
Ho-Meoyng Choi (Kyungpook National Univ.)

Consistency of the pion form factor and 
unpolarized TMDs beyond leading twist 
in the light-front quark model

(in collaboration with Prof. Chueng-Ryong Ji)

Based on Phys. Rev. D 110, 014006 (2024)

INPC 2025, May 25-30, 2025, DCC, Daejeon, Korea



Outline
1. Motivation

2. Light-Front Quark Model(LFQM) 
    - New Development of self-consistent LFQM
    - Pion Form Factor

3. TMDs and PDFs of pion

4. Conclusions



1. Motivation 

For	precision	3D	imaging	of	hadrons, it	is	essential	to	access	𝑥 of	partons,	
along	with	their	𝒌! and	𝒃!,	relative	to	the	hadron’s		direction	of	motion.

Wigner	distribution	𝑊 𝑥, 𝒌!, 𝒃!
unifies	 𝑥, 𝒌!, 𝒃! into	a	5D	phase-space	representation	
of	parton	structure.

Distribution Projection	from	𝑊 𝑥, 𝒌!, 𝒃!
TMDs Integrate	over		𝒃!
GPDs Integrate	over		𝒌!
PDFs Integrate	over	both		𝒃! and 𝒌!
EM	Form	Factor Lowest	𝑥-moment	of	GPDs
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In the forward limit , parton distribution : 

        hard part (OPE)   soft part (PDF) 

, Electromagnetic form factor : 

         F(t) =   GPD
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   :   Light-front (LF) longitudinal momentum of incoming target,

   :   Virtuality  factorizable in , 

      :   Longitudinal momentum fraction,
      :   Skewness, , asymmetry of LF longitudinal momentum of target,
       :   Square momentum transfer, , 
            “kick” transverse momentum depending on scattering angle.
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3D hadron structure from 5D tomography



☞ We	investigate	the	interplay	among	the	pion’s	EMFF,	TMDs,	and	PDFs
in	the	Light-Front	Quark	Model	(LFQM).

TMD Twist Dirac	Structure Interpretation

𝑓%&(𝑥, 𝒌!) 2 𝛾$ Probability	density	for	unpolarized	quarks	
𝑒& (𝑥, 𝒌!) 3 𝕀(scalar) Sensitive	to	quark	mass	and	chiral	sym.	breaking
𝑓'&(𝑥, 𝒌!) 3 𝛾( Related	to	transvers	motion;

contributes	to	azimuthal	asymmetries

𝑓)&(𝑥, 𝒌!) 4 𝛾* Subleading	in	1/𝑄;
relevant	for	power-suppressed	contributions

• Three	(𝑓!",	𝑓#", 𝑓$" )	of	them	are	related	with	the	forward	matrix	elements		 𝑃|8𝑞 𝛾% 𝑞|P ,	
i.e.,		EMFF	of	the	pion.



𝑝%

𝑝"

1)	Meson	state:	Noninteracting		"on-mass”	shell 𝑄 & 8𝑄 representation.			

𝑃& = 𝑝!& + 𝑝'&

2)	The	interaction	between	𝑄 8𝑄 is	incorporated	into	the	mass	operator	via	𝑀 ≔ 𝑀( + 𝑉) *)

𝑀(
'=

𝑚!
' + 𝒌+'

𝑥 +
𝑚'
' + 𝒌+'

1 − 𝑥

𝑀 = 𝑀(

2. Light-Front Quark Model(LFQM)

LF	energy	conservation

☞ Two essential aspects of our LFQM
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•	 Apply	BT	(𝑀 → 𝑀()		equally	to	both	sides

𝑃′|8𝑞 Γ% 𝑞|P = ℘% ℱ

𝑀 → 𝑀(

ℱ = 𝑃′|
8𝑞 Γ%𝑞
℘% |P

,-

becomes independent 
of the current components!

