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Neutrino oscillations

𝒫α→β = sin2(2θ)sin2 ( Δm2
12L

4E )
source: www.dunescience.org
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Erice 09/2017

DUNE, 1300 km HyperK (T2K) 295 km

From:
Diwan et al,
Ann. Rev.
Nucl. Part. Sci 66 
(2016)

Energies have to be known within 100 MeV (DUNE) or 50 MeV (T2K)
Ratios of event rates to about 10%
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DUNE aims at uncertainties  
< 1% meaning O(25 MeV) precision of energy 

reconstruction
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Nucl. Part. Sci 66 
(2016)

Energies have to be known within 100 MeV (DUNE) or 50 MeV (T2K)
Ratios of event rates to about 10%

DUNE HyperK

Systematic errors should be small since statistics will be high.

DUNE aims at uncertainties  
< 1% meaning O(25 MeV) precision of energy 

reconstruction

Position of the oscillation peak depends on 
energy reconstruction
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Motivation

4

Neutrino energy is 
reconstructed in each event

μ−

νμ π+

n

Experimental analysis depends on 
Monte Carlo event generators



Motivation

4

Neutrino energy is 
reconstructed in each event

μ−

νμ π+

n

WHAT CAN WE LEARN FROM 
A (MORE) FUNDAMENTAL 

THEORY?Experimental analysis depends on 
Monte Carlo event generators



“Ab initio” nuclear theory
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freedom
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How the nuclear force is rooted in the fundamental theory of QCD?

Lattice QCD determination of
nuclear and hyperon forces

Noriyoshi Ishii
Reserach Center for Nuclear Physics, Osaka University

December 9, 2015

The aim of nuclear physics is to understand various properties of atomic
nuclei based on the nucleonic degrees of freedom, where the nuclear force
serves as the fundamental interaction. Enormous effort has been devoted
to studies of the nuclear force, after the meson-exchange mechanism was
proposed by H. Yukawa [1]. Today, thousands of experimental NN scattering
data are available. They are used for a phenomenological determination of
the nuclear force. Now, there are several high precision realistic nuclear forces
available [2], all of which are able to describe the experimental NN scattering
data in many channels simultaneously with χ2/ndf ∼ 1.

In the meson-exchange picture, the nuclear force is generated by virtual
exchanges of massive mesons. The mechanism employed here is a generaliza-
tion the Coulomb force in quantum electrodynamics which is generated by
the virtual exchange of massless photon. The structure of the nuclear force
is much more complicated than the Coulomb force. This is because varieties
of mesons are involved from a wide range of mass spectrum with different
spin and isospin quantum numbers [3].
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Quantum Chromodynamics Nuclei & nuclear matter

nucleons — 
degrees of 
freedom
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Hergert A Guided Tour of Ab Initio Nuclear Many-Body Theory
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Figure 2. Chiral two-, three- and four nucleon forces through next-to-next-to-next-to-leading order
(N3LO) (see, e.g., [37, 41, 2] ). Dashed lines represent pion exchanges between nucleons. The large
solid circles, boxes and diamonds represent vertices that are proportional to low-energy constants
(LECs) of the theory (see text).

uncertainties that result from working at a given chiral order [34, 35, 36]. This is especially useful
since issues relating to the regularization and renormalization of these interactions remain (see, e.g.,
Refs. [2, 46, 47, 48, 49, 50, 51] and Sec. 4.4).

2.2 The Similarity Renormalization Group

Renormalization group methods are a natural companion to the hierarchy of EFTs for the strong
interaction. They provide the means to systematically dial the resolution scales and cuto↵s of these
theories, and this makes it possible, at least in principle, to connect the di↵erent levels in our
hierarchy of EFTs. The RGs also expand the diagnostic toolkit for assessing the inherent consistency
of EFT power counting schemes, e.g., by tracing the enhancement or suppression of specific operators,
or by identifying important missing operators.

In nuclear many-body theory, the SRG has become the method of choice. In contrast to Wilsonian
RG [52], which is based on decimation, i.e., integrating out high-momentum degrees of freedom,
SRGs decouple low- and high-momentum physics using continuous unitary transformations. Note
that this concept is not limited to RG applications: we can construct transformations that adapt a

This is a provisional file, not the final typeset article 4

Chiral Effective Field Theory
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Chiral Effective Field Theory

Allows to construct electroweak currents consistently with the chiral potential
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Coupled cluster theory

6

Reference state (Hartree-Fock):     |Ψ⟩ = a†
i a†

j . . . a†
k |0⟩

Include correlations through  operator eT

ℋN eT |Ψ⟩ = E eT |Ψ⟩
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Coupled cluster theory
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 Rep. Prog. Phys. 77, 096302 (2014).
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Reference state (Hartree-Fock):     |Ψ⟩ = a†
i a†

j . . . a†
k |0⟩

✓ Controlled 
approximation through 
truncation in  

✓ Polynomial scaling 
with  (predictions for 
132Sn and 208Pb)
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Nuclear responses

σ ∝ Lμν Rμν

7

Cross-section



Nuclear responses

nuclear responses

σ ∝ Lμν Rμν lepton tensor
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1 LECTURE 2: NEUTRINO SOURCES AND NEUTRINO DETECTORS

fragments in the fission of uranium and plutonium.

