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1.  Introduction

Hadrons are Basis for Finite/High density matter
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Ground states

Nucleon images at small-x

17

  (scattering energy)s

𝒪 1/Q

large-x small-x

Gluon saturation/CGC can emerge.Regge-Gribov limit: fixed  with , Q2 s ⟨ ⟩ x ⟨ 0

Various structures 
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Resonances

Compact quarks 
e.g.,  
diquark + triquark

Orbitally excited

Extended molecules 
e.g.,  
meson + baryon

Pair created

Ground states

Nucleon images at small-x

17

  (scattering energy)s

𝒪 1/Q

large-x small-x

Gluon saturation/CGC can emerge.Regge-Gribov limit: fixed  with , Q2 s ⟨ ⟩ x ⟨ 0

Various structures 
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For hadron structure
Mixing of Compact and Extended structure is interesting
X(3872), , , …Pc Ω(2012)

• For X 
   M. Takizawa and S. Takeuchi, Prog. Theor. Exp. Phys. 2013, 093D01 
   Y. Yamaguchi, AH, S. Takeuchi and M. Takizawa, J.Phys.G 47 (2020) 5, 053001 
•. For Pc 
   Giachino, Yamaguchi, AH, Santopinto, Takeuchi, Takizawa, Yamaguchi,  
   Phys.Rev.D 108 (2023) 7, 074012, Phys.Rev.D 101 (2020) 9, 091502,  
   Phys.Rev.D 96 (2017) 11, 114031 
•. For  
   QF. Lyu, H. Nagahiro, AH, hys.Rev.D 107 (2023) 1, 014025, 
   N. Su, HX. Chen, P. Gubler, AH, hys.Rev.D 110 (2024) 3, 034007

Ω(2012)

But today,  and related nucleon resonance  as moleculesϕ N*
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2.  meson and nucleon resonance  ϕ N*
•  
• Narrow width 4.2 MeV, suited to a small mass shift 
• Would be relevant for dense matter (with (anti)strangeness)

ϕ(1020), JPC = 1−−, almost ss̄

At first sight:  does not play for nuclear matter (~ u, d quarks)ss̄
But large link between u, d and s quarks 
• Yukawa coupling,    ~   
• WT couplings 

gKNΛ ∼ 3 gπNN ∼ 5/3

Λ N

K

gKNΛ

Λ N

K

gmB→mB

π

Appendix D. Flavor SU(3) coefficients

Table D.4: Cij(S = 0) in isospin basis.

S = 0 I = 1
2 I = 3

2
πN ηN KΛ KΣ πN KΣ

I = 1
2 πN 2 0 3

2
1
2

ηN 0 −3
2

3
2

KΛ 0 0
KΣ 2

I = 3
2 πN −1 −1

KΣ −1

Table D.5: Cij(S = 0, Q = 0) in particle basis.

π0n π−p ηn K0Λ K0Σ0 K+Σ−

π0n 0 −
√

2 0
√

3
2 −1

2 − 1√
2

π−p 1 0 −
√

3
2 − 1√

2
0

ηn 0 −3
2

√
3

2 −
√

3
2

K0Λ 0 0 0
K0Σ0 0 −

√
2

K+Σ− 1

Table D.6: Cij(S = 0, Q = 1) in particle basis.

π0p π+n ηp K+Λ K+Σ0 K0Σ+

π0p 0
√

2 0 −
√

3
2 −1

2
1√
2

π+n 1 0 −
√

3
2

1√
2

0

ηp 0 −3
2 −

√
3

2 −
√

3
2

K+Λ 0 0 0
K+Σ0 0

√
2

K0Σ+ 1

• Table D.15 (S = 0, Q = 0)

• Table D.16 (S = 0, Q = 1)

• Tables D.17 and D.18 (S = −1, Q = 0).

D.2.2 Relations among coefficients

There are two symmetry relations among coefficients. Using these relations, we can derive
the coefficients which are not shown explicitly in the tables.

First, the channels, which have the same strangeness S and different charge Q, are related

294 T. Hyodo (Ver:2.1, August 10, 2006)

gmB→mB

N* resonance around 2 GeV may be dressed by mesons with s-quark
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Coupled channel model with PS and V mesons

Khemchandani, Kaneko, Nagahiro, AH, Phys.Rev.D 83 (2011) 114041 
Khemchandani, Martinez, Kaneko, Nagahiro, AH, Phys.Rev.D 84 (2011) 094018 
Khemchandani, Martinez, Nagahiro, AH, Phys.Rev.D 85 (2012) 114020,  
        Phys.Rev.D 88 (2013) 11, 114016, Phys.Rev.D 103 (2021) 1, 016015 
Abreu, Gubler, Khemchandani, Martinez, AH, Phys.Lett.B 860 (2025) 139175