Self-consistent LFQM based on the BT construction

PRD	89,	033011(14);	PRD91,	014018(15);	PRD95,	056002(17)	by	HMC	and	C.-R.	Ji

PRD	107,	053003(23);	PRD108,	013006(23)	by	A.	J.	Arifi,	HMC	and	C.-R.	Ji

PRD	103,	073004(21);	Adv.	High	Energy	Phys.,	4277321(21)	by	HMC	

𝑃′|8𝑞 Γ% 𝑞|P = ℘% ℱ ℘% :	Lorentz	factorsℱ:		Physical	observables

℘% = (𝑃 + 𝑃.)% − 𝑞%
(𝑃 + 𝑃.) d 𝑞

𝑞'

𝑞% = (𝑃 − 𝑃.)%
℘ d 𝑞 = 0
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FIG. 3: Left panel: Pion form factor F⇡ (Q2) showing the full result (solid line), independent of the current components. The dashed and
dotted lines represent the valence and helicity flip contributions from J

�, respectively. Right panel: Predictions of Q
2
F⇡ (Q2) obtained from

the constituent quark mass m = 220 MeV (solid line), m(Q2) (dotted line), and m
2(Q4) (dashed line), respectively. The experimental data are

taken from [34, 41–43].

contribution (dashed line) in our LFQM. It is evident that the
zero-mode contribution from J

� is particularly significant in
the very low Q

2 region. The helicity flip contribution, which is
proportional to m

2 (see Table II), exhibits notable magnitude
in the small Q

2 region within the constituent quark framework.
However, this contribution is absent in the chiral limit (m = 0).
The right panel of Fig. 3 ...

III. DECAY CONSTANT AND DISTRIBUTION
AMPLITUDE

In our recent research [24, 25], we establish the method to
obtain the pseudoscalar meson decay constant within our stan-
dard LFQM in a process-independent and current component-
independent manner. To provide a comprehensive under-
standing, we present the essential aspect required to attain
the Lorentz and rotational invariant result within our LFQM
framework.

The pion decay constant defined by the local operator with
axial vector, h0|q̄(0)�µ�5q(0)|⇡(P)i = i f⇡P

µ, can be obtained
as

f⇡ =
p

Nc

π 1

0
dx

π
d2k?
16⇡3 �(x, k?)

⇥ 1
iPµ

’
�1,�2

R�1�2


v̄�2 (p2)p

x2
�µ�5

u�1 (p1)p
x1

�
, (31)

where Nc = 3 arises from the color factor implicit in the wave
function. The final result of f⇡ in the most general P? , 0
frame is given as follows

f
(µ)
⇡ =

p
2Nc

π 1

0
dx

π
d2k?
16⇡3

�(x, k?)q
m2 + k2

?

O(µ)
A (x, k?), (32)

where the operators O(µ)
A derived from the current with µ =

(+,?) yield identical results, specifically O(+)
A = O(?)

A = 2m.
For the minus component of the current, if the physical pion
mass is used in the Lorentz factor P

� = (M2
⇡ + P2

?)/P
+, one

obtains O(�)
A = 2m(M2

0 + P2
?)/(M2

⇡ + P2
?), which we denote as

the operator for the valence contribution, O(�)val
A ⌘ 2m(M2

0 +

P2
?)/(M2

⇡ + P2
?) to f⇡ . However, O(�)

A becomes identical to
the results of µ = (+,?) as one replace M⇡ ! M0, which we
denotes as O(�)full

A = 2m. In other words, the LF zero-mode
contribution to f⇡ for the case of the minus component of the
axial vector current is given by

f
(�)ZM
⇡ =

p
2Nc

π 1

0
dx

π
d2k?
16⇡3

�(x, k?)q
m2 + k2

?

�O(�)
A , (33)

where �O(�)
A = O(�)full

A � O(�)val
A . We should note that the

final form of the full operator O(�)full
A for unequal quark mass

case is di�erent from those of O(+)
A = O(?)

A although the decay
constant itself is independent of the components the current as
we have shown in Ref. [25].

In this particular case of the equal quark and antiquark
mass, the pion distribution amplitude (DA) �⇡(x) is completely
independent of the current components and is given by

�⇡(x, µ0) =
p

2Nc

f⇡

π µ2
0 d2k?

16⇡3
2mq

m2 + k2
?

�(x, k?), (34)

which is normalized as
Ø 1
0 dx�⇡(x, µ0) = 1 at any scale µ0.

