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Electric quadrupole (𝑬𝑬𝑬𝑬) observables in nuclei

 Electric quadrupole (𝑬𝑬𝑬𝑬) observables, such as electric quadrupole moments and 𝑬𝑬𝑬𝑬 transition strengths reveal nuclear deformation and collective structure

 To probe the proton-neutron asymmetric aspects of the nuclear deformation, both 

proton and neutron quadrupole observables are needed

 it is very difficult to obtain ab initio NCSM calculations for 𝑬𝑬𝑬𝑬 observables, 

due to 𝑬𝑬𝑬𝑬 observables are sensitive to the large-distance tails of the nuclear wave 

function, extrapolation method of NCSM 𝑬𝑬𝑬𝑬 results is necessary
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J. Suhonen, From nucleon to nucleus(2006)



Introduction of NCSM

  Given a Hamiltonian operator

 �𝑯𝑯 = ∑𝒊𝒊<𝒋𝒋 (𝒑𝒑𝒊𝒊−𝒑𝒑𝒋𝒋)𝑬𝑬𝟐𝟐𝟐𝟐 + ∑𝒊𝒊<𝒋𝒋𝟐𝟐 𝑽𝑽𝒊𝒊𝒋𝒋 + ∑𝒊𝒊<𝒋𝒋<𝒌𝒌𝑽𝑽𝒊𝒊𝒋𝒋𝒌𝒌 + ⋯
  Solve the eigenvalue problem for wavefunction of A nucleons

 �𝑯𝑯𝜳𝜳𝜶𝜶𝟏𝟏⋯𝜶𝜶𝟐𝟐= 𝐄𝐄𝜳𝜳𝜶𝜶𝟏𝟏⋯𝜶𝜶𝟐𝟐
  Expand wavefunction in basis states 𝝍𝝍 = ∑ �𝒂𝒂𝒋𝒋 𝝓𝝓𝒊𝒊
  Express Hamiltonian in basis 𝝓𝝓𝒋𝒋 �𝑯𝑯 𝝓𝝓𝒊𝒊 = 𝑯𝑯𝒊𝒊𝒋𝒋
  Diagonalize Hamiltonian matrix 𝑯𝑯𝒊𝒊𝒋𝒋
  No-Core: All A nucleons are treated the same

  Complete basis ---- exact result

  In practice

      1. truncate basis

      2. study behavior of observables as function of truncation

 Computational challenge

      1. construct large (1010  1010) sparse symmetric matrix 𝑯𝑯𝒊𝒊𝒋𝒋
      2. obtain lowest eigenvalues & eigenvectors corresponding to low-

          lying spectrum and eigenstates

He Li (IMP) INPC 2025 - Daejeon May 26, 2025          4/22

 No-Core Shell Model Method

Barrett et al., Progress in Particle and Nuclear Physics (2013)

P. Maris, NCSM_NICC_YTT(2021)



Introduction of NCSM

  Calculate the approximate low-lying spectrum (eigenvalues) and 

     corresponding wavefunctions 𝝍𝝍 (eigenvectors) of a (Z + N) = A-body 

     system of Z protons and N neutrons using 2-body (and optional 3-body) 

     interactions in a finite basis in configuration space (sparse matrix)

  Evaluate for the requested number of states (eigenvalues)

       1. orbital occupation probabilities

       2. One-Body Density Matrix Elements (OBDMEs)

       3. expectation values of total spin J2 and isospin T2

           (for T2 assuming proton and neutron radial wavefunctions are the same)

       4. expectation values for arbitrary scalar 2-body operators

5. for Harmonic Oscillator (HO) basis

           static: quadrupole moments, M > 0: magnetic moments, r2 …

           transitions: M1, E2, and GT(assuming isospin symmetry)           
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 MFDn (Many Fermion Dynamics for Nuclear Structure ) code

P. Maris, NCSM_NICC_YTT(2021)



Daejeon16 and JISP16 interaction
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Kim et al., arXiv:1910.04367 (2019)

Shirokov et al., Physics Letters B (2016)

 Daejeon16 (Daejeon, the name of a city in South Korea, where the main developments  

     took place. PET tuned up to 16O ）
     JISP16, (J-matrix inverse scattering potential, PET tuned up to 16O )



Sugon high performance computer
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• Hygon CPU node: 32 cores, 128Gb memory 

• Kunshan center: more than 10,000 nodes

• Taiyuan center: ~ 7000 nodes

• Xian center: ~ 2000 nodes (64 cores, 256 Gb/node)

 Scaling test of MFDn code on Sugon high performance computers (Taiyuan)
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NCSM results 
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 Ground state energy from Daejeon16