V

mi

Bi

mf

Bf

Contains s, t, u, and c terms

PS: πN, ηN, KΛ, KΣ
V: ρN, ωN, ϕN, K*Λ, K*Σ,

4 PS and 5 V channels

Interactions are dictated by low energy theorems of chiral symmetry 

Amplitudes are obtained by LS equation

T =
V

1 − VG
= V + VGV + VGVGV + ⋯
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Some details

L.M. Abreu, P. Gubler, K.P. Khemchandani et al. 

data when available [9–13]. Here, we will stay very close to the works 
of Refs. [6–8], where it was shown that the amplitudes resulting from 
the coupled channel treatment exhibit a strong attraction near the 𝑘𝑑
threshold in the spin 3/2 channel, while a weaker attraction is obtained 
in the spin 1/2 case (near the 𝑘𝑑 threshold). As we will show, we find 
that such amplitudes lead to correlation functions that are different for 
the two spin cases, and are more in line with the findings of Ref. [4].

The nature and strength of the 𝑘-𝑑 interaction is of interest also 
in the context of studying in-medium behavior of the 𝑘 meson in nu-
clear matter [14–16] and the possibility of the formation of a 𝑘-nucleus 
bound state [17–22], for which the state discussed in Ref. [4] would be 
the most elementary type. While the KEK E325 Collaboration reported a 
negative mass shift of −3.4+0.6−0.7% for the 𝑘meson in nuclear matter [23], 
the values of the above recently measured scattering lengths around 1 
fm translate, within the linear density approximation, to mass shifts of 
the order of 10% [24] (see Ref. [25] for a discussion of some of the ef-
fects that go beyond linear density). The J-PARC E16 [15] and E88 [26] 
experiments will hopefully shed new light on this issue by providing up-
dated measurements of the 𝑘 meson mass shift in nuclear matter. This 
paper will tackle the problem from the opposite side, by giving an im-
proved interpretation of the ALICE 𝑘𝑑 correlation function data based 
on a phenomenologically successful coupled channel approach, as de-
scribed in the previous paragraph.

This paper is organized as follows. We start by giving a brief outline 
of the model we use to determine meson-baryon amplitudes and the 
formalism to apply those amplitudes for computing the 𝑘𝑑 correlation 
function. Finally, we present the main results of this work, the 𝑘𝑑 cor-
relation function, and its comparison with the available experimental 
data. We furthermore provide the decomposition of the spin-averaged 
correlation function into different spins and channels and discuss the 
corresponding results. The paper concludes with a summary.

2. Formalism

2.1. Meson-baryon scattering amplitudes

In this section, we first briefly discuss the calculation of the 𝑘-𝑑
amplitudes which result from solving the Bethe-Salpeter equation. For 
more details, we refer the reader to Refs. [6–8]. The amplitudes were 
obtained in these former works by considering the following meson-
baryon systems to build the coupled channel space in spin 1/2: 𝑆𝑑 , 
𝜃𝑑 , 𝑞Λ, 𝑞Σ, 𝑚𝑑 , 𝑥𝑑 , 𝑘𝑑 , 𝑞∗Λ, and 𝑞∗Σ. It is important to mention 
that all the amplitudes are projected on the 𝑗-wave. In such a framework, 
only vector-baryon systems can couple to a total spin 3%2 and, thus, the 
number of coupled channels is reduced in this case. The lowest-order 
vector-baryon interactions in our formalism are determined, through 
the Lagrangian [6,8]

V𝑤 = −𝛿
{

⟨ 𝑇𝑤,̃
[
. ̃
8 ,𝑤

]⟩ + ⟨ 𝑇𝑤,̃𝑤⟩⟨. ̃
8 ⟩+ 1 

4𝐺

(
𝐸 ⟨ 𝑇𝑤𝜆̃𝜀

[
. ̃𝜀
8 ,𝑤

]⟩ 

+𝑅⟨ 𝑇𝑤𝜆̃𝜀
{
. ̃𝜀
8 ,𝑤

}⟩
)
+ ⟨ 𝑇𝑤,̃𝑤⟩⟨. ̃

0 ⟩+ ̃0
4𝐺 ⟨ 𝑇𝑤𝜆̃𝜀. ̃𝜀

0 𝑤⟩
}

, (1)

where the subscripts 8 and 0 represent the flavor octet and the singlet 
part of the wave function of the vector mesons. Such a separation is 
relevant for 𝑥 and 𝑘 which are considered as ideally mixed states of the 
octet and singlet components. The tensor field, . ̃𝜀 , is written as

