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Neutrino Oscillation Experiment
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• Upcoming flagship neutrino oscillation experiment such 
as DUNE (US) and HyperK (Japan), 
Quasi-elastic (QE) neutrino-nucleon scattering is the 
dominant interaction process

𝑑𝜎
𝑑𝑄! ∝ 𝑓 𝑄

!, VFF , AFF ,⋯

• Weak interaction (V-A): Low statistics
• Vector form factor (VFF) 

à high-statistics electron scattering experiments
• Axial vector form factor (AFF)

à Lattice QCD calculation is simple at QE processes
  and can help constraining experimental cross-section
à Must provide a complete parametrization function (e.g. 
z-expansion) of 𝐺!(𝑄") including a covariance matrix of 
parameters.

𝑄! = −𝑞!



Major Uncertainties in Lattice QCD calculations

• Finite lattice spacing a (UV cut-off effect)
• Chiral fit to get value at physical pion mass
• Finite Volume
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Chiral-Continuum Finite volume extrapolation
of nucleon axial charge 𝑔! [NME preliminary]

• Statistical errors
• Excited state contaminations
• Renormalization



This work: two new MILC 𝑀!
"#$% ensembles
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• 𝑁& = 2 + 1 + 1 dynamical fermion flavors (isospin symmetric u,d quark masses)
• Gauge ensemble generated by MILC collaboration using HISQ (Highly Improved 

Staggered Quark) seq quark action 

• Improved gauge link smearing, mass parameter tuning
• Larger source-sink time separation
• The largest momentum transfer 𝑞⃗ = 2𝜋𝑛/𝐿 is doubled

• spacelike 4-momentum transfer 𝑄! = −𝑞! max has increased from 0.45	GeV! to 0.82	GeV!

~4x improved statistics



Calculation of Nucleon Matrix Element
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• Nucleon matrix element ( 𝑝′ 𝐴 𝑝 , to be decomposed to Form Factors) are 
extracted from the 3-point correlation function 𝑪 𝒕, 𝝉 ≡ ⟨𝑵𝒑 𝝉 𝑶 𝒕 7𝑵𝒑(𝟎)⟩:

Average over the “Gauge ensemble” 
generated using Markov Chain Monte-Carlo

Nucleon 
source Current operator

Nucleon 
sink



Excited State (ES) effect is more severe at 𝑴𝝅
𝐏𝐡𝐲𝐬
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• Nucleon signal/noise decays ∝ 𝑒( )(*.,-" . with Euclidean time 𝜏.
• Nucleon operator creates ground state nucleons (𝑁) plus all excited states with 

the same quantum number, including 𝑁𝜋, 𝑁𝜋𝜋, 𝑁𝜌, 𝑁∗ 1440 , 𝑁∗ 1710 ,⋯.
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Black points:
2-point function fit results

almost constant over 𝑛"

blue / red points
3-point function fit results

similar 𝑛" dependence shape
as the noninteracting 𝑁𝜋 
states where 𝜋 carries 𝑝

𝚫𝐌𝟏 = 𝑬 𝑵 𝒑 +𝝅 −𝒑 −𝑴

𝚫𝐄𝟏 = 𝑬 𝑵 𝟎 + 𝝅 𝒑
−𝑬𝑵 𝒑

<Standard> <𝑁𝜋>

more severe 
difference
at small 𝑞⃗"

Jang et al. PRL 124 (2020) 072002
Park et al. PRD 105 (2022) 054505
Jang et al. PRD 109 (2024) 014503

a=0.09fm, preliminary



Checking Pion Pole Dominance (PPD) hypothesis
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• Relates Induced pseudoscalar and the axial form factors

(!𝐺!(𝑄") =
#$!