NCSM+Daejeon16 has good performance on 

the calculations of binding energies

We use a simple 3-point 

exponential extrapolation 

from the reference paper 
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P. Maris et al., Phys. Rev. C (2021)



NCSM results 
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 Energy spectra from Daejeon16 (fixed hw = 17 MeV)
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The low-lying spectra of  12C & 13C from Daejeon16 

have good agreement with experimental data

We use a simple 3-point exponential extrapolation 

from the reference paper 

P. Maris et al., Phys. Rev. C (2021)



NCSM results 
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 Point proton radii of ground state from Daejeon16 
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NCSM results 
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 Proton 𝑬𝑬𝑬𝑬 moments from Daejeon16 
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NCSM results 

He Li (IMP) INPC 2025 - Daejeon May 26, 2025        12/22

 Neutron 𝑬𝑬𝑬𝑬 moments from Daejeon16 
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NCSM results 
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 𝑩𝑩(𝑬𝑬𝑬𝑬) from Daejeon16
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Ratios of 𝑬𝑬𝑬𝑬 observables 
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A. Calci et al., Phys. Rev. C (2016)

 Challenges for 𝑬𝑬𝑬𝑬 observables calculation by NCSM

    1.  Slow convergence

    2.  Limit with current computer recourses 

𝑩𝑩 𝑬𝑬𝑬𝑬 : 12C (𝑬𝑬𝟏𝟏+ → 𝟎𝟎𝟏𝟏+) and 6Li (𝟑𝟑𝟏𝟏+ → 𝟏𝟏𝟏𝟏+), 𝑸𝑸𝒑𝒑: 12C (𝑬𝑬𝟏𝟏+) and 6Li (𝟑𝟑𝟏𝟏+), 

obtained from chiral 𝑵𝑵𝑵𝑵 (empty) and 𝟑𝟑𝑵𝑵 (solid) interaction by NCSM



Ratios of 𝑬𝑬𝑬𝑬 observables 
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M. Caprio et al., Phys. Rev. C (2021)

M. Caprio et al., Phys. Rev. C (2022)
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 𝑩𝑩(𝑬𝑬𝑬𝑬)/𝒓𝒓𝒑𝒑𝟒𝟒 from Daejeon16
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 The results of 𝑩𝑩(𝑬𝑬𝑬𝑬) show a convergence trend as the calculation model space 

increases, but no convergence results are obtained

 Compared with 𝑩𝑩(𝑬𝑬𝑬𝑬), 𝑩𝑩(𝑬𝑬𝑬𝑬)/𝑸𝑸𝒑𝒑𝑬𝑬  shows better convergence and is very close to the 

current experimental values

 𝑩𝑩(𝑬𝑬𝑬𝑬)/𝑸𝑸𝒑𝒑𝑬𝑬 from Daejeon16

H. Li et al., Phys. Rev. C (2024)
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 Compared with 𝑩𝑩 (𝑬𝑬𝑬𝑬), 𝑴𝑴𝒏𝒏/𝑴𝑴𝒑𝒑 exhibits better convergence, and the approximate 

convergence value is very close to the experimental value

 𝑴𝑴𝒏𝒏𝑸𝑸𝒑𝒑/𝑴𝑴𝒑𝒑𝑸𝑸𝒏𝒏 can be used for theoretical predictions of 𝑸𝑸𝒏𝒏

 𝑴𝑴𝒏𝒏/𝑴𝑴𝒑𝒑 and 𝑴𝑴𝒏𝒏𝑸𝑸𝒑𝒑/𝑴𝑴𝒑𝒑𝑸𝑸𝒏𝒏 from Daejeon16

H. Li et al., Phys. Rev. C (2024)
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𝑩𝑩 𝑬𝑬𝑬𝑬  from others ab initio calculations 10Be -- GFMC: 8.8(4), NCMCSM: 9.29; 
10C -- GFMC: 15.3(1.4), NCMCSM: 9.30 ; 12C-- NCMCSM: 7.65, IMNCSM: 8.68(79)

 Predicted and experimental 𝑬𝑬𝑬𝑬 observables 

H. Li,  Ph. D. thesis (2024)
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H. Li,  Ph. D. thesis (2024)

 Predicted and experimental 𝑬𝑬𝑬𝑬 observables 



Next plan
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 Extrapolation of NCSM 𝑬𝑬𝑬𝑬 results using machine learning 

    and artificial neural networks

A. Mazur, NTSE-2023



Conclusions

  Ground state energies and spectra of stable p-shell nuclei from Daejeon16 
in good agreement with experiment.

  𝑬𝑬𝑬𝑬 observables are slowly convergent in NCSM, while the ratios of 𝑬𝑬𝑬𝑬 
observables show good convergence. The predictions of 𝑬𝑬𝑬𝑬 observables 
from ratios are reasonable.
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