235U+ n ! X1 +X2 + 2n (5)

In average, 6 ⌫e are emitted per fission from the decay of X1 and X2.

• Neutrinos from accelerators: in particle accelerators typically protons are

collided into a target (Be, Al, graphite, carbon). In these reactions ⇡’s and K’s

are emitted and neutrinos appear in their corresponding decays.

1.2. Neutrino detection

Neutrinos can be identified by measuring charged particles produced in their interactions

with matter. These interactions can be classified into neutral current and charged

current.

• Charged current: in these interactions, the lepton partner of the neutrino

appears, as for instance in:

⌫e + n ! e� + p (6)

⌫e + p ! e+ + n. (7)

The reactions happen over the exchange of W± bosons of m(W ) ⇠ 80GeV mass.

Figure 2. Diagrams for the muon decay (left), the muon scattering on electrons
(middle) and the neutral current scattering of ⌫µ on electrons (right).

• Neutral current: The electroweak theory from Glashow, Weinberg & Salam

predicted the existence of neutral current interaction. In 1973, those reactions

were discovered in the Gargamelle experiment (bubble chamber) at CERN.

⌫µ +N ! ⌫µ + hadrons. (8)

Neutral current reactions take place over the exchange of Z0 bosons of m(Z) ⇠
90GeV mass (see figure 2).

4

W±

νl /ν̄l l±

|Ψf⟩⟨Ψ |

Cross-section



Nuclear responses

nuclear responses

σ ∝ Lμν Rμν lepton tensor

 
Rμν(ω, q) = ∑

f

⟨Ψ |J†
μ(q) |Ψf⟩⟨Ψf |Jν(q) |Ψ⟩δ(E0 + ω − Ef )
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Cross-section

Challenging sum over 
continuum spectrum



dσ
dE′￼dΩ e

= σM(υLRL(ω, q̄) + υTRT(ω, q̄))

✓ much more precise data 

✓ we can get access to  and  separately (Rosenbluth separation) 

✓ experimental programs of electron scattering in JLab, MAMI, MESA

RL RT

Electrons for neutrinos

dσ
dE′￼dΩ ν/ν̄

= σ0(υCCRCC + υCLRCL + υLLRLL + υTRT ± υT′￼RT′￼)

8



Inclusive cross-section

Electron scattering:  
Rosenbluth separation 0
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= σM(υLRL(ω, q̄) + υTRT(ω, q̄))9



Inclusive cross-section

Electron scattering:  
Rosenbluth separation 0
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= σM(υLRL(ω, q̄) + υTRT(ω, q̄))

Nuclear responses

9



• Trained on 4He, 6Li, 12C, 
16O, 40Ca 

• Rosenbluth separation 
possible for kinematics 
and nuclei where there 
is less data

Rosenbluth separation  
with Bayesian neural network

JES, N.Rocco, A.Lovato, Phys. Lett. B 859 (2024) 139142  10



Low/high energies

Ĥ |ψA⟩ = E |ψA⟩
Many-body problem

11
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Ĥ |ψA⟩ = E |ψA⟩

Electroweak responses 
consistent treatment of final states

MULTINUCLEON  
KNOCKOUT (2P2H)

νμ

⟨ψf | ̂j |ψA⟩

Many-body problem Probability density of finding nucleon 
 in ground state nucleus(E, p)

Spectral  
function

Impulse Approximation

11

Final state interactions 
neglected



HyperK & T2K 
scattering on 16O

12



Low/high energies

Ĥ |ψA⟩ = E |ψA⟩

Electroweak responses

MULTINUCLEON  
KNOCKOUT (2P2H)

νμ

⟨ψf | ̂j |ψA⟩

Many-body problem
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Lorentz Integral Transform (LIT)

14

continuum spectrum

∫
 

Rμν(ω, q) = ∑
f

⟨Ψ |J†
μ |Ψf⟩⟨Ψf |Jν |Ψ⟩δ(E0 + ω − Ef )



 
Sμν(σ, q) = ∫ dωK(ω, σ)Rμν(ω, q) = ⟨Ψ |J†

μ K(ℋ − E0, σ) Jν |Ψ⟩

Lorentz Integral Transform (LIT)