%!&$"!
𝐺'(𝑄"))

<Standard> <𝑁𝜋>
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PCAC (Partially Conserved Axial Current) relation
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• 𝜕7𝐴7(𝑥) = 2 (𝑚𝑃(𝑥) where (𝑚 = 𝑍8𝑚9:𝑍;𝑍<=>

• Applied to nucleon ground state, it relates the 3 nucleon form factors

Generalized Goldberger-Treiman Relation
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2024 Comparison of lattice results of 𝑮𝑨  

Two physical pion mass data in PNDME 24’ 

𝜈𝐷 from z-expansion fit 
[A.Meyer et al., PRD 93,113015(2016)]
- The deuterium bubble chamber experiment data (70-80s) have small 

statistics (10%), 
- Unknown correction added. Cannot access original data. 
- Unresolved nuclear (deuterium) correction
- Dipole fit underestimated 𝐺& uncertainty by x10

RQCD 20’ JHEP 05 126
ETMC 21’ PRD 103, 034509
NME 22’ PRD 105, 054505
Mainz 22’ PRD 106, 074503
PNDME 24’ PRD 109, 014503

LQCD and 𝜈𝐷	start to 
differ at 𝑄" > 0.3

Turquoise Band
PNDME 24’
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Our new data for 𝑮𝑨  

𝜈𝐷 from z-expansion fit 
[A.Meyer et al., PRD 93,113015(2016)]

RQCD 20’ JHEP 05 126
ETMC 21’ PRD 103, 034509
NME 22’ PRD 105, 054505
Mainz 22’ PRD 106, 074503
PNDME 24’ PRD 109, 014503

start to differ 
at 𝑄" > 0.3

NEW data on the two physical 
pion mass ensembles

preliminary 
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𝑮𝑨𝒖(𝒅 : Examined Dipole, Pade and 𝒛-expansion fits 

• Dipole: 𝑔#/ 1 + $'

%(
'

!

• uncertainty underestimated

• Pade: &(
'())$'()'$*

• 𝑧*-expansion: 
∑+,-* 𝑎+𝑧 𝑄! +
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Preliminary
z^3 result (renormalized)
gA=1.271(51)
GA= 1.038(34) - 1.54(12) z 
        +0.89(83) z^2 – 3.2(1.9) z^3



Summary
• Calculating the isovector axial form factor 𝑮𝑨𝒖=𝒅(𝑸𝟐) as part of a 

comprehensive analysis of nucleon structure. 
• New data for 𝑮𝑨𝒖=𝒅	 on 2 physical pion mass ensembles over 0.04 <
𝑄J ≾ 1	GeVJ with significantly improved statistics and systematics 
control. This enables a more reliable chiral-continuum extrapolation. 
• Result: a z-expansion parametrization with the correlation matrix of 

the fit parameters.
• 𝑮𝑨𝒖=𝒅(𝑸𝟐) is important input in the calculation of the quasi-elastic 

neutrino-nucleon scattering cross-section. (Needed for DUNE to meet 
precision goal)
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Charged Current Diff. Cross Section

CHAPTER 3. NEUTRINO INTERACTIONS

3.2 Neutrino-Nucleon scattering

3.2.1 Llewellyn-Smith formalism for the neutrino experiments

The scattering processes under consideration in this section are the following 2 reactions

(Fig. 3.2),

⌫l + n! l� + p, (3.17)

⌫̄l + p! l+ + n. (3.18)

In Appendix C.1, we derive the expression for neutrino-nucleon di↵erential cross section

formula (Eq. C.41),

d�

dQ2

0

@ ⌫l + n! l� + p

⌫̄l + p! l+ + n

1

A

=
M2GF

2cos2✓c

8⇡E⌫
2

⇢
A(Q2)±B(Q2)

(s� u)
M2

+ C(Q2)
(s� u)2

M4

�
, (3.19)

with the expressions for A(Q2), B(Q2), and C(Q2) given in Eqs. C.38, C.39, and C.40.