The DA provides information about the probability amplitudes
of finding the hadron in a state characterized by the minimum

𝐹"
/ (𝑄') = 𝐹"

+ (𝑄') = 𝐹"
& (𝑄')

𝑓"
01)2 = 130 MeV

(Exp.=131	MeV)

𝑟"
01)2 = 0.654 fm

(Exp.=0.659 4 fm)

Current-component independent EMFF

We	have	demonstrated,	for	the	first	time,
the	current-component	independence
of	the	FF	within	the	LFQM.
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x for µ0 < 0.5 GeV to convex for µ0 > 0.5 GeV. On the other
hand, in the absence of the Jacobi factor, the shape remains
convex regardless of the chosen scale µ0. In the right panel
of Fig. 4, we show the pion DA at initial scale µ2

0 = 1 GeV2

(solid black line), which is evolved to µ2 = 10 GeV2 (solid
blue line). We also compare our results with the asymptotic
result �Asy = 6x(1 � x) (solid red line), the AdS/CFT predic-
tion [35–37] �AdS = ⇡

p
x(1 � x)/8 (dashed line), and the result

of Dyson-Schwinger equations (DSEs) [38–40] �DB(x, ⇣H) =
20.227x(1� x)[1�2.5088

p
x(1 � x)+2.0250x(1� x)] (dotted

line) obtained from the dynamical-chiral-symmetry breaking-
improved (DB) truncations at the scale ⇣H = 0.30 GeV, respec-
tively.

IV. TMD AND PDF OF PION

A. TMD

Transverse Momentum Dependent (TMD) distributions are
typically defined through quark correlators. In constituent
models that lack explicit gluon degrees of freedom, the Wilson
lines in QCD simplify to unit matrices in color space. Conse-
quently, T-odd TMDs are not present, and only T-even TMDs
are observable. The characterization of a spin-zero hadron,
such as the pion, is achieved using four specific TMDs, as
discussed in [55, 56]. Three of four TMDs for pion are related
with the forward matrix element hP |q̄�µq |Pi of the vector
currents, which are defined as [55, 56]

π [dz]
2(2⇡)3

e
ip ·z hP | ̄(0)�+ (z)|Pi |z+=0 = f

q
1 (x, pT ),

π [dz]
2(2⇡)3

e
ip ·z hP | ̄(0)� j

T (z)|Pi |z+=0 =
p
j
T

P+
f
q
3 (x, pT ),π [dz]

2(2⇡)3
e
ip ·z hP | ̄(0)�� (z)|Pi |z+=0 =

⇣
m⇡

P+

⌘2
f
q
4 (x, pT ),

(39)

where [dz] = dz
�

d
2
zT and |Pi is a pion state with 4-

momentum P, q is a flavor index for the quark and antiquark
contribution and m⇡ is the pion mass. While twist-4 TMDs are
primarily of academic interest, it is worth noting that the TMD
f
q
4 (x, pT ) becomes intertwined with other twist-4 quark-gluon

correlators, such as those associated with power corrections
to the Deep Inelastic Scattering (DIS) structure functions, as
discussed in [55, 68–74].

Integrating out the right-hand side of Eq. (39), one obtains
π [dz]

2(2⇡)3
e
ip ·z hP | ̄(0)�µ (z)|Pi

=

π
dz

�

4⇡
e
ixP+z� hP | ̄(0)�µ (z�)|Pi

=

π
dz

�

4⇡
e
i(xP+�p+)z� hP | ̄(0)�µ (0)|Pi

=
�(x � p

+/P
+)

2P+
hP | ̄(0)�µ (0)|Pi, (40)

where  (z)|z+=zT=0 ⌘  (z�). We should note that we
adopted the same metric convention as used in [55, 56],
a · b = a

+
b
� + a

�
b
+ � aT · bT , when deriving Eq. (40). This

choice ensures our consistency with the definitions of TMDs
as outlined in [55, 56]. Consequently, following this definition
as discussed in [55, 56], we have 2P

+
P
� = m

2
⇡ .

Then, Eq. (39) can be rewritten as follows

2P
+

π
dx f

q
1 (x) = hP | ̄(0)�+ (0)|Pi,

2pT

π
dx f

q
3 (x) = hP | ̄(0)�? (0)|Pi,

4P
�
π

dx f
q
4 (x) = hP | ̄(0)�� (0)|Pi, (41)

where the functions f (x) = { f
q
1 (x), f

q
3 (x), f

q
4 (x)} represent

the PDFs obtained through the integration of the corresponding
TMDs f (x, pT ) = { f

q
1 (x, pT ), f

q
3 (x, pT ), f

q
4 (x, pT )} over pT ,

and this integration is expressed as follows:

f (x) =
π

d
2
pT f (x, pT ). (42)

As discussed in [55, 56], it is important to note that, due
to the explicit pT factor in Eq. (39), there is no direct PDF
counterpart to the twist-3 TMD, f

q
3 (x, pT ). However, it is

possible to formally define f
q
3 (x) as presented in Eq. (42).