14

Lorentzian kernel:  
 KΛ(ω, σ) =

1
π

Λ
Λ2 + (ω − σ)2

continuum spectrum

∫
 

Rμν(ω, q) = ∑
f

⟨Ψ |J†
μ |Ψf⟩⟨Ψf |Jν |Ψ⟩δ(E0 + ω − Ef )

Integral  
transform



 
Sμν(σ, q) = ∫ dωK(ω, σ)Rμν(ω, q) = ⟨Ψ |J†

μ K(ℋ − E0, σ) Jν |Ψ⟩

Lorentz Integral Transform (LIT)

14

Lorentzian kernel:  
 KΛ(ω, σ) =

1
π

Λ
Λ2 + (ω − σ)2

continuum spectrum

∫
 

Rμν(ω, q) = ∑
f

⟨Ψ |J†
μ |Ψf⟩⟨Ψf |Jν |Ψ⟩δ(E0 + ω − Ef )

Inversion 
of Sμν

Integral  
transform



Electron scattering on 16O
Lorentz Integral Transform + Coupled Cluster (LIT-CC)

15 B.Acharya, JES, S. Bacca, G. Hagen W. Jiang, 
Phys. Rev. Lett. 134.202501 (2025)



Electron scattering on 16O
Lorentz Integral Transform + Coupled Cluster (LIT-CC)

15 B.Acharya, JES, S. Bacca, G. Hagen W. Jiang, 
Phys. Rev. Lett. 134.202501 (2025)



Electron scattering on 16O

2-body currents missing 
(expected lack of strength)

Lorentz Integral Transform + Coupled Cluster (LIT-CC)

15 B.Acharya, JES, S. Bacca, G. Hagen W. Jiang, 
Phys. Rev. Lett. 134.202501 (2025)



Uncertainty band 
from nuclear 

Hamiltonians + 
inversion procedure

Neutrino charge-current scattering on 16O
LIT-CC

dσ
dE′￼dΩ ν/ν̄

= σ0(υ00R00 + υ0zR0z + υzzRzz + υTRT ± υxyRxy)

16 B.Acharya, JES, S. Bacca, G. Hagen W. Jiang, 
Phys. Rev. Lett. 134.202501 (2025)



Low/high energies

Ĥ |ψA⟩ = E |ψA⟩

MULTINUCLEON  
KNOCKOUT (2P2H)

Many-body problem
Probability density of finding nucleon 

 in ground state nucleus(E, p)

Spectral  
function

Impulse Approximation

17



16O spectral function

18

Scattering 
off   16O

JES , S. Bacca, Phys. Rev. C 109 044314

growing q momentum transfer  final state interactions play minor role→

q
σ ∝ |ℳ |2 S(E, p)

Factorized interaction vertex 
(relativistic, pion 

production…)

Spectral function - 
nuclear information



16O spectral function
Error propagation to cross sections

• Comparison 
with T2K long 
baseline  
oscillation 
experiment 

•  events 

• Spectral 
function 
implemented 
into NuWro 
MC generator

ν

CC0π

D
at

a:
 P

hy
s. 

Re
v. 

D
 10

1, 
112

00
4 

(2
02

0)

νμ +16 O → μ− + X

19 JES , S. Bacca 
Phys. Rev. C 109 044314



Effective Lagrangian: 
ℒ = −

4GF

2
Vcd[(1−gL

V)𝒪L
V + gR

V𝒪R
V + gL

S 𝒪L
S + gR

S 𝒪R
S + gL

T𝒪L
T] + h . c .

16O spectral function: probing New Physics

𝒪L,R
V = (c̄γμPL,Rd)(τ̄γμPLντ)

𝒪L,R
S = (c̄PL,Rd)(τ̄PLντ)

𝒪L,R
T = (c̄σμνPLd)(τ̄σμνPLντ)

20
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• Constraints on Wilson coefficients from 
experimental observations (decays of 
charmed mesons; proton-proton collisions at 
high energy)
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16O spectral function: probing New Physics
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Effective Lagrangian: 
ℒ = −

4GF

2
Vcd[(1−gL

V)𝒪L
V + gR

V𝒪R
V + gL

S 𝒪L
S + gR

S 𝒪R
S + gL

T𝒪L
T] + h . c .

