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❖ Fermions at unitarity

• Definition: non-relativistic spin-1/2 fermions with an attractive interaction 
satisfying

Range of interaction Interparticle spacing s-wave scattering length

22

A =
4⇤

M

1

p cot �0 � ip
(3.7)

It is challenging or impossible to estimate true mean value from taking ensemble average

of some data which don’t have a Gaussian distribution. One of our interest is measuring

a many-body correlator which is generated from stochastic process. As shown in previous

section, the correlator has a nearly Log-Normal (LN) distribution and a long tail with

small probability. This has motivated us to consider a new statistical measurement for the

correlator.

Consider a correlator C with positive definite real number and a new variable Z = lnC

which has some probability distribution P (Z). Then it is generally true that

ln⌅C⇧ =
��

n=1

⇥n
n!

, (3.8)

where ⇥n is the nth cumulant of the lnC:

⇥1 = ⌅lnC⇧, ⇥2 = ⌅(lnC)2⇧ � ⌅lnC⇧2, etc.

Proof of Eq. 3.8: The characteristic function for Z is

�Z(t) =

⇥
P (Z)eiZtdZ. (3.9)
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and

ln�Z(⌅) = ⌅Z⇧⌅ + (⌅Z2⇧ � ⌅Z⇧2)⌅
2

2!
+ · · ·

=
��

n=1

⇥n
⌅n

n!
, (3.11)
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• The unitarity limit has no intrinsic scale except the density or fermi energy, i.e. 
strongly coupled non-relativistic conformal (scale invariant) system
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• Exhibit universal features

Physics at low energy or long distance is independent 
on the details of interaction

Bertsch parameter

Pairing gap

1 Introduction

Eunitary(n) = ⇠Efree(n) (1)

"unitary(n) = �"freeF (n) (2)

For fermions near unitarity, the Bertsch parameter has been determined from exper-
iments and Monte Carlo simulations with great precision. However, It is challenging or
impossible to take ensemble average of some data which don’t have a Gaussian distribution.
One of our interest is measuring a many-body correlator which is generated from stochastic
process. The correlator has a nearly Log-Normal (LN) distribution and a long tail with
small probability. This have motivated us to consider a new statistical measurement for the
correlator.

Collect some past work on cumulant expansion
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= 0 (or δ0 = π/2)



❖ Applications in nuclear and atomic physics
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Feshbach Resonances in the News

Donley, E. et.al. Nature 412, 295

Bosenova

�B = 0.12 G �B = 0.25 G �B=0.55 G

BEC-BCS crossover
Jin, D et.al Boulder Summer School 2004

Ultra-Cold Molecules 
Donley, E. et.al.  Nature 417, 529

BEC BCSUnitarity

• Approximate the low-density neutron matter in the crust of a neutron star

• Realized in the laboratory experiments: ultra-cold atomic system tuned by strong 
magnetic field using Feshbach resonance 

dilute, interacting fermi gas of neutrons

RAPID COMMUNICATIONS

ALEXANDROS GEZERLIS AND J. CARLSON PHYSICAL REVIEW C 77, 032801(R) (2008)

FIG. 1. (Color online) Zero-temperature equation of state for cold
atoms and neutron matter. Near zero density we show the analytical
expansion of the ground-state energy of a normal fluid, and at high
density we show the cold atom result at unitarity (kF a = ∞, arrow).
QMC calculations are shown as circles and squares for neutron matter
and cold atoms, respectively.

described. We use this interaction only between spin up-down
pairs, which sets the interaction in the L = 1,M = ±1 pairs
to zero. We correct for the artificial attraction in the L =
1,M = 0 pairs perturbatively. This correction is 10% for the
ground-state energy at the largest densities considered, and
typically much smaller. The correction to the pairing gap is
always smaller than the statistical error in the calculation.

The T = 0 equations of state for cold atoms and neutron
matter are compared in Fig. 1. The horizontal axis is kF a, with
the equivalent Fermi momentum kF for neutron matter shown
along the top. The vertical axis is the ratio of the ground-state
energy to the free Fermi gas energy (EFG) at the same density;
it must go to one at very low densities and decrease as
the density increases and the interactions become important.
The curve at lower densities shows the analytical result
[14] for normal matter: E/EFG = 1 + 10

9π
akF + 4

21π2 (11 −
2 ln 2)(akF )2. This curve should be valid at very low densities.
While it ignores the contributions of superfluidity, these are
exponentially small in (1/kF a).

The neutron matter and cold atom equations of state are
very similar even for densities where the effective range is
comparable to the interparticle spacing. Hence cold atom
experiments can tell us something rather directly about the
neutron matter equation of state. Near kF a = −10 the energy
per particle is not too far from QMC calculations [12,15] and
measurements [16] of the ratio ξ of the unitary gas energy to
EFG; previous calculations give ξ = 0.42(1). Extrapolations
of recent QMC calculations to re = 0 and also AFMC
calculations suggest that ξ = 0.40(1) [17] (arrow in Fig. 1).

The results near kF a = −10 for neutron matter are compat-
ible with previous calculations of the neutron matter equation
of state at somewhat higher densities (kF ! 1 fm−1) [18–20].
Results shown are for 66 particles in periodic boundary
conditions; calculations have also been performed near N =
20, 44, and 90. Based on these results, finite-size effects for
N = 66 and beyond are expected to be quite small, of the order

of a couple percent. Calculations of the cold atom equation
of state are very similar to those reported previously in [15]
and [21]; the energies reported here are slightly lower (up
to ≈ 10% in some cases) because of larger system sizes and
better optimizations.

Realistic microscopic calculations that incorporate strong
pairing thus provide important constraints on the neutron
matter equation of state in the subnuclear saturation density
regime. Skyrme models or more generally density functionals
are used, for example, to determine the structure of neutron
star crusts [22] and the neutron skin thickness of nuclei [23].
A realistic treatment of these problems should incorporate
the physics of the rapid transition of neutron matter from
nearly free particles to a strongly-paired system at very low
densities.

The pairing gap is the other fundamental zero-temperature
property of superfluid systems. Calculations of the s-wave
pairing gap in neutron matter have varied enormously over the
past 20 years [24,25]. The difficulties in accurately calculating
corrections to the BCS pairing gaps in the strongly-paired
regime are significant, and hence calculations of the pairing
gap [24–30] can differ by large factors (from 4 to 10) in the low-
density regime. Cold atom experiments can provide a critical
test of theories of the pairing gap in this regime. We first
compare our calculations of the pairing gap in cold atoms and
neutron matter, and then compare with previous results.

We calculate the pairing gap from the odd-even energy
staggering # = E(N + 1) − (E(N ) + E(N + 2))/2, where
N is an even number of particles. Finite-size effects for the
pairing gap are considerably larger than for the ground state
energy. In order to estimate the convergence of the gap to the
continuum value with increasing N we have solved the BCS
equations:

#(k) = −
∑

k′

〈k|V |k′〉 #(k′)

2
√

ε(k′)2 + #(k′)2
,

(3)

〈N〉 =
∑

k

[

1 − ε(k)
√

ε(k)2 + #(k)2

]

in periodic boundary conditions for different 〈N〉.
The line in Fig. 2 is the continuum BCS result for kF a =

−10, and the open symbols are the solutions of the BCS
equations for different 〈N〉. The continuum results are nearly
identical for the AV18 interaction and the simple cosh potential
adjusted to yield the same scattering length and effective range.
For the finite systems BCS results are shown for the cosh
potential. Unlike the case of cold atoms near unitarity, where
−kF a ' 1 and re ≈ 0, the BCS gap shows sizable oscillations
for small numbers of particles. The BCS value approaches the
continuum limit (straight line) near N = 66, and oscillations
from that point on are fairly small, comparable in size to the
statistical error in the QMC calculations. We also show as
solid points the gaps obtained from particle-projected BCS
wave functions in variational Monte Carlo calculations and
the odd-even staggering formula. The projection to definite
particle number is a small effect.