In our LFQM, the matrix element hP | ̄(0)�µ (0)|Pi can
be obtained from the forward matrix element, hP |Jµ |Pi =
limQ2!0hP0 |Jµ |Pi as follows

hP |Jµ |Pi = lim
Q2!0

π
dp
+
1

π
d2k?
16⇡3 �0(x, k0

?)�(x, k?)

⇥ h
µ

�1�̄!�2�̄
, (43)

where h
µ

�1�̄!�2�̄
is given in the Appendix. For the twist-2 TMD

obtained from the J
+ current, one can easily find f

q
1 (x, k?)

from the fact that hP |J+ |Pi = 2P
+

F
(+)(0):

f
q
1 (x, k?) =

1
16⇡3 |�(x, k?)|2, (44)

so that it satisfiesπ
dx

π
d

2k? f
q
1 (x, k?) =

π
dx f

q
1 (x) = 1. (45)

From Eq. (43), one can also easily find that the twist-3 TMD
is related with the twist-2 TMD in our LFQM as 2

x f
q
3 (x, k?) = f

q
1 (x, k?). (46)

In general, matrix elements of higher-twist operators can
be disentangled using the Equation of Motion (EOM) into

2 In fact, the overall sign is (�) between f q1 (x, k?) and f q3 (x, k?), i.e.
x f q3 (x, k?) = � f q1 (x, k?) in our calculation.

In	the	forward	limit
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Transverse Momentum Dependent (TMD) distributions are
typically defined through quark correlators. In constituent
models that lack explicit gluon degrees of freedom, the Wilson
lines in QCD simplify to unit matrices in color space. Conse-
quently, T-odd TMDs are not present, and only T-even TMDs
are observable. The characterization of a spin-zero hadron,
such as the pion, is achieved using four specific TMDs, as
discussed in [55, 56]. Three of four TMDs for pion are related
with the forward matrix element hP |q̄�µq |Pi of the vector
currents, which are defined as [55, 56]

π [dz]
2(2⇡)3

e
ip ·z hP | ̄(0)�+ (z)|Pi |z+=0 = f

q
1 (x, pT ),

π [dz]
2(2⇡)3

e
ip ·z hP | ̄(0)� j

T (z)|Pi |z+=0 =
p
j
T

P+
f
q
3 (x, pT ),π [dz]

2(2⇡)3
e
ip ·z hP | ̄(0)�� (z)|Pi |z+=0 =

⇣
m⇡

P+

⌘2
f
q
4 (x, pT ),

(39)

where [dz] = dz
�

d
2
zT and |Pi is a pion state with 4-

momentum P, q is a flavor index for the quark and antiquark
contribution and m⇡ is the pion mass. While twist-4 TMDs are
primarily of academic interest, it is worth noting that the TMD
f
q
4 (x, pT ) becomes intertwined with other twist-4 quark-gluon

correlators, such as those associated with power corrections
to the Deep Inelastic Scattering (DIS) structure functions, as
discussed in [55, 68–74].

Integrating out the right-hand side of Eq. (39), one obtains
π [dz]

2(2⇡)3
e
ip ·z hP | ̄(0)�µ (z)|Pi

=

π
dz

�

4⇡
e
ixP+z� hP | ̄(0)�µ (z�)|Pi

=

π
dz

�

4⇡
e
i(xP+�p+)z� hP | ̄(0)�µ (0)|Pi

=
�(x � p

+/P
+)

2P+
hP | ̄(0)�µ (0)|Pi, (40)

where  (z)|z+=zT=0 ⌘  (z�). We should note that we
adopted the same metric convention as used in [55, 56],
a · b = a

+
b
� + a

�
b
+ � aT · bT , when deriving Eq. (40). This

choice ensures our consistency with the definitions of TMDs
as outlined in [55, 56]. Consequently, following this definition
as discussed in [55, 56], we have 2P

+
P
� = m

2
⇡ .

Then, Eq. (39) can be rewritten as follows

2P
+

π
dx f

q
1 (x) = hP | ̄(0)�+ (0)|Pi,

2pT

π
dx f

q
3 (x) = hP | ̄(0)�? (0)|Pi,

4P
�
π

dx f
q
4 (x) = hP | ̄(0)�� (0)|Pi, (41)

where the functions f (x) = { f
q
1 (x), f

q
3 (x), f

q
4 (x)} represent

the PDFs obtained through the integration of the corresponding
TMDs f (x, pT ) = { f

q
1 (x, pT ), f

q
3 (x, pT ), f

q
4 (x, pT )} over pT ,

and this integration is expressed as follows:

f (x) =
π

d
2
pT f (x, pT ). (42)

As discussed in [55, 56], it is important to note that, due
to the explicit pT factor in Eq. (39), there is no direct PDF
counterpart to the twist-3 TMD, f

q
3 (x, pT ). However, it is

possible to formally define f
q
3 (x) as presented in Eq. (42).