. ̃𝜀 = 𝑐̃. 𝜀 − 𝑐𝜀. ̃ + 𝐴𝛿
[
. ̃ ,. 𝜀] , (2)

with . ̃ being the SU(3) matrix for the (physical) vector mesons
Four types of diagrams are determined from Eq. (1), which are shown 

in Fig. 1(A)-(D). The spin part of the amplitudes corresponding to these 
four diagrams turns out, in the order the diagrams are shown, to be 
(A) 𝐽𝜓𝐴 ⋅ 𝐽𝜓𝑃 , (B) 𝐽𝜆 ⋅ 𝐽𝜓𝑃 × 𝐽𝜓𝐴, (C) 𝐽𝜓𝐴 ⋅ 𝐽𝜆 𝐽𝜓𝑃 ⋅ 𝐽𝜆 and (D) 𝐽𝜓𝑃 ⋅ 𝐽𝜆 𝐽𝜓𝐴 ⋅ 𝐽𝜆, where 𝐽𝜓𝐴%𝑃

Fig. 1. The upper row of diagrams corresponds to the lowest order contribu-
tions to the vector-baryon interactions. The lower row shows the lowest-order 
pseudoscalar-baryon amplitude and the one for the transition between the two 
types of systems. We represent baryons as solid lines, vector mesons as thick-
smeared lines, and pseudoscalar mesons as dashed lines.

are the polarization vectors of the participating vector meson, while 𝐽𝜆
operates in the bayonic spin space. 

The pseudoscalar-baryon interactions in Refs. [6–8] were deter-
mined from the lowest-order chiral Lagrangian (represented by diagram 
(E) in Fig. 1). The transitions among the two types of meson-baryon sys-
tems were determined by introducing vector-mesons as gauge bosons 
in the nonlinear sigma model Lagrangian. We can interpret such am-
plitudes as an extension of the Kroll-Ruddermann term for the pion-
photoproduction where a photon is replaced by a vector meson, relying 
on the vector meson dominance.

We next discuss how these amplitudes are used as an input in the 
calculation of the correlation function.

2.2. Correlation function

The two-particle correlation function (CF) is formally defined as the 
ratio of the probability of measuring the two-particle state and the prod-
uct of the probabilities of measuring each individual particle. After the 
use of some approximations (see a detailed discussion, for example, in 
Ref. [27]), it may be written in terms of the so-called Koonin–Pratt for-
mula [27–31]

̃(𝛼) = ∫ 𝑏3<𝑍12(𝐽<)|Ψ(𝐽𝛼; 𝐽<)|2, (3)

where 𝐽𝛼 is the relative momentum in the center of mass (CM) frame of 
the pair; 𝐽< is the relative distance between the two particles; Ψ(𝐽𝛼; 𝐽<) is the 
relative two-particle wave function; and 𝑍12(𝐽<) is the source function.

For our practical purposes here, to accommodate the multi-channel 
amplitudes presented in the previous section, we use a generalized ver-
sion of the Koonin–Pratt formula (3) developed in preceding works [32–
35]. The same formalism has been applied recently to studies of several 
systems leading to the formation of exotic hadrons (for a review see 
Ref. [36]). Accordingly, the coupled-channel CF for a specific channel 𝐴
is given by

̃𝐴(𝛼𝐴) = 1 + 4𝑆>(?@AB − 𝛼𝐴)

×
( 

∫
0 
𝑏<<2𝑍12(𝐽<)

(∑
C
DC |C0(𝛼𝐴<)EC𝐴 + FC𝐴(

√
𝑗)H̃C (<; 𝑗)|2 − C20 (𝛼𝐴<)

)
, (4)

where DC is the weight of the observed channel C; C𝜀 (𝛼𝐴<) is the spherical 
Bessel function; I =

√
𝑗 is the CM energy; 𝛼𝐴 = J1%2(𝑗,@2

1𝐴,@
2
2𝐴)%(2

√
𝑗)
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the two spin cases, and are more in line with the findings of Ref. [4].

The nature and strength of the 𝑘-𝑑 interaction is of interest also 
in the context of studying in-medium behavior of the 𝑘 meson in nu-
clear matter [14–16] and the possibility of the formation of a 𝑘-nucleus 
bound state [17–22], for which the state discussed in Ref. [4] would be 
the most elementary type. While the KEK E325 Collaboration reported a 
negative mass shift of −3.4+0.6−0.7% for the 𝑘meson in nuclear matter [23], 
the values of the above recently measured scattering lengths around 1 
fm translate, within the linear density approximation, to mass shifts of 
the order of 10% [24] (see Ref. [25] for a discussion of some of the ef-
fects that go beyond linear density). The J-PARC E16 [15] and E88 [26] 
experiments will hopefully shed new light on this issue by providing up-
dated measurements of the 𝑘 meson mass shift in nuclear matter. This 
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proved interpretation of the ALICE 𝑘𝑑 correlation function data based 
on a phenomenologically successful coupled channel approach, as de-
scribed in the previous paragraph.