• Charge-current transition on the quark level 
 : is there new physics there? ντd → τ−c

• Constraints on Wilson coefficients from 
experimental observations (decays of 
charmed mesons; proton-proton collisions at 
high energy)

• Could we constrain them looking at 
?ντn → τ−Λc

• NEED TO ACCOUNT FOR NUCLEAR 
EFFECTS: spectral function for initial 
nucleon; binding energy for produced ΛC

16O spectral function: probing New Physics

High precision of  properties in nuclear 
medium needed to gain sensitivity to BSM

ΛC

𝒪L,R
V = (c̄γμPL,Rd)(τ̄γμPLντ)

𝒪L,R
S = (c̄PL,Rd)(τ̄PLντ)

𝒪L,R
T = (c̄σμνPLd)(τ̄σμνPLντ)

IN PREPARATIO
N

20



Towards DUNE: 
scattering on 40Ca

21



Electromagnetic responses on 40Ca

JES, B. Acharya, S. Bacca, G. Hagen;  
Phys. Rev. Lett. 127 (2021) 7, 072501

First ab-initio results for 
many-body system of  

40 nucleons
22

✓ Coupled cluster singles & doubles 
✓ Two different chiral Hamiltonians 
✓ Uncertainty from LIT inversion

(LIT-CC)

JES, B. Acharya,  S. Bacca, G. Hagen;  
Phys. Rev. C 109 (2024) 2, 025502
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First ab-initio results for 
many-body system of  

40 nucleons
22

✓ Coupled cluster singles & doubles 
✓ Two different chiral Hamiltonians 
✓ Uncertainty from LIT inversion

(LIT-CC)

JES, B. Acharya,  S. Bacca, G. Hagen;  
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• First nuclear responses of medium-mass systems at 
intermediate momentum transfers 

• Uncertainty quantification from first principles  

• Path towards 40Ar 

• Next step: include 2-body currents 

• Spectral function formalism: 

• Interface with hadron physics (e.g. pion production) 

• Semi-exclusive cross-sections

Summary & outlook



Thank you for attention!



Back up



Chiral expansion for 40Ca
(Electromagnetic responses)

✓ Two orders of chiral expansion 
✓ Convergence better for lower q (as 

expected) 
✓ Higher order brings results closer to the 

data

B. Acharya, S. Bacca, JES et al. Front. Phys. 1066035(2022)
26

JES, B. Acharya,  S. Bacca, G. Hagen;  PRC 109 (2024) 2, 025502



Gaussian process (GP) to assess chiral truncation using 2 orders of expansion

Uncertainty estimation (responses)
Assessing EFT truncation error

EFT truncation error: δyk(p) = yref(p)
∞

∑
n=k+1

cn(p)( p
Λ )

n

Order k EFT prediction: yk(p) = yref(p)
k

∑
n=0

cn(p)( p
Λ )

n

Draws from an underlying GP
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and charge number ! , one obtains "0 = −(3!#)∕(2$sp). The modulus 
of the effective momentum transfer is obtained as

|!eff | =
√

|"eff |2 + |"′eff |2 − 2|"eff ||"′eff | cos% . (7)
A focusing factor can be introduced to account for the attractive nucleus, 
focusing the electron wave function in the nuclear region. However, if 
the same "̄ is used for both the effective momentum and the effective 
focusing factors, a cancellation of the focusing factors occurs. Therefore, 
in the effective momentum approximation, we simply replace ' with 'eff
in the cross section expression of Eq. (3). This replacement accounts for 
both the momentum enhancement of the electron near the attractive 
nucleus and the focusing of the electron wave function.

2.1. Neural network architecture

The longitudinal and transverse electromagnetic response functions 
are outputs of the ANN architecture illustrated in Fig. 1. The input of 
the network is a four-dimensional array obtained by concatenating the 
energy and momentum transfer with the number of nucleons and the 
number of protons: ((, |!|, ), !). The input energies are in GeV, ensur-
ing that their maximum value is of the order of one. To mitigate scale 
differences among the inputs, which could cause certain features to dom-
inate the learning process, we employ a standard score [37] to scale !
as

!resc =
! −!avg

Δ! . (8)
In this equation, !avg is the average value of ! , calculated as the sum 
of all !*=1,…,+nuc values divided by +nuc, the total number of nuclei an-
alyzed. The term Δ! is defined as the difference between the maximum 
and minimum values of ! within the range of nuclei considered. The 
same normalization procedure is applied to the particle number ).

Inspired by the scaling properties of electromagnetic responses [23,
24,11], we preprocess the input through a “Scaling” network, whose sin-
gle output is the variable ,((, |!|, ), !). Note, however, that since we 
do not pretrain the scaling network, , does not necessarily correspond 
to the scaling variable commonly employed in the literature. Leveraging 
the concept of skip-connections [55], the output of the scaling network is 
concatenated with the other inputs, forming the five-dimensional array 
(,, (, ', ), !), which is then input to a “Response” network. The latter 
produces a 32-dimensional output which is then taken as input to both 
the “Longitudinal” and “Transverse” networks. These latter networks 
are completely independent and each provides a single output corre-
sponding to the longitudinal and transverse responses, respectively. The 
Scaling, Response, Transverse, and Longitudinal networks are multi-
layer perceptrons (MLPs) with two hidden layers, each comprised of 32
neurons and using the hyperbolic tangent activation function. To ensure 
positive definiteness, an exponential function is employed to transform 
the raw outputs of both the longitudinal and transverse MLPs and obtain 
$̂. and $̂/ . We collectively denote the weights and biases of the ANN 
with  =01,… ,0+1

— there are a total of +1 = 6787 parameters.