Here, E⌫ is an incident neutrino energy, M is a nucleon mass, and s and u are Mandelstam

variables. Now we transform them to the familiar form [20] used in practice. All the

contributions to the weak nucleon current other than the vector and axial vector form

factors arise from the electromagnetic or strong interaction. However, the electromagnetic

and strong interactions are G-parity conserving processes. So one can reasonably omit

terms involving G-parity violating second-class-current form factors (FV
3 and FA

3), which

should not exist within the standard model (Sec. 3.2.8). And, we assume all form factors

are purely real which mean there is no T-violation in any nucleon weak elastic scattering

experiment (Sec. 3.2.8). Also, the ⇠F2 term may be rewritten as F2 which is more standard

in this (neutrino) community. This also means pF
EM,p

2 ⌘ FEM,p

2 and nFEM,n

2 ⌘ FEM,n

2 .

28

CHAPTER 3. NEUTRINO INTERACTIONS

With these procedures, Eqs. C.38, C.39 and C.40 become,

A(Q2) =
(m2 + Q2)

M2

⇥
(1 + ⌧)F 2

A � (1� ⌧)F 2
1 + ⌧(1� ⌧)F 2

2 + 4⌧F1F2

� m2

4M2

⇣
(F1 + F2)2 + (FA + 2FP )2 � 4

⇣
1 + Q

2

4M2

⌘
F 2

P

⌘�
, (3.20)

B(Q2) = Q
2

M2 FA(F1 + F2), (3.21)

C(Q2) =
1
4
(F 2

A + F 2
1 + ⌧F 2

2 ). (3.22)

Here we have used the common abbreviation, ⌧ = Q
2

4M2 . Eqs. 3.20, 3.21, and 3.22, as well

as Eq. 3.19 agree with [20] except for a missing cos2✓c term in [20].

Next, we are able to eliminate the lepton mass term ( m
2

M2 ⌧ 1) for our applications

(electron and muon production). In this case, the contribution from the pseudo-scalar form

factor (FP ) becomes zero, and these equations agree with those of [21, 22].

3.2.2 Is it B or �B?

There exists a sign inconsistency for the B(Q2)-term between many papers (for example [15,

20, 22]). This problem arises from the many possible choices in: (1) the definition of the

sign of gA (Eq. 3.62), (2) the sign in front of gA, (3) the sign in front of FA (axial vector

form factor), and (4) the sign in front of the B(Q2)-term. This problem may be avoided by

remembering that d�

dQ2 (⌫l + n! l� + p) > d�

dQ2 (⌫̄l + p! l+ + n).

3.2.3 Llewellyn-Smith formalism for Neutral Current

We can modify Eqs. 3.20, 3.21 and 3.22 so that Eq. 3.19 is also correct for the neutral current

cross section. Since the neutral weak current is related to the electromagnetic current,

< N |Jµ

Z
|N >=< N |Jµ

3 � 2sin2✓W · Jµ

EM
|N >, (3.23)

where J3 is the third component of the isospin current and JEM is the electromagnetic cur-

rent. Then, the nucleon neutral current form factor can be written completely by including

30

One predicts diff. x-section from lattice QCD 
for a given neutrino beam energy if F1,2 , FACC   

and Fp  known

Lepton-nucleon scattering

FA = axial form factor
&𝐹+ = induced pseudoscalar
𝐺, = 𝐹- − 𝜏𝐹. Electric
𝐺/ = 𝐹- + 𝐹.  Magnetic
𝜏 = 𝑄./4𝑀.   
M=Mn= Mp ≈ 939 MeV
𝑚 = 𝑀0 
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Lattice QCD

[Formulated by K. Wilson (1974). Numerical computation field opened by M. Creutz (1979)]
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Lattice QCD is QCD defined on a 4-dimensional Euclidean space-time lattice
• Finite lattice spacing: (𝑎)
• Quark fields 𝑞, M𝑞 ,	Gauge fields (gluons): (𝑈.)
• Perturbative & Numerical (nonperturbative) calculations

The simulation allows ab initio calculations of nonperturbative QCD 
interactions of quarks and gluons using the Feynman path integral 
formulation of QFT. 

Major systematic errors coming from:
• Finite lattice spacing a (UV cut-off effect)
• Chiral fit to get value at physical pion mass
• Finite Volume

• Statistical errors
• Excited state contaminations
• Renormalization