This paper is organized as follows. We start by giving a brief outline 
of the model we use to determine meson-baryon amplitudes and the 
formalism to apply those amplitudes for computing the 𝑘𝑑 correlation 
function. Finally, we present the main results of this work, the 𝑘𝑑 cor-
relation function, and its comparison with the available experimental 
data. We furthermore provide the decomposition of the spin-averaged 
correlation function into different spins and channels and discuss the 
corresponding results. The paper concludes with a summary.
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2.1. Meson-baryon scattering amplitudes

In this section, we first briefly discuss the calculation of the 𝑘-𝑑
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that all the amplitudes are projected on the 𝑗-wave. In such a framework, 
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number of coupled channels is reduced in this case. The lowest-order 
vector-baryon interactions in our formalism are determined, through 
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}

, (1)

where the subscripts 8 and 0 represent the flavor octet and the singlet 
part of the wave function of the vector mesons. Such a separation is 
relevant for 𝑥 and 𝑘 which are considered as ideally mixed states of the 
octet and singlet components. The tensor field, . ̃𝜀 , is written as

. ̃𝜀 = 𝑐̃. 𝜀 − 𝑐𝜀. ̃ + 𝐴𝛿
[
. ̃ ,. 𝜀] , (2)

with . ̃ being the SU(3) matrix for the (physical) vector mesons
Four types of diagrams are determined from Eq. (1), which are shown 

in Fig. 1(A)-(D). The spin part of the amplitudes corresponding to these 
four diagrams turns out, in the order the diagrams are shown, to be 
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Fig. 1. The upper row of diagrams corresponds to the lowest order contribu-
tions to the vector-baryon interactions. The lower row shows the lowest-order 
pseudoscalar-baryon amplitude and the one for the transition between the two 
types of systems. We represent baryons as solid lines, vector mesons as thick-
smeared lines, and pseudoscalar mesons as dashed lines.

are the polarization vectors of the participating vector meson, while 𝐽𝜆
operates in the bayonic spin space. 

The pseudoscalar-baryon interactions in Refs. [6–8] were deter-
mined from the lowest-order chiral Lagrangian (represented by diagram 
(E) in Fig. 1). The transitions among the two types of meson-baryon sys-
tems were determined by introducing vector-mesons as gauge bosons 
in the nonlinear sigma model Lagrangian. We can interpret such am-
plitudes as an extension of the Kroll-Ruddermann term for the pion-
photoproduction where a photon is replaced by a vector meson, relying 
on the vector meson dominance.

We next discuss how these amplitudes are used as an input in the 
calculation of the correlation function.

2.2. Correlation function

The two-particle correlation function (CF) is formally defined as the 
ratio of the probability of measuring the two-particle state and the prod-
uct of the probabilities of measuring each individual particle. After the 
use of some approximations (see a detailed discussion, for example, in 
Ref. [27]), it may be written in terms of the so-called Koonin–Pratt for-
mula [27–31]

̃(𝛼) = ∫ 𝑏3<𝑍12(𝐽<)|Ψ(𝐽𝛼; 𝐽<)|2, (3)

where 𝐽𝛼 is the relative momentum in the center of mass (CM) frame of 
the pair; 𝐽< is the relative distance between the two particles; Ψ(𝐽𝛼; 𝐽<) is the 
relative two-particle wave function; and 𝑍12(𝐽<) is the source function.

For our practical purposes here, to accommodate the multi-channel 
amplitudes presented in the previous section, we use a generalized ver-
sion of the Koonin–Pratt formula (3) developed in preceding works [32–
35]. The same formalism has been applied recently to studies of several 
systems leading to the formation of exotic hadrons (for a review see 
Ref. [36]). Accordingly, the coupled-channel CF for a specific channel 𝐴
is given by
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Fig. 6. This figure shows a comparison of the different amplitudes which are contributing to the CF in the spin 1/2 (left panel) and spin 3/2 (right panel) case. It 
can be seen that the dominant contribution comes from the 𝑘𝑑 and 𝑆∗Λ channels.

also be useful to cite here the scattering length values for the 𝜃𝑆𝑑 sys-
tem, which is related to the formation of the Λ(1405). In Ref. [13], we 
find the scattering length for the isoscalar case where the real and the 
imaginary parts are of the same order. In the same work, we find that the 
imaginary part of the isovector scattering length is much bigger than its 
real part, and in this case, we find the dynamical generation of Σ(1400). 
Our results are in good agreement with other studies (a list is available 
in the review presented in Ref. [49]). A similar feature has also been 
found for the 𝑞𝑑 scattering length in Ref. [8].