2.2. Bayesian training

The double differential cross section corresponding to a given nu-
clear species, incoming energy of the lepton, scattering angle, and en-
ergy transfer, dubbed ,̂*(), is obtained plugging $̂. and $̂/ into 
Eq. (3) evaluated at the corresponding energy transfer, while the ef-
fective momentum transfer of Eq. (7) accounts for Coulomb distortion 
effects.

We train our ANN using the quasielastic electron nucleus scatter-
ing archive of [13] on five selected light and medium-mass nuclei, all 
with an equal number of protons and neutrons: 4He, 6Li, 12C, 16O and 
40Ca. Following [36], we remove from our analysis the datasets on 12C 
from [61]. Based on our preliminary analysis they stay in tension with 
all other experiments. For 16O, we add to our analysis the data from 

Fig. 1. Schematic representation of the ANN architecture we employ to represent 
the electromagnetic longitudinal and transverse response functions.

[5], which are not included in quasielastic electron nucleus scattering 
archive of [13].

A critical aspect of this work consists in quantifying the uncertainty 
associated with the ANN predictions. To this aim, we leverage Bayesian 
statistics and treat  as probability distributions [44]. Using Bayes’ the-
orem, the posterior probability of the parameters  given the measured 
cross sections 2 can be written as

3 (|2 ) = 3 (2 |)3 ()
3 (2 ) , (9)

where 3 (2 |) is the likelihood and 3 () is the prior density of the 
parameters [56]. As in [44], we assign a normal Gaussian prior for each 
neural network parameter

3 () = 1
(24)+1∕2

exp
⎛
⎜
⎜⎝

+1∑
*=1

−
02

*
2

⎞
⎟
⎟⎠
. (10)

Note that such prior corresponds to 52 regularization with unit weight.
Following standard practice, we assume a Gaussian distribution for 

the likelihood based on a loss function obtained from a least-squares fit 
to the empirical data

3 (2 |) = exp
(
−62

2

)
, (11)

where

62 =
+7∑
*=1

[
,* − ,̂*())

]2

82*
. (12)

In the above equation, ,* is the *-th experimental value of the cross sec-
tion and the sum runs over the +7 kinematics and nuclei included in the 
training dataset. We augment the experimental errors 8* listed in [13]
including an additional term proportional to the experimental cross sec-
tion value: 8* → 8* + 0.05,*. The primary reason behind this choice is 
that experimental errors are in general small and most experiments re-
port an additional few-percent systematic uncertainty.

All of our numerical simulations are performed using the JAX 
Python library [20]. The posterior distribution is sampled leveraging 
the NumPyro No-U-Turn Sampler extension of Hamiltonian Monte Carlo 
(HMC) [46,17]. Additionally, we implemented the standard HMC algo-
rithm as outlined in Ref. [32] and found results that are consistent with 
those obtained using the NumPyro package. Specifically, in the HMC 
sampling, we used six chains, each with 3,000 samples during the warm-
up phase, followed by 1,000 samples for the final results (6,000 samples 
in total). Each chain corresponds to a distinct random seed used to ini-
tialize the network parameters. To ensure stability and convergence, we 
also performed calculations with ten independent chains, extending the 
warm-up phase to 6,000 samples, followed again by 1,000 samples for 
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Eq. (3) evaluated at the corresponding energy transfer, while the ef-
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effects.
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training dataset. We augment the experimental errors 8* listed in [13]
including an additional term proportional to the experimental cross sec-
tion value: 8* → 8* + 0.05,*. The primary reason behind this choice is 
that experimental errors are in general small and most experiments re-
port an additional few-percent systematic uncertainty.

All of our numerical simulations are performed using the JAX 
Python library [20]. The posterior distribution is sampled leveraging 
the NumPyro No-U-Turn Sampler extension of Hamiltonian Monte Carlo 
(HMC) [46,17]. Additionally, we implemented the standard HMC algo-
rithm as outlined in Ref. [32] and found results that are consistent with 
those obtained using the NumPyro package. Specifically, in the HMC 
sampling, we used six chains, each with 3,000 samples during the warm-
up phase, followed by 1,000 samples for the final results (6,000 samples 
in total). Each chain corresponds to a distinct random seed used to ini-
tialize the network parameters. To ensure stability and convergence, we 
also performed calculations with ten independent chains, extending the 
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layer perceptrons (MLPs) with two hidden layers, each comprised of 32
neurons and using the hyperbolic tangent activation function. To ensure 
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the raw outputs of both the longitudinal and transverse MLPs and obtain 
$̂. and $̂/ . We collectively denote the weights and biases of the ANN 
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The double differential cross section corresponding to a given nu-
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ergy transfer, dubbed ,̂*(), is obtained plugging $̂. and $̂/ into 
Eq. (3) evaluated at the corresponding energy transfer, while the ef-
fective momentum transfer of Eq. (7) accounts for Coulomb distortion 
effects.