In our LFQM, the matrix element hP | ̄(0)�µ (0)|Pi can
be obtained from the forward matrix element, hP |Jµ |Pi =
limQ2!0hP0 |Jµ |Pi as follows

hP |Jµ |Pi = lim
Q2!0

π
dp
+
1

π
d2k?
16⇡3 �0(x, k0

?)�(x, k?)

⇥ h
µ

�1�̄!�2�̄
, (43)

where h
µ

�1�̄!�2�̄
is given in the Appendix. For the twist-2 TMD

obtained from the J
+ current, one can easily find f

q
1 (x, k?)

from the fact that hP |J+ |Pi = 2P
+

F
(+)(0):

f
q
1 (x, k?) =

1
16⇡3 |�(x, k?)|2, (44)

so that it satisfiesπ
dx

π
d

2k? f
q
1 (x, k?) =

π
dx f

q
1 (x) = 1. (45)

From Eq. (43), one can also easily find that the twist-3 TMD
is related with the twist-2 TMD in our LFQM as 2

x f
q
3 (x, k?) = f

q
1 (x, k?). (46)

In general, matrix elements of higher-twist operators can
be disentangled using the Equation of Motion (EOM) into

2 In fact, the overall sign is (�) between f q1 (x, k?) and f q3 (x, k?), i.e.
x f q3 (x, k?) = � f q1 (x, k?) in our calculation.

TMDPDF
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Schematic descriptions of  EMFF, TMDs, and PDFs of the Pion 

Precise extraction of EMFF is crucial for correctly determining TMDs and PDFs!
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FIG. 6: The unpolarized TMDs for pion, f
q
i (x, k?)(i = 1, 3, 4) (top panel) and x f

q
i (x, k?)(i = 1, 3, 4) (middle panel), as a function of x and

k2
?, and the corresponding PDFs, f

q
i (x) and x f

q
i (x)(i = 1, 3, 4) as a function of x (bottom panel) at the scale µ20 = 1 GeV2.

fraction 1 � x, i.e. f
q
1 (x, k2

?) = f
q̄
1 (1 � x, k2

?). Moreover,
we have f

q
1 (x, k2

?) = f
q̄
1 (x, k2

?), resulting in a momentum
distribution that is symmetric with respect to x = 1/2. On
the other hand, for the twist-4 TMD, the distribution f

q
4 (x, k2

?)
of a quark is peaked at the very small x value and shows the
asymmetric behavior with respect to x = 1/2, i.e. f

q
4 (x !

1 � x, k2
?) ! f

q̄
4 (1 � x, k2

?).

B. QCD evolution of PDF

For definiteness, we consider ⇡+(= ud̄), and denote f
q(x)

and f
q̄(x) as the single-flavor distributions of quarks and an-

tiquarks. In our LFQM, we define f
(+)
q (x) ⌘ f

q
1 (x) and

f
(�)
q (x) ⌘ 2 f

q
4 (x) for the twist-2 and twist-4 PDFs, respec-

tively.
The valence (or nonsinglet) quark distribution of ⇡+ for each

twist (i = 1, 4) is

f
(±)
val = f

(±)
u � f

(±)
ū + f

(±)
d̄

� f
(±)
d . (55)

Unpolarized TMDs for Pion

𝑥𝑓'
+ 𝑥, 𝒌!" = 𝑓%

+ 𝑥, 𝒌!"

𝑓%
+ 𝑥, 𝒌!" 𝑓'

+ 𝑥, 𝒌!" 𝑓)
+ 𝑥, 𝒌!"

𝑥 𝑓)
+ 𝑥, 𝒌!"𝑥𝑓'

+ 𝑥, 𝒌!"𝑥𝑓%
+ 𝑥, 𝒌!"
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?, and the corresponding PDFs, f
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i (x)(i = 1, 3, 4) as a function of x (bottom panel) at the scale µ20 = 1 GeV2.
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1 (x, k2
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q̄
1 (1 � x, k2

?). Moreover,
we have f

q
1 (x, k2
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q̄
1 (x, k2

?), resulting in a momentum
distribution that is symmetric with respect to x = 1/2. On
the other hand, for the twist-4 TMD, the distribution f

q
4 (x, k2

?)
of a quark is peaked at the very small x value and shows the
asymmetric behavior with respect to x = 1/2, i.e. f

q
4 (x !