Further, for the parameter set A, we get a spin averaged scattering 
length of −0.22+ 𝑚1.50 fm, while for set B, we get −0.72+ 𝑚0.83 fm. The 
absolute value of our results, which is about 1 fm, compares well with 
the one obtained through a Lednický–Lyuboshits fit made to the data 
on the spin-averaged 𝑘𝑑 correlation function [1]. The absolute value 
of the spin 3/2 scattering length found in our work also agrees well with 
that determined by lattice QCD [2]. It is, however, important to men-
tion that the real and imaginary parts of our results, individually, do 
not agree well with the complex value determined in Ref. [1] for the 
spin averaged scattering length. Further, a purely real value of the spin 
3/2 scattering length is obtained in Ref. [2]. To understand these differ-
ences we recall that the experimental data available on the correlation 
function is spin averaged. On the other hand, here, we study each spin 
case separately and find that the interactions are quite different and in-
tricate in each case. It should not be surprising that the spin-averaged 
data can be described by a different combination of amplitudes for each 
spin case. We recall that the complex value determined for the spin 1/2 
𝑘𝑑 scattering length by the fit made to the ALICE data [1] in Ref. [4] 
is 
(
−1.54+0.53+0.16−0.53−0.09 + 𝑚0.00

+0.35+0.16
−0.00

)
fm, a result which also differs from 

our findings.
Another issue to be addressed here is the difference between the 

order of magnitude of these scattering lengths and those obtained 
from the photoproduction processes. The absolute values of around 
1 fm discussed above disagree by two orders of magnitude with the 
phenomenologically determined value for the 𝑥𝑘 scattering length of 
0.064 ± 0.010 fm in Ref. [3] using the total cross section data for the 
reaction 𝑗𝑥→ 𝑘𝑥 from the CLAS Collaboration [50]. Furthermore, the 
values of the scattering lengths determined using recent LEPS data for 
𝑗𝑤→ 𝑘𝑤→𝑆+𝑆−𝑤 in Refs. [51–53], seem to be more in line with the 
values of Ref. [3]. In such a situation, it is important to understand if 
the interaction of a photon, reasoning in terms of vector meson dom-
inance, through a 𝜃𝛿𝛿 pair, which eventually hadronizes as a 𝑘 meson, 
with the nucleon, could be different to the on-shell 𝑘𝑑 interactions. 
One has to also recall that there are subtleties involved in the deter-
mination of the scattering length from the correlation function as well, 
besides those mentioned in the previous paragraph. For example, the 
source radius depends on the multiplicity of a particular event. Some 
details on the determination of the size of the radius for average 𝑇 − 𝑇
Bose-Einstein correlations are discussed in Refs. [54,55]. Additionally, 
initial correlations between protons and 𝑘 mesons are assumed to be 
negligible inside of the source radius of 1 fm. In any case, it is impor-

tant to see if our model can provide a description for the discrepancy 
of the scattering length values coming from the photoproduction pro-
cesses and those coming from the data on the correlation function [1] 
and lattice QCD [2]. Such a study should be done as a next step to this 
work.

Going back to the discussions of our results, we now consider the 
contributions of the most significant channels to the obtained correla-
tion function. The corresponding decomposition for the spin averaged 
case is shown in Fig. 5.

It can be seen that the contributions from multiple channels have 
important contributions, the most important ones being 𝑘𝑑 and ,𝑑 . 
The corresponding amplitudes are shown in Fig. 6.

One can see that 𝑘𝑑 and 𝑆∗Λ couple strongly in the spin 3/2 case 
to produce a cusp (or almost a bound state-like) structure near the 𝑘𝑑
threshold. In the case of spin 1/2, we have the presence of 𝑑∗(1895), 
which was shown to have a two-pole nature in Ref. [8], with values 
1801− 𝑚96MeV and 1912− 𝑚54MeV. As different channels have different 
couplings to the two poles, different structures appear in the amplitudes 
on the real axis.

4. Conclusions

In this work, we have calculated the correlation functions for the dif-
ferent spin configurations of the 𝑘𝑑 channel, taking into account spin-
dependent vector-baryon interactions derived from an effective theory 
approach based on hidden local symmetry and coupled channel effects. 
We find that the presence of a strong attraction near the 𝑘𝑑 threshold 
in the spin 3/2 channel gives rise to a CF larger than 1 for small relative 
momentum. On the other hand, the spin 1/2 CF exhibits the opposite 
behavior, which we relate to the presence of the 𝑑∗(1895) resonance in 
the scattering amplitudes. When combining the two spin channels to a 
spin-averaged quantity, we find reasonable agreement with the data re-
ported by the ALICE Collaboration [1], which is achieved without any 
parameter fitting, but is rather a natural outcome of the model. We find 
that coupled channel effects are crucial in determining the CF. Further-
more, the weights ̃. for the different channels contributing to the CF 
are also a critical input necessary to reach a good agreement with the 
experimental data.
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is the relative momentum of the channel 𝑘, with 𝑑 being the Källen func-
tion and 𝑆1𝑘,𝑆2𝑘 the masses of the mesons in channel 𝑘; 𝜃𝑞𝑘 are the 
elements of the scattering matrix for the meson–baryon interactions; 
and the 𝑚𝑥𝑞 (𝑗; 𝑤) function is defined as