The lower points in Fig. 2 are QMC results for kF a = −10.
At very small values of N the gap is quite large, as is also seen

032801-2
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❖ Lattice models and the unitarity limit

• The unitary fermi gas (UFG) is a strongly coupled system and thus its quantitative 
studies require numerical calculations, e.g. Quantum Monte Carlo (QMC), 
based on the lattice models in either a Hamiltonian or a Lagrangian approach.

• Requirement: recover the universality of the zero-range limit, corresponding to 
the continuum limit of the lattice models

• Question: How do we guarantee the universality in the lattice models?

L. Pricoupenko & Y. Castin (2007)

- existence of non-negative solutions, i.e. no bound states
- rapid convergence in the zero lattice spacing limit
- compared to the zero-range model in the continuous space

- ground state configurations are dominated by the zero-momentum pairs

The UFG energetically prefers the configuration that maximizes the overlap 
with the s-wave zero-energy scattering state.

In the case of three unitary fermions at zero net momentum

In this work, we consider three unitary fermions at both zero and non-zero momenta



❖ Non-relativistic interacting fermions on the lattice

II. LATTICE CONSTRUCTION

A. Action, notation and conventions

The starting point for our construction is a highly improved variant of the nonrelativistic

Euclidean-time lattice action proposed in [45], given by:

S = b�b
3
s

⇤

�,x

�
⌅̄x,� (��⌅)x,� �

1

2M
⌅̄x,� (⌥2⌅)x,� + (

⌃
C⇤)x,� ⌅̄x,�⌅x,��1

⇥
. (1)

This action describes two species of interacting fermions ⌅ = (⌅⇥,⌅⇤) with equal mass M

defined on a T ⇥ L3 lattice, with the temporal and spatial lattice spacings given by b�

and bs, respectively. For convenience, we work primarily in lattice units, where bs = b� =

1, however in some sections we restore the lattice spacings in order to discuss temporal

and spatial discretization errors. Throughout this work, we consider a lattice with open

boundary conditions in the time direction with time labeled by integers ⇥ ⇤ [0, T � 1]

and periodic boundary conditions in the spatial directions with position labeled by integers

xj ⇤ [�L/2, L/2�1], for j = 1, 2, 3. As a result of using open temporal boundary conditions,

the utility of our lattice action is limited to studies at zero temperature. In addition, this

choice of boundary conditions forbids the introduction of a chemical potential and as a

result, we work in the canonical rather than grand-canonical ensemble.

The derivative operator �� appearing in Eq. 1 represents a backward di�erence operator in

time, i.e., (��⌅)x,� = ⌅x,� �⌅x,��1, whereas ⌥2 represents a lattice gradient operator defined

so as to give a perfect continuum-like single particle dispersion relation for free fermions.

This kinetic term is highly nonlocal, although as will be described below, the nonlocality

poses no challenge in a numerical simulation of Eq. 1.

A four-fermion contact interaction is achieved via the introduction of a stochastic auxil-

iary scalar field ⇤x,� associated with the time-like links of the lattice. This field is chosen to

satisfy the conditions

⌅⇤x,� ⇧ = 0 , ⌅⇤x,�⇤x�,� �⇧ = �x,x���,� � (2)

where the expectation value represents ensemble averaging over ⇤, and in this work the ⇤

distribution is taken to either be unit-variance Gaussian or Z2. The point-split character of

the interaction ensures that scattering propagates fermions forward in time by one unit. This
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choice, along with the absence of fermion propagation in the negative temporal direction

and open boundary conditions in time, ensures that no closed fermion loop depends on

⇥. A consequence is that the fermion determinant is ⇥-independent and has no e⇥ect on

the measure for ⇥, greatly simplifying numerical simulation of Eq. 1. The operator Cxx� =

C(x� x⇥) acts only in space and is taken to be real, symmetric, local, and invariant under

lattice translations; it can be thought of as some di⇥erential operator acting on ⇥ which

allows the interaction between fermions induced by ⇥ exchange to depend on the transfer

momentum. Not only does this give us a momentum-dependent interaction we can tune

to attain unitarity, but it is also Galilean invariant as it depends on only on the di⇥erence

between the ingoing and outgoing fermion momenta. This is important, since tuning a

non-Galilean invariant interaction to give unitarity in one frame would lead to non-unitary

fermions in another. Thus, boosted pairs of particles would see an interaction which did not

correspond to unitarity.

Integrating out the auxiliary field ⇥ yields the four-fermion interaction

(
⌅
C⇥)x,� (⇤̄⇤)x,� ⇤ (⇤̄⇤)x,� (C⇤̄⇤)x,� , (3)

where (⇤̄⇤)x,� = ⇤̄x,�⇤x,��1, and we have used the Hermiticity of C. Note that since there

are only two species of fermions, any three-, four- and higher-body interactions induced from

integrating out the auxiliary field will vanish due to Fermi statistics.

We may express Eq. 1 succinctly as S = ⇤̄K⇤, where the time components of the fermion

matrix K are given in block-matrix form by:

K =

�

⇧⇧⇧⇧⇧⇧⇧⇧⇧⇧⇧⇤

D �X(T � 1) 0 0 . . . 0

0 D �X(T � 2) 0 . . . 0

0 0 D �X(T � 3) . . . 0

0 0 0 D . . . 0
...

...
...

...
. . . �X(0)

0 0 0 0 . . . D

⇥

⌃⌃⌃⌃⌃⌃⌃⌃⌃⌃⌃⌅

, (4)

with

D = 1� ⇧2

2M
, X(�) = 1�

⌅
C�(�) . (5)

Note that the L3 ⇥ L3 matrices D, X, C and �(�) act only in space and that �(�) is a

diagonal matrix with statistically independent random elements ⇥x(�).
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(1) Four-Fermi interaction via auxiliary fields, 
 (            ) or Gaussian, on time-linksZ2

(2) Open B.C. in time and periodic B.C. in space

Only fermion loop with forward propagators
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5Euclidean Lattice

Integrating out

Restricted to zero temperature

• Lattice action for non-relativistic 2-component fermions discretized on a 4-dim. 
Euclidean space-time, no sign problem at finite chemical potential

J. -W. Chen & D. B. Kaplan (2004)

M. Endres, D. B. Kaplan, JWL, A. Nicholson (2011)

(3) Observables: -body correlation functionsN



❖ Tuning coupling for fermions at unitarity
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FIG. 1: A plot of the three-dimensional �-function S(⇥).