1 � x, k2
?) ! f

q̄
4 (1 � x, k2
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B. QCD evolution of PDF

For definiteness, we consider ⇡+(= ud̄), and denote f
q(x)

and f
q̄(x) as the single-flavor distributions of quarks and an-

tiquarks. In our LFQM, we define f
(+)
q (x) ⌘ f

q
1 (x) and

f
(�)
q (x) ⌘ 2 f

q
4 (x) for the twist-2 and twist-4 PDFs, respec-

tively.
The valence (or nonsinglet) quark distribution of ⇡+ for each

twist (i = 1, 4) is

f
(±)
val = f

(±)
u � f

(±)
ū + f

(±)
d̄

� f
(±)
d . (55)
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i (x, k?)(i = 1, 3, 4) (top panel) and x f

q
i (x, k?)(i = 1, 3, 4) (middle panel), as a function of x and

k2
?, and the corresponding PDFs, f

q
i (x) and x f

q
i (x)(i = 1, 3, 4) as a function of x (bottom panel) at the scale µ20 = 1 GeV2.

fraction 1 � x, i.e. f
q
1 (x, k2

?) = f
q̄
1 (1 � x, k2

?). Moreover,
we have f

q
1 (x, k2

?) = f
q̄
1 (x, k2

?), resulting in a momentum
distribution that is symmetric with respect to x = 1/2. On
the other hand, for the twist-4 TMD, the distribution f

q
4 (x, k2

?)
of a quark is peaked at the very small x value and shows the
asymmetric behavior with respect to x = 1/2, i.e. f

q
4 (x !

1 � x, k2
?) ! f

q̄
4 (1 � x, k2

?).

B. QCD evolution of PDF

For definiteness, we consider ⇡+(= ud̄), and denote f
q(x)

and f
q̄(x) as the single-flavor distributions of quarks and an-

tiquarks. In our LFQM, we define f
(+)
q (x) ⌘ f

q
1 (x) and

f
(�)
q (x) ⌘ 2 f

q
4 (x) for the twist-2 and twist-4 PDFs, respec-

tively.
The valence (or nonsinglet) quark distribution of ⇡+ for each

twist (i = 1, 4) is

f
(±)
val = f

(±)
u � f

(±)
ū + f

(±)
d̄

� f
(±)
d . (55)

E𝑑"𝒌!
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4(𝑥) 𝑓#
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4(𝑥)

𝑥 𝑓!
4(𝑥)

𝑥 𝑓#
4 𝑥 = 𝑓!

4 𝑥 𝑥 𝑓$
4(𝑥)

u𝑑𝑥 𝑓!
4 𝑥 = 1 2u𝑑𝑥 𝑓$

4 𝑥 = 1

We	prove	this,	for	the	first	time.
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We	use	the	Higher	Order	Perturbative	Parton	Evolution	toolkit	(HOPPET)	
to	solve	the	NNLO	DGLAP	equation.

Evolved	from	𝜇(' = 1 GeV' to 𝜇' = 4 and 27 GeV'

752 about 47% of the total momentum in the pion [19,82].
753 Applying this constraint to the twist-2 PDF, we obtain at
754 μ2 ¼ 4 GeV2

hxival ≡ 2hxiq1 ¼ 2

Z
1

0
dx xfq1ðxÞ ¼ 0.472; ð47Þ

755756 with the following parameter sets in HOPPET:

μ0;NNLO ¼ 1 GeV;
αNNLOðμ20Þ

2π
¼ 0.302: ð48Þ

757758 We subsequently apply QCD evolutions not only to the
759 twist-2 PDF but also to the twist-3 and twist-4 PDFs. We

760summarize in Tables III–VI the first fewMellin moments of
761the pion PDFs, evaluated at both scales μ2 ¼ ð4; 27Þ GeV2,
762and compared with other theoretical predictions.
763Figure 4 shows the NNLO DGLAP evolutions of xfqi ðxÞ
764(i ¼ 1, 3, 4) from the initial scale μ20 ¼ 1 GeV2 evolved to
765μ2 ¼ 4 GeV2 and μ2 ¼ 27 GeV2. The experimental data
766are taken from Ref. [88].