𝑚𝑥𝑞 (𝑗; 𝑤) = ∫
|𝛿𝑇|<𝑇𝑆,̃

.3𝑇
(2𝐺)3

𝐸(𝑞)
1 +𝐸(𝑞)

2

2𝐸(𝑞)
1 𝐸

(𝑞)
2

𝑞0(𝑇𝑗) 

𝑤−
(
𝐸(𝑞)
1 +𝐸(𝑞)

2

)2
+ 𝑘𝜆

, (5)

with 𝐸(𝑞)
, ≡ 𝐸(𝑞)

, (𝑇) =
√
𝑇2 +𝑆2

, being the energy of the particle , in 
the channel 𝑞, and 𝑇𝑆,̃ being a sharp cutoff momentum introduced to 
regularize the 𝑗→ 0 behavior. The value of 𝑇𝑆,̃ is chosen to be 𝑇𝑆,̃ =
700 MeV.

As discussed in the previous section, the 𝜀𝑅 system is described by 
the spin states 1∕2 and 3∕2. Therefore, each spin contribution should be 
weighted by the spin degeneracy, and the total 𝜀𝑅 CF is given by

̃𝜀𝑅 (𝑐) = 1
3̃

(
1
2

)

𝜀𝑅 (𝑐) + 2
3̃

(
3
2

)

𝜀𝑅 (𝑐), (6)

where ̃ (𝐴)
𝜀𝑅 (𝑐) is estimated from Eq. (4) making use of the 𝜃 -matrices 

determined in the corresponding spin 𝑤 configuration.
Another important ingredient to be considered is the 𝑗-dependence 

of the source function. We employ the same parametrization adopted 
by the ALICE Collaboration in Ref. [1]. It is based on a static Gaussian 
profile normalized to unity, i.e.,

𝐴12(𝛿𝑗) =
1 

(4𝐺)
3
2 𝐽3

exp
(
− 𝑗2

4𝐽2

)
. (7)

The source size parameter 𝐽 in the present work is fixed at the central 
value used in Ref. [1]: 𝐽 = 1.08 fm. A discussion on using other types 
of source functions can be found in Refs. [37,27].

The last elements to be remarked are the weights 𝜓𝑞 ’s in Eq. (4). 
A common choice in the literature is 𝜓𝑞 = 1 (see, e.g., the previous 
works [32–35] and references therein), which means the same final 
yield for all the observed channels. However, we know that the mul-
tiplicity of a two-particle channel is related to the number of its consti-
tuting primary particles, which depends on the collision conditions, such 
as the collision system (i.e., pp, pA, or AA), energy, and centrality in-
terval considered. Thus, for the proper counting of the coupled channel 
correlations, it seems reasonable to consider different 𝐸𝑞 s, as the pri-
mary yields generate pair multiplicities with very distinct magnitudes. 
In this regard, we benefit from the procedure reported in Ref. [5], where 
each contribution associated with the 𝑞-th transition has been weighted 
considering the data-driven method used in Ref. [38]. Accordingly, a 
given 𝜓𝑞 is related to the multiplicity of the pairs yielded from primary 
particles generated in the collision. In turn, this amount of pairs has 
been obtained in Ref. [38] using the Thermal-Fist (TF) package [39,40], 
which is based on the statistical thermal model. The final number of 
pairs in the channel 𝑞 is then the product between the primary yields 
of the particles in the considered pair, but taking into account pairs 
with relative momentum 𝑐 < 200 MeV in the Monte Carlo simulations 
of the kinematic distributions. Thus, to make a reasonable comparison, 
the weights employed here in the calculations of the 𝜀𝑅 CF for the chan-
nel space in spin 3∕2 are the same as those in Ref. [5], which have been 
calculated for the scenario of pp collisions at √𝑤 = 13 TeV. Concern-
ing the remaining channels with spin 1∕2, we have used the findings of 
Refs. [39,40], again using the same collision conditions. The 𝜓𝑞 ’s are 
shown in Table 1, normalized with respect to the total production of 
𝜀𝑅 pairs. 

3. Results

We begin by showing in Fig. 2 the spin averaged correlation function 
obtained through Eq. (6), as a function of the CM relative momentum 
𝑐. The calculation was done, for each spin case, using Eq. (4) with the 

Table 1
Weights 𝜓𝑞 ’s for the corresponding channels em-
ployed in the calculation of the coupled-channel 
𝜀𝑅 CF shown in Eq. (6). The 𝜓𝑞 ’s are normalized 
with respect to the total production of 𝜀𝑅 pairs, 
for the scenario of pp collisions at √𝑤 = 13 TeV.