We train our ANN using the quasielastic electron nucleus scatter-
ing archive of [13] on five selected light and medium-mass nuclei, all 
with an equal number of protons and neutrons: 4He, 6Li, 12C, 16O and 
40Ca. Following [36], we remove from our analysis the datasets on 12C 
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all other experiments. For 16O, we add to our analysis the data from 
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[5], which are not included in quasielastic electron nucleus scattering 
archive of [13].

A critical aspect of this work consists in quantifying the uncertainty 
associated with the ANN predictions. To this aim, we leverage Bayesian 
statistics and treat  as probability distributions [44]. Using Bayes’ the-
orem, the posterior probability of the parameters  given the measured 
cross sections 2 can be written as

3 (|2 ) = 3 (2 |)3 ()
3 (2 ) , (9)

where 3 (2 |) is the likelihood and 3 () is the prior density of the 
parameters [56]. As in [44], we assign a normal Gaussian prior for each 
neural network parameter
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Note that such prior corresponds to 52 regularization with unit weight.
Following standard practice, we assume a Gaussian distribution for 

the likelihood based on a loss function obtained from a least-squares fit 
to the empirical data
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(
−62

2

)
, (11)

where

62 =
+7∑
*=1

[
,* − ,̂*())

]2

82*
. (12)

In the above equation, ,* is the *-th experimental value of the cross sec-
tion and the sum runs over the +7 kinematics and nuclei included in the 
training dataset. We augment the experimental errors 8* listed in [13]
including an additional term proportional to the experimental cross sec-
tion value: 8* → 8* + 0.05,*. The primary reason behind this choice is 
that experimental errors are in general small and most experiments re-
port an additional few-percent systematic uncertainty.

All of our numerical simulations are performed using the JAX 
Python library [20]. The posterior distribution is sampled leveraging 
the NumPyro No-U-Turn Sampler extension of Hamiltonian Monte Carlo 
(HMC) [46,17]. Additionally, we implemented the standard HMC algo-
rithm as outlined in Ref. [32] and found results that are consistent with 
those obtained using the NumPyro package. Specifically, in the HMC 
sampling, we used six chains, each with 3,000 samples during the warm-
up phase, followed by 1,000 samples for the final results (6,000 samples 
in total). Each chain corresponds to a distinct random seed used to ini-
tialize the network parameters. To ensure stability and convergence, we 
also performed calculations with ten independent chains, extending the 
warm-up phase to 6,000 samples, followed again by 1,000 samples for 

- parameters of BNN treated 
as probability distribution

Using the Gaussian prior:
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Python library [20]. The posterior distribution is sampled leveraging 
the NumPyro No-U-Turn Sampler extension of Hamiltonian Monte Carlo 
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rithm as outlined in Ref. [32] and found results that are consistent with 
those obtained using the NumPyro package. Specifically, in the HMC 
sampling, we used six chains, each with 3,000 samples during the warm-
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in total). Each chain corresponds to a distinct random seed used to ini-
tialize the network parameters. To ensure stability and convergence, we 
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are completely independent and each provides a single output corre-
sponding to the longitudinal and transverse responses, respectively. The 
Scaling, Response, Transverse, and Longitudinal networks are multi-
layer perceptrons (MLPs) with two hidden layers, each comprised of 32
neurons and using the hyperbolic tangent activation function. To ensure 
positive definiteness, an exponential function is employed to transform 
the raw outputs of both the longitudinal and transverse MLPs and obtain 
$̂. and $̂/ . We collectively denote the weights and biases of the ANN 
with  =01,… ,0+1

— there are a total of +1 = 6787 parameters.

2.2. Bayesian training

The double differential cross section corresponding to a given nu-
clear species, incoming energy of the lepton, scattering angle, and en-
ergy transfer, dubbed ,̂*(), is obtained plugging $̂. and $̂/ into 
Eq. (3) evaluated at the corresponding energy transfer, while the ef-
fective momentum transfer of Eq. (7) accounts for Coulomb distortion 
effects.

We train our ANN using the quasielastic electron nucleus scatter-
ing archive of [13] on five selected light and medium-mass nuclei, all 
with an equal number of protons and neutrons: 4He, 6Li, 12C, 16O and 
40Ca. Following [36], we remove from our analysis the datasets on 12C 
from [61]. Based on our preliminary analysis they stay in tension with 
all other experiments. For 16O, we add to our analysis the data from 

Fig. 1. Schematic representation of the ANN architecture we employ to represent 
the electromagnetic longitudinal and transverse response functions.