TABLE I: First 27 roots ⇥�k (k = 1, . . . , 27) of S(⇥).

k ⇥�k k ⇥�k k ⇥�k k ⇥�k

1 -0.0959007 8 7.1962633 15 15.3537376 22 23.0194729

2 0.4728943 9 8.2879537 16 16.1218254 23 24.3306210

3 1.4415913 10 9.5345315 17 17.5325416 24 25.3016129

4 2.6270076 11 10.5505341 18 18.6053932 25 26.6803601

5 3.5366200 12 11.7014958 19 19.5186394 26 27.8780020

6 4.2517060 13 12.3102392 20 20.4033187 27 29.6156511

7 5.5377008 14 13.3831152 21 21.6944179

for momenta small compared to the cuto�. For smaller lattices, there is less of a hierarchy

between the lowlying momentum states and the cuto�, the e�ective range expansion will

break down for lower values of ⇥, and it is conceivable that the tuning procedure could cause

problems. In any case, fewer fermions can be put on a small lattice before one finds that

the ones in the higher shells no longer behave like unitary fermions. For this reason it is

important to check whether the tuning procedure is really producing unitary fermions in

the two-particle sector, and to what momentum shell unitarity is maintained.

In light of the concern raised above, one must compute p cot �0 for momenta well above the

fitted points and check for pathological behavior, given a solution for the C2n coe⇤cients, by

computing eigenvalues of the two particle transfer matrix and plugging them into Lüscher’s

formula Eq. 19. Fig. 2 shows the result of this exercise for up to four tuned couplings for

an L = 32 lattice. In the left panel we plot p cot �0 � 1 over a wide range of momenta,
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Unitarity

ensure that
�
C always comes in pairs of two. This property is generally true for any N -

particle system since only an even number of insertions of the interaction survive integration

over the auxiliary fields; it is also evident from the right-hand-side of Eq. 3.

In the case of two fermions, where N⇤ = N⇥ = 1, the transfer matrix defined by Eq. 15

may be evaluated in momentum space and is given by:

 q⇤q⇥|T |p⇤p⇥⌦ =
�q⇥,p⇥�q�,p� +

�
C(p⇤ � q⇤)

�
C(p⇥ � q⇥)�q⇥+q�,p⇥+p�

e�(q⇥2+q�2+p⇥2+p�2)/(4M)
, (19)

for momenta below the cuto⇤ �. We choose to expand the periodic function C(p) for |p| < �

in a convenient basis of local operators:

C(p) =
4⇥

M

NO�1⌥

n=0

C2nO2n(p) , (20)

with unknown coe⇧cients C2n to be determined from scattering data. Our choice of basis

operators is:

O2n(p) = Mn
0 ⇥

⇤
⌃⇧

⌃⌅

�
1 � e�p2/M0

⇥n

|p| ⇤ � ,
�
1 � e��2/M0

⇥n

|p| > �
(21)

for p within the first Brillouin zone, satisfying O2n(p) ⌅ p2n for p2 ⇧ M0 and tends to a

constant for p2 > M0. Throughout this work we take M0 = M , although generally there is

no need for M and M0 to be the same. In addition we will take M = O(1) in lattice units.

In the special case where NO = 1 the only operator in the sum Eq. (20) is O0 which is

constant, and the two-fermion transfer matrix may be diagonalized analytically on the finite

volume lattice. All nonzero relative momentum eigenstates of Eq. 19 correspond to plane

waves, whereas the zero relative momentum eigenstates are given by

 p⇤p⇥|⇥k⌦ ⌃ 1

e�Ek+p2
cm/M+p2

rel/(4M) � 1
�prel,0 (22)

where pcm = (p⇤ + p⇥)/2 and prel = p⇤ � p⇥. The corresponding energy eigenvalues Ek are

given by solutions to the integral equation

M

4⇥

1

C0
=

1

L3

⌥

p<�

1

e�E+p2
cm/M+p2/M � 1

, (23)

which, for every value of p2
cm, admits a single bound state for any value of C0 > 0 at finite

volume. In the infinite volume limit, a bound state only survives for C0 greater than some

positive M -dependent critical value.
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LATTICE MONTE CARLO CALCULATIONS FOR UNITARY . . . PHYSICAL REVIEW A 84, 043644 (2011)

In the case where NO > 1, even semi-analytic solutions
for the C2n coefficients are not feasible, but they may be
determined numerically by explicit diagonalization of Eq. (19).
It is helpful to restrict the transfer matrix to the zero center-
of-momentum subspace, thus reducing the dimensionality of
the matrix from L6 down to a more manageable size of L3.
A further reduction in the dimensionality of Eq. (19) may
be achieved by projecting the zero center-of-momentum part
of the transfer matrix onto appropriate representations of the
octahedral group Oh (e.g., in the case of s-wave scattering, the
trivial representation A+

1 ). Performing such a projection makes
numerical diagonalization feasible for lattices at least as large
as L = 64, which is the maximum lattice size we consider in
our numerical studies.

C. Parameter tuning

Unitary fermions in the continuum are a conformal system,
while a lattice simulation necessarily involves finite lattice
spacing and volume, both breaking conformal symmetry.
Critical to a numerical simulation is the ability to tune the
interactions to unitarity and control the systematic errors.
In contrast to chiral symmetry in lattice QCD, for example,
there is no phase transition associated with unitarity, despite
the enhanced symmetry, and so there is no general feature
in the N -body spectrum that allows one to easily evaluate
how far one is from unitarity. It is important therefore to
collect as many results as possible about unitary fermions
in the continuum that are known exactly or to high numerical
precision in order to facilitate the tuning of the lattice action
and to control systematic errors.

What is known exactly about unitary fermions in the
continuum is (i) the spectrum of two unitary fermions in a box
of size L [50–53]; (ii) the spectrum of two and three unitary
fermions in a harmonic trap [18]; (iii) the scaling dimension
of local composite operators involving unitary fermions.5 Not
known exactly but determined to high numerical accuracy are
(iv) the few lowest energy levels for three unitary fermions in
a box, extrapolated from a lattice Hamiltonian diagonalization
very close to the continuum limit, with lattice size up to
L = 50 [29]; and (v) the ground-state energies for 4, 5, 6
unitary fermions in a harmonic trap, obtained by solving the
Schrödinger equation [57]. The ground-state energy for N = 4
fermions in a box has also recently been precisely studied by
several methods in Ref. [37], but involves extrapolation to the
continuum from very small lattices, L ! 8, which makes the
evaluation of potential systematic errors difficult.

Our strategy for utilizing this information to tune our lattice
action and estimate the size of systematic errors is to adjust
our C2n coefficients to correctly reproduce the low-lying two-
particle spectrum in a box in the continuum, subsequently
showing that we can reproduce the correct volume scaling
relations of measured energies, as well as the precisely known
ground-state energies for three fermions in a box or 3–6 trapped

5The scaling of two-body operators was determined in Refs. [2,3]
(see also [54]); the scaling of low dimension three-body operators
was first analyzed by Griesshammer [55,56], and a beautiful general
analysis was subsequently supplied by Nishida and Son [17].
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FIG. 1. (Color online) A plot of the three-dimensional ζ -function
S(η).

fermions. Here we discuss the tuning and energy levels of two
and three untrapped fermions; our results for few-body trapped
fermions are discussed in Sec. III

1. Tuning and scaling of low-lying two-body untrapped
energy levels

The two-particle energies E for s-wave particle pairs in a
box with zero net momentum and phase shift δ0 are given by
the solutions to

p cot δ0 = 1
πL

S(η), S(η) = lim
%→∞

[
∑

|j|<%

1
j2 − η

− 4π%

]