𝑞-th channel 𝜓
(

1
2

)

𝑞 𝜓
(

3
2

)

𝑞

𝐺𝑅 71 −
𝑃𝑅 1 −
𝛼Λ 5 −
𝛼Σ 5 −
𝑏𝑅 6.24 6.24
𝐸𝑅 5.77 5.77
𝜀𝑅 1 1
𝛼%Λ 0.65 0.65
𝛼%Σ 0.42 0.42

Fig. 2. Total coupled-channel 𝜀𝑅 CF defined in Eq. (6) as a function of the CM 
relative momentum 𝑐. The experimental points have been taken from Ref. [1]. 
As can be noticed, the results are shown in the form of a band which is associated 
with the uncertainty in the values of the weights given in Table 1. We consider 
the uncertainty to be of the order of ±10%.

Fig. 3. The decomposition of the result shown in Fig. 2 into its 𝐴 = 1∕2 and 
𝐴 = 3∕2 components.

weights listed in Table 1. For gaining a better understanding of this 
result, it is instructive to decompose it into its spin components. This 
is done in Fig. 3, where we plot the 𝜀𝑅 CF determined for the two 
spin channels 1/2 and 3/2. Clearly, the spin 3/2 amplitudes give a posi-
tive and much larger contribution to the full (spin-averaged) correlation 
function, while the corresponding spin 1/2 curve starts below unity and 
shows a much smaller momentum dependence. We note that this behav-
ior is in qualitative agreement with what was found in Ref. [4]. In our 
approach, this agreement can only be achieved once spin-dependent in-
teractions and all relevant coupled channels are taken into account (as 
will be shown below). Furthermore, we do find a strong attraction in 
the spin 3/2 case, in accordance with Ref. [2].

To understand this result further, we need to consider the spin 3/2 
and 1/2 𝜀𝑅 amplitudes in detail. First, we note that solving the Bethe-
Salpeter equation in the approach followed in Refs. [6–8] involves reg-
ularizing a divergent loop function. This was done by following the 

Physics�Letters�B�860��������139175�

3�

L.M. Abreu, P. Gubler, K.P. Khemchandani et al. 

is the relative momentum of the channel 𝑘, with 𝑑 being the Källen func-
tion and 𝑆1𝑘,𝑆2𝑘 the masses of the mesons in channel 𝑘; 𝜃𝑞𝑘 are the 
elements of the scattering matrix for the meson–baryon interactions; 
and the 𝑚𝑥𝑞 (𝑗; 𝑤) function is defined as
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with 𝐸(𝑞)
, ≡ 𝐸(𝑞)

, (𝑇) =
√
𝑇2 +𝑆2

, being the energy of the particle , in 
the channel 𝑞, and 𝑇𝑆,̃ being a sharp cutoff momentum introduced to 
regularize the 𝑗→ 0 behavior. The value of 𝑇𝑆,̃ is chosen to be 𝑇𝑆,̃ =
700 MeV.

As discussed in the previous section, the 𝜀𝑅 system is described by 
the spin states 1∕2 and 3∕2. Therefore, each spin contribution should be 
weighted by the spin degeneracy, and the total 𝜀𝑅 CF is given by

̃𝜀𝑅 (𝑐) = 1
3̃

(
1
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)

𝜀𝑅 (𝑐) + 2
3̃

(
3
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)

𝜀𝑅 (𝑐), (6)

where ̃ (𝐴)
𝜀𝑅 (𝑐) is estimated from Eq. (4) making use of the 𝜃 -matrices 

determined in the corresponding spin 𝑤 configuration.
Another important ingredient to be considered is the 𝑗-dependence 

of the source function. We employ the same parametrization adopted 
by the ALICE Collaboration in Ref. [1]. It is based on a static Gaussian 
profile normalized to unity, i.e.,

𝐴12(𝛿𝑗) =
1 

(4𝐺)
3
2 𝐽3
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(
− 𝑗2
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The source size parameter 𝐽 in the present work is fixed at the central 
value used in Ref. [1]: 𝐽 = 1.08 fm. A discussion on using other types 
of source functions can be found in Refs. [37,27].