[5], which are not included in quasielastic electron nucleus scattering 
archive of [13].

A critical aspect of this work consists in quantifying the uncertainty 
associated with the ANN predictions. To this aim, we leverage Bayesian 
statistics and treat  as probability distributions [44]. Using Bayes’ the-
orem, the posterior probability of the parameters  given the measured 
cross sections 2 can be written as

3 (|2 ) = 3 (2 |)3 ()
3 (2 ) , (9)

where 3 (2 |) is the likelihood and 3 () is the prior density of the 
parameters [56]. As in [44], we assign a normal Gaussian prior for each 
neural network parameter

3 () = 1
(24)+1∕2

exp
⎛
⎜
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+1∑
*=1

−
02

*
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⎞
⎟
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Note that such prior corresponds to 52 regularization with unit weight.
Following standard practice, we assume a Gaussian distribution for 

the likelihood based on a loss function obtained from a least-squares fit 
to the empirical data

3 (2 |) = exp
(
−62

2

)
, (11)

where

62 =
+7∑
*=1

[
,* − ,̂*())

]2

82*
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In the above equation, ,* is the *-th experimental value of the cross sec-
tion and the sum runs over the +7 kinematics and nuclei included in the 
training dataset. We augment the experimental errors 8* listed in [13]
including an additional term proportional to the experimental cross sec-
tion value: 8* → 8* + 0.05,*. The primary reason behind this choice is 
that experimental errors are in general small and most experiments re-
port an additional few-percent systematic uncertainty.

All of our numerical simulations are performed using the JAX 
Python library [20]. The posterior distribution is sampled leveraging 
the NumPyro No-U-Turn Sampler extension of Hamiltonian Monte Carlo 
(HMC) [46,17]. Additionally, we implemented the standard HMC algo-
rithm as outlined in Ref. [32] and found results that are consistent with 
those obtained using the NumPyro package. Specifically, in the HMC 
sampling, we used six chains, each with 3,000 samples during the warm-
up phase, followed by 1,000 samples for the final results (6,000 samples 
in total). Each chain corresponds to a distinct random seed used to ini-
tialize the network parameters. To ensure stability and convergence, we 
also performed calculations with ten independent chains, extending the 
warm-up phase to 6,000 samples, followed again by 1,000 samples for 
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Fig. 5. Electromagnetic responses on 16O for ! = 400 MeV/c.

commodate electromagnetic longitudinal and transverse transition op-
erators.

The ANN results for 40Ca, shown in Fig. 6, differ from the experi-
mental data obtained from Rosenbluth separation, especially for "# . It 
is interesting to note that the ANN uncertainties increase significantly 
in the high energy transfer region. This behavior, in contrast to what 
is observed in lighter nuclei, reflects the fact that there is little high 
energy-momentum transfer data available for 40Ca. Consequently, the 
ANN performs an extrapolation based on data available for other nuclei 
at high energies. The Bayesian training is fundamental in this regard, as 
it allows us to estimate the uncertainties associated with this extrapola-
tion. The LIT-CC calculations for the longitudinal response are very close 
with both Rosenbluth-separation data and ANN predictions. In the trans-
verse channel, it appears that including only the one-body current op-
erator suffices to reproduce the Rosenbluth-separation data adequately, 
which is in contrast with what has been observed for 4He (and with the 
GFMC findings). However, it is noteworthy that the ANN predictions ex-
hibit a 10 − 15% enhancement compared to the experimental points. In 
this regard, we note that principally two experiments [59,42] measured 
electron scattering on 40Ca and performed the Rosenbluth separation 
(there is one additional dataset [58]). As discussed in detail in the Sup-
plemental Material, the results reported by these two analysis disagree 
substantially.

4. Conclusions

In this work, we performed the first extraction of electromagnetic 
longitudinal and transverse response functions using machine learn-
ing techniques for symmetric nuclei across a broad range of masses, 
$ = 4 − 40. A critical difference between our work and earlier stud-
ies [1,36], which employed ANNs to directly model the (%, %′) inclusive 
scattering cross-sections, is that our ANN architecture outputs the lon-
gitudinal and transverse responses. These responses are then combined 
with the appropriate kinematic factors, which do not have to be learned, 
to obtain the inclusive (%, %′) cross section for a given incoming energy, 
scattering angle, and energy transfer. This procedure enables us to pro-
vide accurate predictions for (%, %′) inclusive cross sections on different 
nuclear targets, as well as to extract the longitudinal and transverse elec-
tromagnetic responses for various kinematics.