,

(24)

where j is an integer three-vector, η = (pL/2π )2, and p is
related to the energy by E = p2/M [50–53]. If scattering is
due to short-range interactions, then pcot δ0 is analytic in p2 at
sufficiently low p and one has the effective range expansion,

p cot δ0 = −1
a

+ 1
2
r0p

2 + r1p
4 . . . , (25)

where a is the scattering length, r0 is the effective range,
and r1, with dimension of volume, is what we will call the
shape parameter. By means of Eq. (24), knowledge of the
energy eigenvalues for the low-lying two-particle modes in
a box can be used to determine effective range expansion
parameters. Conversely, given a target set of effective range
expansion parameters, we can tune our operator coefficients
C2n in Eq. (20) of our lattice theory until we attain the correct
low-lying energy eigenvalues. This general tuning procedure
was introduced in Ref. [58]. For unitary fermions in the
continuum, we set pcot δ0 = 0 on the left-hand side of Eq. (24)
and find the solutions η∗

k to the equation S(η∗
k ) = 0. The

function S(η) is shown in Fig. 1, and the roots η∗
k correspond

to the points where the function crosses the η axis. The first
27 solutions are listed in Table I.6

On the lattice, the energy eigenvalues are defined from λ =
e−bτ E , where λ are the eigenvalues of the two-particle transfer

6To compute the η∗
k it is very helpful to recognize that the number

of integer three vectors j with equal norm is given by the coefficient
of x |j|2 in the Taylor expansion of [θ3(0,x)]3, where θ3(u,x) is one of
the Jacobi theta functions.
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to

p cot �0 =
1

⌅L
S(⇥) , S(⇥) = lim

�⇥⇤

�

⇤
⇧

|j|<�

1

j2 � ⇥
� 4⌅�

⇥

⌅ , (24)

where j is an integer three-vector, ⇥ = (pL/2⌅)2, and the energy is E = p2/M . If scattering

is due to short range interactions, then p cot � is analytic in p2 at su⌅ciently low p and one

has the e⇥ective range expansion,

p cot �0 = �1

a
+

1

2
r0p

2 + . . . , (25)

where a is the phase shift, r0 is the e⇥ective range. By means of this formula, knowledge

of the energy eigenvalues for the low lying two-particle modes in a box can be used to

infer the e⇥ective range expansion parameters. We will use this formula in the opposite

sense: given a desired set of e⇥ective range expansion parameters, we can tune our operator

coe⌅cients C2n in Eq. (20) of our lattice theory until we attain the correct low-lying energy

eigenvalues. This general tuning procedure was introduced in [55]. For unitary fermions we

set p cot � = 0 on the lefthand side of Eq. (24) and find the solutions ⇥�k to the equation

S(⇥�k) = 0. The function S(⇥) is shown in Fig. 1, and the roots ⇥�k correspond to the points

where the function crosses the x-axis. The first 27 solutions are listed in Table I 6.

In practice this means that for a set of operator coe⌅cients C2n (for n = 0, . . . , NO � 1)

defined in Eq. 21 we compute the two-particle transfer matrix and compute its NO lowest

eigenvalues ⇤k = exp(�Ek) = exp[�(⇥k/M)(2⌅/L)2]; we then adjust the C2n coe⌅cients

until ⇥k = ⇥�k for each k = 1, . . . , NO. Details of how this tuning was performed numerically

are provided in Sec. A.

A potential worry about our tuning method is that by tuning p cot �0 to exactly equal

zero at NO discrete momenta, we are requiring that p cot �0 in the continuum limit be either

a non-analytic function or that it oscillate with nodes at our fitting points. For large lattices

this is not going to happen so long as the fitting procedure gives rise to O(1) or smaller C2n

operator coe⌅cients, since the On operators are localized on the discretization scale, and

so from general theorems will therefore give rise to an analytic and smooth function p cot �

6 To compute the ��k it is very helpful to recognize that the number of integer three vectors j with equal

norm is given by the coe�cient of x|j|2 in the Taylor expansion of [⇥3(0, x)]
3, where ⇥3(u, x) is one of the

Jacobi theta functions.
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In the case where NO > 1, even semi-analytic solutions
for the C2n coefficients are not feasible, but they may be
determined numerically by explicit diagonalization of Eq. (19).
It is helpful to restrict the transfer matrix to the zero center-
of-momentum subspace, thus reducing the dimensionality of
the matrix from L6 down to a more manageable size of L3.
A further reduction in the dimensionality of Eq. (19) may
be achieved by projecting the zero center-of-momentum part
of the transfer matrix onto appropriate representations of the
octahedral group Oh (e.g., in the case of s-wave scattering, the
trivial representation A+

1 ). Performing such a projection makes
numerical diagonalization feasible for lattices at least as large
as L = 64, which is the maximum lattice size we consider in
our numerical studies.

C. Parameter tuning

Unitary fermions in the continuum are a conformal system,
while a lattice simulation necessarily involves finite lattice
spacing and volume, both breaking conformal symmetry.
Critical to a numerical simulation is the ability to tune the
interactions to unitarity and control the systematic errors.
In contrast to chiral symmetry in lattice QCD, for example,
there is no phase transition associated with unitarity, despite
the enhanced symmetry, and so there is no general feature
in the N -body spectrum that allows one to easily evaluate
how far one is from unitarity. It is important therefore to
collect as many results as possible about unitary fermions
in the continuum that are known exactly or to high numerical
precision in order to facilitate the tuning of the lattice action
and to control systematic errors.

What is known exactly about unitary fermions in the
continuum is (i) the spectrum of two unitary fermions in a box
of size L [50–53]; (ii) the spectrum of two and three unitary
fermions in a harmonic trap [18]; (iii) the scaling dimension
of local composite operators involving unitary fermions.5 Not
known exactly but determined to high numerical accuracy are
(iv) the few lowest energy levels for three unitary fermions in
a box, extrapolated from a lattice Hamiltonian diagonalization
very close to the continuum limit, with lattice size up to
L = 50 [29]; and (v) the ground-state energies for 4, 5, 6
unitary fermions in a harmonic trap, obtained by solving the
Schrödinger equation [57]. The ground-state energy for N = 4
fermions in a box has also recently been precisely studied by
several methods in Ref. [37], but involves extrapolation to the
continuum from very small lattices, L ! 8, which makes the
evaluation of potential systematic errors difficult.

Our strategy for utilizing this information to tune our lattice
action and estimate the size of systematic errors is to adjust
our C2n coefficients to correctly reproduce the low-lying two-
particle spectrum in a box in the continuum, subsequently
showing that we can reproduce the correct volume scaling
relations of measured energies, as well as the precisely known
ground-state energies for three fermions in a box or 3–6 trapped

5The scaling of two-body operators was determined in Refs. [2,3]
(see also [54]); the scaling of low dimension three-body operators
was first analyzed by Griesshammer [55,56], and a beautiful general
analysis was subsequently supplied by Nishida and Son [17].

