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final state particles 
N ∼ 103−4

1

initial state

onset of hydrodynamics in Heavy-Ion Collisions



1onset of hydrodynamics in Heavy-Ion Collisions

∂μTμν = 0 ,

Tμν = (ε + P + Π)uμuν − (P + Π)gμν + πμν .
thermodynamic + kinetic quantities viscous (non-equilibrium) corrections

(EOS: QCD physics validated)



onset of hydrodynamics in Heavy-Ion Collisions

  Hydrodynamics                     near local-equilibrium   (many body) 

     for ~  particles? 

✓ mean free path (~0.5 fm)         system size (~10 fm) 

?   rapid equilibration? (t ~ 0.5-1 fm/c) 

?   small system?

⇐

103−4

≪

∂μTμν = 0 ,

Tμν = (ε + P + Π)uμuν − (P + Π)gμν + πμν .
thermodynamic + kinetic quantities viscous (non-equilibrium) corrections

1

(EOS: QCD physics validated)



2onset of hydrodynamics in Heavy-Ion Collisions

Hydrodynamic attractors 
- focus on properties of hydrodynamic equations 
- common behavior developed very rapidly

Thermalization in phase space distribution 
- solve Boltzmann equations, compared with hydro 
- usually linearized Boltzmann, e.g., Relaxation Time Approximation

see e.g. Heller, Spalinski, Phys.Rev.Lett. 115 (2015) 072501

see e.g. Strickland, JHEP 12 (2018) 128

Tμν = (ε + P + Π)uμuν − (P + Π)gμν + πμν .

pμ∂μ f(x, p) = 𝒞[ f ] , Tμν(x) = ∫p
pμpν f(x, p)
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Quark-Gluon Plasma: 
A strongly coupled, quantum, (quasi)many-body system!



2onset of hydrodynamics in Heavy-Ion Collisions

Ideally, full quantum simulation of QCD in 3+1D

Practically, strong coupling QED in 1+1D 
— confinement, chiral condensate, etc.

Quark-Gluon Plasma: 
A strongly coupled, quantum, (quasi)many-body system!



Hamiltonian of Schwinger model

: electric field 
: electric potential 

: fermion field

E
A
ψ, ψ̄

L(t) = ∫ (−
FμνFμν

4
+ ψ̄(iγμ∂μ − gγμAμ − m)ψ)dx .

H = ∫ (E2

2
− ψ̄(iγ1∂x − gγ1A − m)ψ)dx .

1+1D Schwinger model
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H = ∫ (E2

2
− ψ̄(iγ1∂x − gγ1A − m)ψ)dx .

1+1D Schwinger model

{ψa(x), ψ†
b (y)} = δa,bδ(x − y)

{χ†
n , χm} = δnm , {χ†

n , χ†
m} = {χn, χm} = 0 .

Xn ≡ I ⊗ ⋯ ⊗ I ⊗ σx ⊗ I ⊗ ⋯ ⊗ I
nth

χn =
Xn − iYn

2

n−1

∏
m=1

(−iZm)Jordan-Wigner

χ1 χ2 χ3 χ20χ19

∣0⟩ :empty
∣1⟩ :occupied

field operators  
represented by 
matrices

Hamiltonian of Schwinger model 3
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{χ†
n , χm} = δnm , {χ†

n , χ†
m} = {χn, χm} = 0 .

H =
1

4a

N−1

∑
n=1

(XnXn+1 + YnYn+1) +
m
2

N

∑
n=1

(−1)nZn +
a g2

2

N−1

∑
n=1

L2
n .

field operators  
represented by 
matrices

1+1D Schwinger model
Hamiltonian of Schwinger model 3
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field operators  
represented by 
matrices

Eigenstates of H: vacuum and (quasi)-particles 

Time evolution:  

 
∂
∂t

|ψ(t)⟩ = − i H |ψ(t)⟩

O(t) = ⟨ψ(t) | Ô |ψ(t)⟩

Hamiltonian of Schwinger model 3



thermalization in isolated quantum system? 4

Thermalization in a pure state?



thermalization in isolated quantum system? 4

Thermalization in a pure state?

Possible for  
local operatorsenvironment

subsystem



Ŵαβ(t, z, p) = ∫ ψ̄α(z+)U(z+, z−)ψβ(z−) ei py
ℏ dy

thermalization in isolated quantum system? 4

Possible for  
local operatorsenvironment

Thermalization in a pure state?

Shile Chen, (MON) 
Thermalization of quantum distribution function 

subsystem



thermalization in isolated quantum system? 4

Possible for  
local operatorsenvironment

Thermalization in a pure state?

Whether hydrodynamics develops  
in a pure quantum state?

subsystem



5emergence of hydrodynamics

vacuum + [excitation @ center]
initial state:

|ψ(t)⟩ = e−i H t |ψ(0)⟩



ℒ[ψ, ψ̄, A] ⇒ ̂Tμν[ψ, ψ̄, A]

⟨Ψ(t) | ̂Tμν(x) |Ψ(t)⟩ = (ε + P + Π)uμuν − (P + Π)gμν
thermodynamic + kinetic quantities

viscous (non-equilibrium) corrections
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emergency of hydrodynamics
- spread within light cone 
- v ≈ z/t

emergence of hydrodynamics 6
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emergency of hydrodynamics
- spread within light cone 
-  
- rapidity structure

v ≈ z/t

emergence of hydrodynamics 6
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emergency of hydrodynamics
- spread within light cone 
-  
- rapidity structure 
-

v ≈ z/t

ε ∝ τ−1−c2
s

emergence of hydrodynamics 6
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emergence of hydrodynamics 6

emergency of hydrodynamics
- spread within light cone 
-  
- rapidity structure 
-  
- decreasing of 

v ≈ z/t

ε ∝ τ−1−c2
s

Π

Only at strong coupling!!!

m = 2 g
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onset of local equilibrium

onset of  viscous hydro (Navier Stokes)

τ − τini ∼ 8/g ∼ 4/Mπ
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emergence of hydrodynamics 6

Shile Chen (陈诗乐)



summary

Emergence of Bjorken flow in Real-time non-perturbative quantum evolution 

What is essential for hydrodynamization?  
• Schwinger model: for light particles and/or when coupling is strong 
• Other models