767V. SUMMARY

768We have conducted an investigation of the interrelated
769pion’s form factor, TMDs, and PDFs within the framework
770of the LFQM. Our self-consistent LFQM adheres to the BT
771construction, where the interaction Vqq̄ between the quark
772and antiquark is integrated into the mass operator through
773M ≔ M0 þ Vqq̄, and the meson state is constructed in
774terms of constituent quark and antiquark representations

TABLE III. Mellin moments of the pion valence PDF, fq1ðxÞ,
evaluated at the scale μ2 ¼ 4 GeV2.

hxiut2 hx2iut2 hx3iut2 hx4iut2
This work 0.236 0.101 0.055 0.033
[83] 0.2541(26) 0.094(12) 0.057(4) 0.015(12)
[84] 0.2075(106) 0.163(33) % % % % % %
[56] 0.24(2) 0.098(10) 0.049(7) % % %
[57] 0.24(2) 0.094(13) 0.047(8) % % %

TABLE IV. Mellin moments of the pion valence PDF, fq1ðxÞ,
evaluated at the scale μ2 ¼ 27 GeV2.

hxiut2 hx2iut2 hx3iut2 hx4iut2
This work 0.182 0.069 0.034 0.019
[85] 0.18(3) 0.064(10) 0.030(5) % % %
[57] 0.20(2) 0.074(10) 0.035(6) % % %
[86] 0.184 0.068 0.033 0.018
[21] 0.217(11) 0.087(5) 0.045(3) % % %

TABLE V. Mellin moments of the twist-3 pion PDF, fq3ðxÞ,
evaluated at the scales μ2 ¼ 4 GeV2 and μ2 ¼ 27 GeV2, respec-
tively.

hxiut3 hx2iut3 hx3iut3 hx4iut3
μ2 ¼ 4 GeV2 0.471 0.164 0.079 0.045
μ2 ¼ 27 GeV2 0.365 0.111 0.049 0.026

TABLE VI. Mellin moments of the twist-4 pion PDF, fq4ðxÞ,
evaluated at the scales μ2 ¼ 4 GeV2 and μ2 ¼ 27 GeV2, respec-
tively.

hxiut4 hx2iut4 hx3iut4 hx4iut4
μ2 ¼ 4 GeV2 0.069 0.021 0.009 0.005
μ2 ¼ 27 GeV2 0.053 0.014 0.006 0.003
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F4:1 FIG. 4. LFQM predictions for the valence PDFs of the pion for a single quark evolved to the scales of μ2 ¼ ð4; 27Þ GeV2 from from
F4:2 the initial scale μ20 ¼ 1 GeV2. Our results for xfq1ðxÞ are compared with the FNAL-E615 experimental data [88] and the modified
F4:3 FNAL-E615 data [89].
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QCD Evolution of Pion PDFs



We present the ratio of the up (u) quark distribution in
the kaon to that in the pion in Fig. 2. We observe that at
μ2 ¼ 20 GeV2 our result for uK

þ
v =uπ

þ
v , which is used to help

determine the initial scale of the kaon PDF, is in good
agreement, considering the current uncertainties, with the
data from the CERN-NA3 experiment [6] as well as with
the next-to-leading-order quark model (GRS, NLO) [58]
and the Bethe-Salpeter equation (BSE) approach [37]. One
notices that the ratio decreases as x increases. This
phenomena can be understood from the valence quark
PDFs of the kaon and the pion evolved to μ2 ¼ 20 GeV2.
Specifically, the antistrange (s̄) quark is more likely than
the u quark to carry a large momentum fraction in the kaon,
while the pion structure is symmetric in the antidown (d̄)
and u quarks. We find additionally that at this experimental
scale the u quark PDF in the kaon falls off at large x as
ð1 − xÞ1.60, in contrast to ð1 − xÞ1.49 in the pion. On the
other hand, at large x, the s̄ quark PDF in the kaon falls off
as ð1 − xÞ1.32. Such differences among these PDFs are
attributable to differences in the constituent quark mass
[50] propagated through the QCD evolution.
To further compare the BLFQ-NJL model with experi-

ments and with other models, we evaluate the four lowest
nontrivial moments of the valence quark PDF for the pion.
In Fig. 3, we show these results at different μ2 and compare
with the global fit to the data [19], lattice QCD [12,25–28],
and phenomenological models [3,5,11]. Figure 3
shows that our predictions are in good agreement with
Refs. [3,5,11,12,19,26].
The kinematics of the pion-nucleus-induced DY process