!4 !2 0 2 4 6 8 10!150

!100

!50

0

50

100

150

Η

S!Η"

FIG. 1. (Color online) A plot of the three-dimensional ζ -function
S(η).

fermions. Here we discuss the tuning and energy levels of two
and three untrapped fermions; our results for few-body trapped
fermions are discussed in Sec. III

1. Tuning and scaling of low-lying two-body untrapped
energy levels

The two-particle energies E for s-wave particle pairs in a
box with zero net momentum and phase shift δ0 are given by
the solutions to

p cot δ0 = 1
πL

S(η), S(η) = lim
%→∞

[
∑

|j|<%

1
j2 − η

− 4π%

]

,

(24)

where j is an integer three-vector, η = (pL/2π )2, and p is
related to the energy by E = p2/M [50–53]. If scattering is
due to short-range interactions, then pcot δ0 is analytic in p2 at
sufficiently low p and one has the effective range expansion,

p cot δ0 = −1
a

+ 1
2
r0p

2 + r1p
4 . . . , (25)

where a is the scattering length, r0 is the effective range,
and r1, with dimension of volume, is what we will call the
shape parameter. By means of Eq. (24), knowledge of the
energy eigenvalues for the low-lying two-particle modes in
a box can be used to determine effective range expansion
parameters. Conversely, given a target set of effective range
expansion parameters, we can tune our operator coefficients
C2n in Eq. (20) of our lattice theory until we attain the correct
low-lying energy eigenvalues. This general tuning procedure
was introduced in Ref. [58]. For unitary fermions in the
continuum, we set pcot δ0 = 0 on the left-hand side of Eq. (24)
and find the solutions η∗

k to the equation S(η∗
k ) = 0. The

function S(η) is shown in Fig. 1, and the roots η∗
k correspond

to the points where the function crosses the η axis. The first
27 solutions are listed in Table I.6

On the lattice, the energy eigenvalues are defined from λ =
e−bτ E , where λ are the eigenvalues of the two-particle transfer

6To compute the η∗
k it is very helpful to recognize that the number

of integer three vectors j with equal norm is given by the coefficient
of x |j|2 in the Taylor expansion of [θ3(0,x)]3, where θ3(u,x) is one of
the Jacobi theta functions.
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• The coupling of four-fermi operator is tuned to reproduce the phase shift of s-wave 
scattering via Luscher’s finite volume analysis

p cot δ0 = 0



❖ Tuning coupling for fermions at unitarity

ensure that
�
C always comes in pairs of two. This property is generally true for any N -

particle system since only an even number of insertions of the interaction survive integration

over the auxiliary fields; it is also evident from the right-hand-side of Eq. 3.

In the case of two fermions, where N⇤ = N⇥ = 1, the transfer matrix defined by Eq. 15

may be evaluated in momentum space and is given by:

 q⇤q⇥|T |p⇤p⇥⌦ =
�q⇥,p⇥�q�,p� +

�
C(p⇤ � q⇤)

�
C(p⇥ � q⇥)�q⇥+q�,p⇥+p�

e�(q⇥2+q�2+p⇥2+p�2)/(4M)
, (19)

for momenta below the cuto⇤ �. We choose to expand the periodic function C(p) for |p| < �

in a convenient basis of local operators:

C(p) =
4⇥

M

NO�1⌥

n=0

C2nO2n(p) , (20)

with unknown coe⇧cients C2n to be determined from scattering data. Our choice of basis

operators is:

O2n(p) = Mn
0 ⇥

⇤
⌃⇧

⌃⌅

�
1 � e�p2/M0

⇥n

|p| ⇤ � ,
�
1 � e��2/M0

⇥n

|p| > �
(21)

for p within the first Brillouin zone, satisfying O2n(p) ⌅ p2n for p2 ⇧ M0 and tends to a

constant for p2 > M0. Throughout this work we take M0 = M , although generally there is

no need for M and M0 to be the same. In addition we will take M = O(1) in lattice units.

In the special case where NO = 1 the only operator in the sum Eq. (20) is O0 which is

constant, and the two-fermion transfer matrix may be diagonalized analytically on the finite

volume lattice. All nonzero relative momentum eigenstates of Eq. 19 correspond to plane

waves, whereas the zero relative momentum eigenstates are given by

 p⇤p⇥|⇥k⌦ ⌃ 1

e�Ek+p2
cm/M+p2

rel/(4M) � 1
�prel,0 (22)

where pcm = (p⇤ + p⇥)/2 and prel = p⇤ � p⇥. The corresponding energy eigenvalues Ek are

given by solutions to the integral equation

M

4⇥

1

C0
=

1

L3

⌥

p<�

1

e�E+p2
cm/M+p2/M � 1

, (23)

which, for every value of p2
cm, admits a single bound state for any value of C0 > 0 at finite

volume. In the infinite volume limit, a bound state only survives for C0 greater than some

positive M -dependent critical value.
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In the case where NO > 1, even semi-analytic solutions
for the C2n coefficients are not feasible, but they may be
determined numerically by explicit diagonalization of Eq. (19).
It is helpful to restrict the transfer matrix to the zero center-
of-momentum subspace, thus reducing the dimensionality of
the matrix from L6 down to a more manageable size of L3.
A further reduction in the dimensionality of Eq. (19) may
be achieved by projecting the zero center-of-momentum part
of the transfer matrix onto appropriate representations of the
octahedral group Oh (e.g., in the case of s-wave scattering, the
trivial representation A+

1 ). Performing such a projection makes
numerical diagonalization feasible for lattices at least as large
as L = 64, which is the maximum lattice size we consider in
our numerical studies.

C. Parameter tuning

Unitary fermions in the continuum are a conformal system,
while a lattice simulation necessarily involves finite lattice
spacing and volume, both breaking conformal symmetry.
Critical to a numerical simulation is the ability to tune the
interactions to unitarity and control the systematic errors.
In contrast to chiral symmetry in lattice QCD, for example,
there is no phase transition associated with unitarity, despite
the enhanced symmetry, and so there is no general feature
in the N -body spectrum that allows one to easily evaluate
how far one is from unitarity. It is important therefore to
collect as many results as possible about unitary fermions
in the continuum that are known exactly or to high numerical
precision in order to facilitate the tuning of the lattice action
and to control systematic errors.

What is known exactly about unitary fermions in the
continuum is (i) the spectrum of two unitary fermions in a box
of size L [50–53]; (ii) the spectrum of two and three unitary
fermions in a harmonic trap [18]; (iii) the scaling dimension
of local composite operators involving unitary fermions.5 Not
known exactly but determined to high numerical accuracy are
(iv) the few lowest energy levels for three unitary fermions in
a box, extrapolated from a lattice Hamiltonian diagonalization
very close to the continuum limit, with lattice size up to
L = 50 [29]; and (v) the ground-state energies for 4, 5, 6
unitary fermions in a harmonic trap, obtained by solving the
Schrödinger equation [57]. The ground-state energy for N = 4
fermions in a box has also recently been precisely studied by
several methods in Ref. [37], but involves extrapolation to the
continuum from very small lattices, L ! 8, which makes the
evaluation of potential systematic errors difficult.

