW ϵa

2 1.19 ± 0.14
3 1.19 ± 0.12
4 1.31 ± 0.15
5 1.49 ± 0.22
6 1.54 ± 0.21

V. OBSERVATIONAL CONSTRAINTS

A. Models with NDW = 1

We now discuss the constraints on the model parameters based on the results obtained in the previous sections.
First of all, let us consider the case with short-lived domain walls (NDW = 1). Here we must require that the total
axion abundance at the present time does not exceed the observed cold dark matter abundance ΩCDM:

Ωa,toth
2 = Ωa,mish

2 + Ωa,stringh
2 + Ωa,dech

2 ≤ ΩCDMh2, (5.1)

where ΩCDMh2 ≃ 0.12 [81], and Ωa,mish2, Ωa,stringh2, and Ωa,dech2 are given by Eqs. (2.10), (2.21), and (3.8),
respectively.

The contribution from strings Ωa,stringh2 depends on two numerical coefficients ξ and ϵ. As was mentioned in
Sec. II B, ξ contains a large systematic uncertainty, and here we adopt a conservative estimation ξ ≃ 1.0 ± 0.5. The
value of ϵ is estimated in Ref. [26] as ϵ−1 = 0.23± 0.02, but this value does not contain the uncertainty caused by the
choice of the number of bins in the power spectrum [see the discussion in Sec. III]. Assuming that ϵ possesses similar
uncertainty with ϵw, we use a rough estimate ϵ−1 ≃ 0.2 ± 0.1. Substituting these values into Eq. (2.21), we obtain

Ωa,stringh
2 = (5.9 ± 4.2) × 10−3 × N2

DW

(
β′

58

) (g∗,1

80

)−(2+n)/2(4+n)
(

Fa

1010GeV

)(6+n)/(4+n) (
ΛQCD

400MeV

)
. (5.2)

The contribution from the decay of string-wall systems Ωa,dech2 depends on three numerical coefficients ξ, A, and
ϵw. For the area parameter A, we use the value A ≃ 0.50±0.25 obtained in [28]. The value of ϵw is given by Eq. (3.6).
Using these values and ξ ≃ 1.0 ± 0.5, we find

Ωa,dech
2 = (5.3 ± 2.9) × 10−3 ×

(
β2

62

)2/(4+n) (g∗,2

75

)−(2+n)/2(4+n)
(

Fa

1010GeV

)(6+n)/(4+n) (
ΛQCD

400MeV

)
. (5.3)

Here and hereafter we ignore the weak dependence on the parameters g∗,1, g∗,2, β1, and β2, and fix their values as
g∗,1 = 80, g∗,2 = 75, β1 = 61, and β2 = 62. From the sum of Eqs. (2.10), (5.2), and (5.3), we estimate the total relic

Ea

ma
(tdec) =

�
1 + �2a
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• NEDM constraint depends on the phase of bias δ


• For allowed region δ should be  
 δ < 0.03   (exact scaling)      δ < 0.008 (deviation from scaling)


• With a mild tuning of the phase axion can be dark matter of the 
universe for Fa = 4x108 GeV - 2X1010 GeV and can be probed in 
the next generation experiments
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5. Conclusion

• We consider the scenario where  PQ symmetry is broken 
after inflation


• Axion can be dominant component of dark matter if


                                                       for NDW = 1


!

                                                       for NDW > 1


!

• These mass ranges may be probed in the next generation 
experiments such as IXAO

Fa � (4.4� 7.6)� 1010 GeV

ma � (0.8� 1.4)� 10�4 eV

Fa � O(108 � 1010) GeV

ma � (10�4 � 10�2) eV
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•  Field theoretical lattice simulation 
with N(grid) = (512)3

Axion Domain Wall  (N=1)

Hiramatsu, MK, Saikawa, Sekiguchi (2012)
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3D simulation

• Scaling parameters 

Hiramatsu, MK, Saikawa, Sekiguchi (2012)
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Dependence on number of bins (NDW ≥ 2)
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