are described by the invariant mass of the produced lepton
pair m, center of mass energy square s of the colliding

systems, the Feynman variable xF ¼ x1 − x2 (difference of
the light front momenta of the annihilating quark and
antiquark), and τ≡m2=s ¼ x1x2 [59]. In the leading
order of QCD, the cross section for this process is given
by [60,61]

m3d2σ
dmdxF

¼ 8πα2

9

x1x2
x1 þ x2

X

a

e2afπ
%

a ðx1ÞfNā ðx2Þ; ð8Þ

where α is the coupling constant of quantum electrody-
namics. The summation in Eq. (8) runs over different quark
flavors, with ea being their charges in units of the
elementary charge. Here, we use our pion PDFs in con-
junction with the NNLO “MSTW 2008” nucleon PDFs
[62]. We ignore the European Muon Collaboration effect
[63] and treat the target nucleus as a collection of free
nucleons. The nucleon and the pion PDFs are then evolved
to the experimental scale μ2 ¼ 16 GeV2. After integrating
out the xF dependence of the cross section to yield
m3dσ=dm, we obtain our results plotted as functions offfiffiffi
τ

p
in the upper panel in Fig. 4 and compared with the

CERN-NA3 and FNAL-E615 experiments. In the lower
panel in Fig. 4, we illustrate the cross section dσ=dm as a
function ofm and compare with the FNAL-326 [64] and the
FNAL-444 experiments [65] with 225 GeV pions. In
addition, we compare our results with the data of the
CERN-WA-039 experiment with 39.5 GeV pions [66]. All
BLFQ-NJL results in Fig. 4 are in reasonable agreement
with experiments. Here, we have selected sample exper-
imental cases over a wide kinematic range for validating the
BLFQ-NJL model. We note that our approach yields
comparable agreement with results from other experimental
setups [6,7,67,68] as will be detailed elsewhere [69].
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FIG. 2. The ratio of the u quark PDF in the kaon to that in the
pion. The gray error band corresponds to the sum of relative
errors due to the QCD evolution from the initial scale μ20π ¼
0.240% 0.024 GeV2 in the pion and μ20K ¼ 0.246% 0.024 GeV2

in the kaon PDFs as the relative error for this ratio. The data are
taken from the CERN-NA3 experiment [6]. Results are compared
with the NLO Glück-Reya-Stratmann (GRS) model [58] and the
BSE approach [37].
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FIG. 3. Comparison of the lowest four moments of valence
quark distributions in the pion at four scales. Horizontal bands
represent the BLFQ-NJL results including the uncertainty
of the initial scale and are compared with the global fit to
the data by the JAM Collaboration [19], with lattice QCD results
in Refs. [12,25–28], and with phenomenological models in
Refs. [3,5,11] at different scales.
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4. Conclusions

•	We	developed	a	new	method	for	ensuring	self-consistency	in	the	LFQM.

Our	LFQM:		Noninteracting	𝑄 & t𝑄 representation	consistent	with		the	Bakamjian-Thomas(BT)	constuction!

0|8𝑞 Γ%𝑞|P = 𝔉 ℘% 𝔉:	physical	observables

℘,:	Lorentz	factors

𝔉 = 0 8𝑞Γ%𝑞
℘% P = s𝑑𝑥 𝑑'𝐤+ ⋯

Γ%

℘%
⋯

This	allows	one	to	obtain	the	physical	observables	independent	of	the	current	components	!

𝑃& = 𝑝4& + 𝑝*4& , i. e. 𝑀'→ 𝑀(
'

Constrained	by	BT	construction!



𝑓 𝑥, 𝒌!

E𝑑𝒌!

PDFs 𝑓%
+ 𝑥

TMD 𝐻 𝑥, 0, 𝑡

𝐻(𝑥, 0, 0)

Form factor:

Partial Extractions of TMD, PDF, GPD from Pion Form Factor

𝐹 , 𝑡 ≡ z𝑑𝑥 𝑑𝒌! 𝑓 , 𝑥, 𝒌!, 𝑡 Note) 𝑄" → −𝑡

GPD

𝑓%
+ 𝑥, 𝒌! ↔ 𝑓 $ (𝑥, 𝒌!, 0) 𝐻 𝑥, 0, 𝑡 = E𝑑𝒌! 𝑓 $ 𝑥, 𝒌!, 𝑡

E𝑑𝒌!𝑓 , 𝑥, 𝒌!, 𝑡 → 0
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𝑓)
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