Our strategy for utilizing this information to tune our lattice
action and estimate the size of systematic errors is to adjust
our C2n coefficients to correctly reproduce the low-lying two-
particle spectrum in a box in the continuum, subsequently
showing that we can reproduce the correct volume scaling
relations of measured energies, as well as the precisely known
ground-state energies for three fermions in a box or 3–6 trapped

5The scaling of two-body operators was determined in Refs. [2,3]
(see also [54]); the scaling of low dimension three-body operators
was first analyzed by Griesshammer [55,56], and a beautiful general
analysis was subsequently supplied by Nishida and Son [17].
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fermions. Here we discuss the tuning and energy levels of two
and three untrapped fermions; our results for few-body trapped
fermions are discussed in Sec. III

1. Tuning and scaling of low-lying two-body untrapped
energy levels

The two-particle energies E for s-wave particle pairs in a
box with zero net momentum and phase shift δ0 are given by
the solutions to

p cot δ0 = 1
πL

S(η), S(η) = lim
%→∞

[
∑

|j|<%

1
j2 − η

− 4π%

]

,

(24)

where j is an integer three-vector, η = (pL/2π )2, and p is
related to the energy by E = p2/M [50–53]. If scattering is
due to short-range interactions, then pcot δ0 is analytic in p2 at
sufficiently low p and one has the effective range expansion,

p cot δ0 = −1
a

+ 1
2
r0p

2 + r1p
4 . . . , (25)

where a is the scattering length, r0 is the effective range,
and r1, with dimension of volume, is what we will call the
shape parameter. By means of Eq. (24), knowledge of the
energy eigenvalues for the low-lying two-particle modes in
a box can be used to determine effective range expansion
parameters. Conversely, given a target set of effective range
expansion parameters, we can tune our operator coefficients
C2n in Eq. (20) of our lattice theory until we attain the correct
low-lying energy eigenvalues. This general tuning procedure
was introduced in Ref. [58]. For unitary fermions in the
continuum, we set pcot δ0 = 0 on the left-hand side of Eq. (24)
and find the solutions η∗

k to the equation S(η∗
k ) = 0. The

function S(η) is shown in Fig. 1, and the roots η∗
k correspond

to the points where the function crosses the η axis. The first
27 solutions are listed in Table I.6

On the lattice, the energy eigenvalues are defined from λ =
e−bτ E , where λ are the eigenvalues of the two-particle transfer

6To compute the η∗
k it is very helpful to recognize that the number

of integer three vectors j with equal norm is given by the coefficient
of x |j|2 in the Taylor expansion of [θ3(0,x)]3, where θ3(u,x) is one of
the Jacobi theta functions.
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• The coupling of four-fermi operator is tuned to reproduce the phase shift of s-wave 
scattering via Luscher’s finite volume analysis.

• Matching the lowest  eigenstates effectively tunes away the lowest  terms in the 
effective range expansion, and thus highly suppresses finite volume corrections.
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Figure 1: S(⌘) with and without the spherical cuto↵ |~p|  ⇤ in the momentum space. The
lattice volume is L3 = 183 and the center of momentum actually means ~K = 2⇡

L (0, 0, 2).

zero center of momentum. . For the comparison I consider the following quantity

⌘0 = E0(4⇡
2/ML2)�1. (1)

The resulting e↵ective masses for cases with zero and non-zero center of momentum are
shown in Fig. 2 along with the lowest energy eigenvlues obtained by diagonalizaing the
transfer matrix (dashed lines). ECoM denotes the total energy of two boosting free fermions,
| ~K|2/4M . For the numerical simulations I generated 200M configurations and used the
standard bootstrapping technique to estimate the errors. The two results from matrix
diagonalization and numerical simulations are in good agreement in the large Euclidean
time.

2 More than one C coe�cient value tuned

We have improved the two-body sector by tuning more than one operator to reproduce
the lowest few two-particle energy levels in a continuum box, which e↵ectively removes the
lowest few shape parameters in the e↵ective range expansion,

p cos �0 = �1

a
+

1

2

X

n=1

rn�1p
2n (2)

I attempt to check whether our highly improved action could cure the problem in the
p cot �0 with the spherical momentum cuto↵ at non-zero center of momentum. In Fig. 3 I
show the Luscher’s function S(⌘), corresponding to the p cot �0, at zero and non-zero center
of momentum. As we already found that S(⌘) is nearly zero for small momenta, which
allow us to be close the unitarity. In the system boosted by the momentum ~K, S(⌘) is
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Figure 1: S(⌘) with and without the spherical cuto↵ |~p|  ⇤ in the momentum space. The
lattice volume is L3 = 183 and the center of momentum actually means ~K = 2⇡

L (0, 0, 2).

zero center of momentum. . For the comparison I consider the following quantity

⌘0 = E0(4⇡
2/ML2)�1. (1)

The resulting e↵ective masses for cases with zero and non-zero center of momentum are
shown in Fig. 2 along with the lowest energy eigenvlues obtained by diagonalizaing the
transfer matrix (dashed lines). ECoM denotes the total energy of two boosting free fermions,
| ~K|

2/4M . For the numerical simulations I generated 200M configurations and used the
standard bootstrapping technique to estimate the errors. The two results from matrix
diagonalization and numerical simulations are in good agreement in the large Euclidean
time.

2 More than one C coe�cient value tuned

We have improved the two-body sector by tuning more than one operator to reproduce
the lowest few two-particle energy levels in a continuum box, which e↵ectively removes the
lowest few shape parameters in the e↵ective range expansion,

p cos �0 = �
1

a
+

1

2

X

n=1

rn�1p
2n (2)

p cos �0 =
1

2

X

n=NO

rn�1p
2n (3)

p cos �0 = 0 +O(1/L2NO�1) (4)

2

Tuned to unitarity

a → 0



❖ Single particle momentum cut-off

• A (hard) spherical momentum cut-off has been widely used in numerical simulations: 
simple analysis & reduced computational cost, yet, the continuum limit can be 
reached by .Λ → ∞

π /b

π /b

−π /b

−π /b

|p | < Λ = π /b − ϵ

A. Bulgac, J. E. Drut & P. Magrieski (2006, 2008)

• However, Werner and Castin pointed out that the unitarity (tuned in the center-of-
momentum frame) is violated when pairs of fermions have a non-zero net-momentum  
(due to a violation of Galilean invariance).

P
F. Werner & Y. Castin (2012)

Table 2: Tuned C values for an L = 16, M = 5 lattice with the spherical momentum cuto↵.

NO C0 C1 C2 C3 C4

1 0.68178812 - - - -
5 0.53795341 -0.00427525 0.02840832 -0.02116980 0.00492156
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Figure 3: S(⌘) with the spherical cuto↵ in the momentum space. Five C-values are tuned.
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X
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I attempt to check whether our highly improved action could cure the problem in the
p cot �0 with the spherical momentum cuto↵ at non-zero center of momentum. In Fig. 3 I
show the Luscher’s function S(⌘), corresponding to the p cot �0, at zero and non-zero center
of momentum. As we already found that S(⌘) is nearly zero for small momenta, which
allow us to be close the unitarity. In the system boosted by the momentum ~K, S(⌘) is
almost flat for small momenta but shifted by ⇠ 5. The magnitude of this shift is larger
than that of only one C tuned result for the lowest energy eigenvalue. The tuned C values
are summarized in Table 2.

Like as I did for one C coe�cient tuned, I performed numerical simulations of two
fermions with four Cs tuned to be unitarity in the center of momentum. In Fig. 4 I plot
the corresponding e↵ective masses for cases at zero and non-zero center of momentum. At
the large Euclidean time the e↵ective masses approach the ground state energies and agree
with the results from the diagonalization of the transfer matrix denoted by dashed lines.