Our approach leverages Bayesian statistics to rigorously quantify the 
uncertainties in the ANN predictions. Specifically, we employ Hamilto-
nian Monte Carlo techniques to sample the posterior distribution of the 
ANN parameters, yielding a set of ANNs that are consistent with (%, %′)
inclusive cross sections and fully account for the associated experimen-
tal errors. This Bayesian protocol also addresses epistemic uncertainties, 
automatically resulting in larger errors when extrapolating.

Fig. 6. Electromagnetic responses on 40Ca for ! = 380 MeV/c. Our prediction 
compared with theoretical calculations [53]. Data taken from [34].

We obtained highly accurate results for 4He and 12C inclusive cross 
sections, benefiting from the availability of extensive training datasets. 
The algorithm successfully reproduces the test datasets for these cross 
sections across a wide range of energies, encompassing various reaction 
mechanisms and degrees of freedom. The ANN also reproduces well the 
test datasets for the other nuclei we considered: 6Li, 16O, and 40Ca. How-
ever, the theoretical uncertainties are larger due to the fact that there 
are fewer experimental data available for these nuclei compared to 4He 
and 12C.

As a second step, we utilized the entire (%, %′) inclusive cross sec-
tion dataset to perform the first ANN-based extraction of longitudinal 
and transverse electromagnetic response functions. The ANNs are, in 
general, in good agreement with previous Rosenbluth separation analy-
ses found in the literature [34,22]. The availability of longitudinal and 
transverse responses enables us to make a direct comparison with the 
GFMC and LIT-CC ab-initio quantum many-body methods. We find that 
both the GFMC and LIT-CC reproduce the ANN responses well, in both 
the longitudinal and transverse channels. Notably, our ANN analysis of 
40Ca suggests a potential underestimation of the "# strength in pre-
vious Rosenbluth-separation extractions, confirming a tension between 
the Saclay [42] and Bates [59] data for 40Ca, and will likely resolve 
the tension with LIT-CC calculations. New experimental measurements 
would be extremely valuable to resolve this tension.

The approach presented in this work allows us to predict electro-
magnetic responses in scenarios where traditional methods fail due to 
the lack of data. A chief example is 16O, where no traditional Rosen-
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Fig. 5. Electromagnetic responses on 16O for ! = 400 MeV/c.
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energy-momentum transfer data available for 40Ca. Consequently, the 
ANN performs an extrapolation based on data available for other nuclei 
at high energies. The Bayesian training is fundamental in this regard, as 
it allows us to estimate the uncertainties associated with this extrapola-
tion. The LIT-CC calculations for the longitudinal response are very close 
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this regard, we note that principally two experiments [59,42] measured 
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(there is one additional dataset [58]). As discussed in detail in the Sup-
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gitudinal and transverse responses. These responses are then combined 
with the appropriate kinematic factors, which do not have to be learned, 
to obtain the inclusive (%, %′) cross section for a given incoming energy, 
scattering angle, and energy transfer. This procedure enables us to pro-
vide accurate predictions for (%, %′) inclusive cross sections on different 
nuclear targets, as well as to extract the longitudinal and transverse elec-
tromagnetic responses for various kinematics.

Our approach leverages Bayesian statistics to rigorously quantify the 
uncertainties in the ANN predictions. Specifically, we employ Hamilto-
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We obtained highly accurate results for 4He and 12C inclusive cross 
sections, benefiting from the availability of extensive training datasets. 
The algorithm successfully reproduces the test datasets for these cross 
sections across a wide range of energies, encompassing various reaction 
mechanisms and degrees of freedom. The ANN also reproduces well the 
test datasets for the other nuclei we considered: 6Li, 16O, and 40Ca. How-
ever, the theoretical uncertainties are larger due to the fact that there 
are fewer experimental data available for these nuclei compared to 4He 
and 12C.

As a second step, we utilized the entire (%, %′) inclusive cross sec-
tion dataset to perform the first ANN-based extraction of longitudinal 
and transverse electromagnetic response functions. The ANNs are, in 
general, in good agreement with previous Rosenbluth separation analy-
ses found in the literature [34,22]. The availability of longitudinal and 
transverse responses enables us to make a direct comparison with the 
GFMC and LIT-CC ab-initio quantum many-body methods. We find that 
both the GFMC and LIT-CC reproduce the ANN responses well, in both 
the longitudinal and transverse channels. Notably, our ANN analysis of 
40Ca suggests a potential underestimation of the "# strength in pre-
vious Rosenbluth-separation extractions, confirming a tension between 
the Saclay [42] and Bates [59] data for 40Ca, and will likely resolve 
the tension with LIT-CC calculations. New experimental measurements 
would be extremely valuable to resolve this tension.

The approach presented in this work allows us to predict electro-
magnetic responses in scenarios where traditional methods fail due to 
the lack of data. A chief example is 16O, where no traditional Rosen-
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