4

Brillouin Zone (BZ)

E. Burovski, E. Kozik, N. Prokof’ev, B. Svistunov, (2008)
M. Endres, D. B. Kaplan, JWL, A. Nicholson (2011)



❖ A pair of unitary fermions in a moving frame

• The coupling with  operator tuned to infinite s-wave scattering length 
with and without a spherical momentum cut-off  in the CoM frame

N𝒪 = 1

momentum cut-off Λ Full Brillouin Zone

□ □
□

□
□

□
□

□
□

□
□

□

� � � � � �� ��
�

�

��

��

��

□
○

□ □
□

□
□

□
□

□
□

□
□

□

� � � � � �� ��
�

�

��

��

��

□
○

P = 0

V = 183 V = 183



❖ A pair of unitary fermions in a moving frame

• The coupling with  operator tuned to infinite s-wave scattering length 
with and without a spherical momentum cut-off  in the CoM frame
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deviates from the unitarity

momentum cut-off Λ Full Brillouin Zone

remains at the unitarity

• The deviation persists even in the infinite volume limit, suggesting that the existence of 
the cut-off  violates the unitarity unless the pair is at zero CoM.Λ

See also S. Jensen, C. N. Gilbreth & Y. Alhassid (2020)

P =
2π
L

(0,0,2)

V = 183 V = 183



❖ Three unitary fermions at zero net total momentum

L. Pricoupenko & Y. Castin (2007)

• Compute the ground state energies at various volumes using 
lattice simulations, complemented by exact solutions via the 
matrix diagonalizations at small lattices

SC

BZ

SC: a spherical momentum cut-off BZ: full Brillouin zone

• In the continuum limit, both results are in good agreement within a error.1 %
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❖ Three unitary fermions at zero net total momentum

L. Pricoupenko & Y. Castin (2007) L. Pricoupenko & Y. Castin (2007)

• Compute the ground state energies at various volumes using 
lattice simulations, complemented by exact solutions via the 
matrix diagonalizations at small lattices

SC

SC
BZ

BZ

• In the continuum limit, both results are in good agreement within a error.1 %

• Coupling tuning with  operators significantly improves the finite volume 
corrections in both cases.
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❖ Three unitary fermions at non-zero net total momentum

• Compute the ground state energies at various volumes using 
lattice simulations, complemented by exact solutions via the 
matrix diagonalizations at small lattices

• In the continuum limit, both results are in good agreement within a error.1 %

N𝒪 = 1

P =
2π
L

(0,0,1)
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❖ Three unitary fermions at non-zero net total momentum

• Compute the ground state energies at various volumes using 
lattice simulations, complemented by exact solutions via the 
matrix diagonalizations at small lattices

• In the continuum limit, both results are again in good agreement within a error.1 %
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• The ground-state energy is lower than the one for three unitary fermions at zero net 
momentum.

SC

BZ

Preliminary Preliminary
N𝒪 = 2

BZ: full Brillouin zone

Pair of unitary fermions at zero momentum

absolute ground state (?)

Eunitary = Etotal − ECM



❖ Conclusion & outlook

• A spherical momentum cut-off in the lattice model of unitary fermions, tuned at the 
center-of-momentum, violates the unitarity if the pair of fermions has non-zero net 
momentum.

• Numerical calculations of three unitary fermions with and without a spherical 
momentum cut-off find that the ground-state energy is consistent to each other 
regardless of the total momentum of the system.

The ground state favors the configuration with a zero-momentum pair and 
a spectator which solely carries the total momentum of the system, 
consistent with what expected from the universality of the unitary fermi gas.

• Lattice model with a spherical momentum cut-off is still valid for the calculations of 
physical quantities at zero temperature in the continuum limit

Bertsch parameter, pairing gap & contact

• Finite-temperature lattice studies, such as the pseudo-gap near the transition, might 
require the full-BZ calculations.

M. Endres, D. B. Kaplan, JWL, A. Nicholson (2013)

S. Jensen, C. N. Gilbreth & Y. Alhassid (2020, 2024)



Thank you for your attention.



❖ A pair of unitary fermions in a moving frame P =
2π
L

(0,0,2)

• Comparison between  and  operators tuned to infinite s-wave 
scattering length with a spherical momentum cut-off   in the CoM frame
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❖ Four unitary fermions at zero net total momentum

• Compute the ground state energies at various volumes using 
lattice simulations, and make a comparison between different 
numbers of tuned operators.

• In the continuum limit, both results are in good agreement within a error.1 ∼ 2 %

P = 0

Pair of unitary fermions at zero momentum

ENDRES, KAPLAN, LEE, AND NICHOLSON PHYSICAL REVIEW A 87, 023615 (2013)
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FIG. 6. (Color online) Energy of N = 2 + 1 unitary fermions
in a zero total momentum eigenstate as a function of 1/L3. Blue
data points and associated error bars were obtained from numerical
simulation, short blue dashed lines at L = 8 and L = 10 indicate
results from exact diagonalization of the three-fermion transfer
matrix. Red error band indicates the infinite-volume extrapolation
result previously reported in Ref. [50] using simulation data. Black
dashed line indicated the exact infinite-volume result of Pricoupenko
and Castin reported in Ref. [63].

a comparison with exact diagonalization results of the N =
2 + 1 and N = 2 + 2 unitary fermion transfer matrices on
small volumes provide a nontrivial check for our lattice
simulations. As was the case in Sec. III B, all few-body
energies are measured in units of the noninteracting few-body
energies, e.g., EFree = (2π/L)2/M for both N = 2 + 1 and
N = 2 + 2 fermions at zero total momentum.

In Fig. 6, we plot simulation results for the energy of three
unitary fermions at zero total momentum on lattice sizes up
to L = 16 and for NO = 5. These results were originally
reported in Ref. [50]. Exact ground-state energies for the
A+

1 irrep obtained from diagonalizing the transfer matrix
at L = 8 and L = 10 are indicated in the figure and agree
with our simulation results to within errors of 0.16% and
0.18%, respectively. As discussed in Ref. [50], the leading
volume-dependent corrections to the energy of more than two
unitary fermions with many two-body s-wave operators tuned
is expected to be of order L−3, coming from an untuned two-
derivative two-body p-wave operator. Subleading corrections
are expected to be of order L−4.33, due to the lowest-dimension
three-body operator, which has " = 0 and scaling dimension
4.67 [65–68]. Performing a fit to the data using the functional
form c0 + c1/L

3 yields an infinite-volume extrapolation result
of E/EFree = 0.3735+0.0014

−0.0007, and is consistent with the exact
infinite-volume result of Pricoupenko and Castin [63] within
0.3% uncertainties.

In Fig. 7, we have summarized simulation results for the
ground-state energy of four unitary fermions for up to NO = 5
tuned couplings and lattice sizes up to L = 18. Exact lattice
energies obtained for L = 4 are plotted in Fig. 7 for NO = 1
and 2 couplings tuned to unitarity. In each case the exact
ground-state energies obtained from the transfer matrix are
consistent with the simulation results within uncertainties. In
a high-precision check, we found that the ground-state energy
of four unitary fermions at L = 4 and NO = 2 obtained from
ensembles of approximately 4B configurations agreed with
exact results to within errors of 0.05%.

FIG. 7. (Color online) Ground-state energy of N = 2 + 2 unitary
fermions as a function of 1/L. Error bars include statistical and fitting
systematic errors combined in quadrature. The blue and yellow bands
represent fit results to NO = 1 and NO = 5 data as discussed in the
text, with error bands reflecting both statistical and systematic errors.
Black dashed lines indicate the error band obtained from an infinite-
volume extrapolation of exact benchmark calculations reported in
Ref. [69]. Short dashed lines at L = 4 indicate energies obtained by
exact diagonalizing the four-body transfer matrix.

For NO = 1, the leading volume correction to the ground-
state energy for four fermions will be of order 1/L, due to the
untuned effective range operator. To extract the ground-state
energy at L = ∞, we therefore used c0 + c1/L as our fit
function for the extrapolation. We take into account systematic
errors in the infinite-volume extrapolation by varying the fit in-
terval from L = [4,14] to L = [10,14], and obtain E/EFree =
0.2122 (40) for the ground-state energy. For the highly tuned
NO = 5 case, we expect the leading volume dependence for
four fermions to be L−3, using the same reasons as for three
unitary fermions. Unlike the case for three fermions, however,
the lowest dimension three-fermion operator is expected to
have " = 1 and scaling dimension 4.27 rather than " = 0. The
reason is that three of the four fermions are not restricted
to a specific angular momentum state. The subleading volume
dependence is therefore expected to scale as L−3.55. Additional
subleading terms scale as L−4.33 and L−5 corresponding to
the " = 0 three-body operator and the four-derivative p-wave
and d-wave two-body operators, respectively. By considering
the leading L dependence induced by these operators, we
use the fit function: c0 + c1/L

3 + c2/L
3.55 to extrapolate the

energy in the case of NO = 5. The fit result over the interval
L = [10,16] is shown in Fig. 7, and at infinite volume we
obtain E/EFree = 0.2130 (26). Both our NO = 1 and NO = 5
results for the ground-state energy of four unitary fermions
are consistent with the benchmark calculation reported [69],
within the given uncertainties.

D. Many-body results

To determine the Bertsch parameter, we calculate the
ground-state energies of up to 66 untrapped and unpolarized
unitary fermions using the many-body ensembles described
in Table III. For small N , the distribution overlap problem
is absent and the conventional effective mass defined in
Eq. (22) typically shows an acceptable plateau. On the other
hand, for large N the conventional effective mass exhibits
a significant overlap problem and we generally fail to find

023615-10

• Coupling tuning with  operators significantly improves the finite volume 
corrections in both cases.

N𝒪 = 2

M. Endres, D. B. Kaplan, JWL, A. Nicholson (2013)

S. Bour, X. Li, D. Lee, U.-G. 
Meißner & L. Mitas (2011)



❖ Chronology of the Bertsch parameter at unitarity
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FIG. 12. (Color online) (Left) An infinite-volume extrapolation of the ground-state energy for N = 58 unitary fermions. (Right) Ground-
state energy extrapolated to zero density as a function of 1/N . The red band represents a constant fit to the energies for 40 ! N ! 66.

number. Our results show that the shell structure is present
in the first and second shells (4 ! N ! 38), which is much
more evident in the energies at finite volume. On the other
hand, we find little evidence for shell effects within the
last two shells (i.e., 40 ! N ! 66), suggesting that within
the numerical uncertainty of our measurements, we are
sufficiently near the thermodynamic limit to perform a
thermodynamic limit extrapolation of the Bertsch parameter,
given by ξ = limN→∞ c0(N ). Note that the N dependence is
expected to be correlated since the energies at different N
were determined from the same ensemble. To estimate the
Bertsch parameter, we have performed a correlated constant fit
to the infinite-volume extrapolated energies over the fit range
N ∈ [40,66], obtaining the estimated value: ξ = 0.366+0.016

−0.011.
The Bertsch parameter has been extensively studied in

the past using quantum Monte Carlo (QMC) simulations.
The earliest works based on a variational approach found
an upper bound of ξ ! 0.42 (1) [29,30], while a more recent
QMC calculation for N = 66 with an extrapolation to zero
range reported an upper bound of ξ ! 0.383 (3) [41,42].
Numerous lattice simulations of two-component fermions in
the unitary limit have been reported at both zero and nonzero
temperature. References [39] and [38] quoted the Bertsch
parameter values 0.292 (24) and 0.37 (5), respectively, from
finite temperature lattice simulations extrapolated to zero

FIG. 13. (Color online) Historical results for the Bertsch
parameter determined experimentally, by analytic calculation, and by
numerical simulation. Numerical values and citations are tabulated in
Table VI; our value is indicated as the latest simulation data point.

temperature. A different zero-temperature lattice calculation
with an infinite-volume extrapolation for N = 10 and N = 14
yielded ξ = 0.292 (12) and 0.329 (5), respectively [37]. The
Bertsch parameter has also been measured in several atomic
experiments by studying pair correlation and absorption rates
of 6Li and 40K in a harmonic trap. Some recent experimental
measurements reported ξ = 0.39 (2) [10] by Duke and 0.41 (1)
[11] by the Paris group. The most recent experimental
determination by the group from the Massachusetts Institute
of Technology (MIT) found 0.376 (4) [13]. In Fig. 13,
we summarize all analytical, numerical, and experimental
estimates of ξ to date along with our value of the Bertsch
parameter obtained from the simulations of up to N = 66
untrapped unitary fermions. References for the historical
results are provided in Table VI. Our determination of the
Bertsch parameter appears as the latest data point in Fig. 13
and is statistically consistent with other recent findings.

V. CONCLUSION

We have studied up to 66 unpolarized unitary fermions
in a periodic box by applying a lattice Monte Carlo method
developed for studying large numbers of strongly interacting
nonrelativistic spin- 1

2 fermions [50]. Our method differs from
methods used in the past in that it does not make use of
importance sampling, nor is it variational in nature. As such,
our approach not only allows us to study unpolarized Fermi
systems, but also systems with unequal numbers of spin-up and
spin-down fermions. One of the main obstacles in calculating
ground-state energies of large numbers of fermions using our
method is that it exhibits a severe distribution overlap problem,
resulting in unreliable estimates of correlation functions. To
solve this problem, we use a cumulant expansion technique for
the logarithm of correlators [64], which allows us to determine
energies in a reliable manner with controlled systematic errors.
The successful application of our method to unitary fermions
gives us confidence that these techniques may prove useful
in other situations where importance sampling is difficult.
Conventional importance sampling schemes for Fermi gas
calculations often use the N -body correlator itself as an impor-
tance measure and so the ensemble generated is only of use for
estimating a single observable for which it was designed. Our
approach offers an advantage over such importance sampling
schemes in that one may use the ensemble generated to
reliably estimate all desired observables. Thus our approach

023615-14

The Bertsch parameter is approaching 0.37 at a few percent level.

ξ = 0.367(7) S. Jensen, C. N. Gilbreth & Y. Alhassid (2020)

M. Endres, D. B. Kaplan, 
JWL, A. Nicholson (2013)



❖ Single particle dispersion relation at unitarity

Quasiparticle Dispersion in cold Atoms
Add one       to fully-paired system
Energy cost for an unpaired particle:  μ + Δ 
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For fermions near unitarity, the Bertsch parameter has been determined from exper-
iments and Monte Carlo simulations with great precision. However, It is challenging or
impossible to take ensemble average of some data which don’t have a Gaussian distribution.
One of our interest is measuring a many-body correlator which is generated from stochastic
process. The correlator has a nearly Log-Normal (LN) distribution and a long tail with
small probability. This have motivated us to consider a new statistical measurement for the
correlator.

Collect some past work on cumulant expansion
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❖ Chronology of the pairing gap at unitarity ( )T = 0
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