The last elements to be remarked are the weights 𝜓𝑞 ’s in Eq. (4). 
A common choice in the literature is 𝜓𝑞 = 1 (see, e.g., the previous 
works [32–35] and references therein), which means the same final 
yield for all the observed channels. However, we know that the mul-
tiplicity of a two-particle channel is related to the number of its consti-
tuting primary particles, which depends on the collision conditions, such 
as the collision system (i.e., pp, pA, or AA), energy, and centrality in-
terval considered. Thus, for the proper counting of the coupled channel 
correlations, it seems reasonable to consider different 𝐸𝑞 s, as the pri-
mary yields generate pair multiplicities with very distinct magnitudes. 
In this regard, we benefit from the procedure reported in Ref. [5], where 
each contribution associated with the 𝑞-th transition has been weighted 
considering the data-driven method used in Ref. [38]. Accordingly, a 
given 𝜓𝑞 is related to the multiplicity of the pairs yielded from primary 
particles generated in the collision. In turn, this amount of pairs has 
been obtained in Ref. [38] using the Thermal-Fist (TF) package [39,40], 
which is based on the statistical thermal model. The final number of 
pairs in the channel 𝑞 is then the product between the primary yields 
of the particles in the considered pair, but taking into account pairs 
with relative momentum 𝑐 < 200 MeV in the Monte Carlo simulations 
of the kinematic distributions. Thus, to make a reasonable comparison, 
the weights employed here in the calculations of the 𝜀𝑅 CF for the chan-
nel space in spin 3∕2 are the same as those in Ref. [5], which have been 
calculated for the scenario of pp collisions at √𝑤 = 13 TeV. Concern-
ing the remaining channels with spin 1∕2, we have used the findings of 
Refs. [39,40], again using the same collision conditions. The 𝜓𝑞 ’s are 
shown in Table 1, normalized with respect to the total production of 
𝜀𝑅 pairs. 

3. Results

We begin by showing in Fig. 2 the spin averaged correlation function 
obtained through Eq. (6), as a function of the CM relative momentum 
𝑐. The calculation was done, for each spin case, using Eq. (4) with the 

Table 1
Weights 𝜓𝑞 ’s for the corresponding channels em-
ployed in the calculation of the coupled-channel 
𝜀𝑅 CF shown in Eq. (6). The 𝜓𝑞 ’s are normalized 
with respect to the total production of 𝜀𝑅 pairs, 
for the scenario of pp collisions at √𝑤 = 13 TeV.
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Fig. 2. Total coupled-channel 𝜀𝑅 CF defined in Eq. (6) as a function of the CM 
relative momentum 𝑐. The experimental points have been taken from Ref. [1]. 
As can be noticed, the results are shown in the form of a band which is associated 
with the uncertainty in the values of the weights given in Table 1. We consider 
the uncertainty to be of the order of ±10%.

Fig. 3. The decomposition of the result shown in Fig. 2 into its 𝐴 = 1∕2 and 
𝐴 = 3∕2 components.

weights listed in Table 1. For gaining a better understanding of this 
result, it is instructive to decompose it into its spin components. This 
is done in Fig. 3, where we plot the 𝜀𝑅 CF determined for the two 
spin channels 1/2 and 3/2. Clearly, the spin 3/2 amplitudes give a posi-
tive and much larger contribution to the full (spin-averaged) correlation 
function, while the corresponding spin 1/2 curve starts below unity and 
shows a much smaller momentum dependence. We note that this behav-
ior is in qualitative agreement with what was found in Ref. [4]. In our 
approach, this agreement can only be achieved once spin-dependent in-
teractions and all relevant coupled channels are taken into account (as 
will be shown below). Furthermore, we do find a strong attraction in 
the spin 3/2 case, in accordance with Ref. [2].

To understand this result further, we need to consider the spin 3/2 
and 1/2 𝜀𝑅 amplitudes in detail. First, we note that solving the Bethe-
Salpeter equation in the approach followed in Refs. [6–8] involves reg-
ularizing a divergent loop function. This was done by following the 
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Strategy
•  Chiral symmetry is spontaneously broken, but not very badly. 
• Baryons are classified by chiral multiplets. 
• Broken symmetry is taken care of by their mixing.

Models of chiral baryons
B. W. Lee, Chiral Dynamics (Gordon and Breach, New York, 1972) 
C. DeTar and T. Kunihiro, Phys. Rev. D 39 (1989), 2805 
D. Jido, M. Oka and A. Hosaka, Prog. Theor. Phys. 106 (2001), 873 
→ For  and  of mirror baryons 
     Two mass generation mechanisms;  and  

N N*
m0 ∼ ⟨G2⟩ fπ ∼ ⟨q̄q⟩

knownunknown
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Chiral multiplets/representations

Elementary spin 1/2 fermion: 

 ~ dimension of ;  isospin group for u, d quarks(dL, dR) SU(2)L,R

ψ = ψl + ψr left (l) and right (r) helicity components

= (2,0) + (0,2) 2 corresponds to isospin ↑, ↓

This applies to the elementary quarks

Composite spin 1/2 fermion  
qqq baryons: 

[(2,0) + (0,2)]3

∼ [(2,0) + (0,2)] + [(3,2) + (2,3)]+[(4,1) + (1,4)]
N Δ

Various structures encoded in (higher) dimension SU(2)L × SU(2)R
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Resonances ~ Composite spin 1/2 fermion 
Multiquarks;  or + meson cloudsqqqqq̄ qqq

~

With meson cloud, or multi quark components, higher dimensional 
multiplets are possible => Chiral baryon models.  

∼ [(2,0) + (0,2)] + [(0,2) + (2,0)] + [(3,2), (2,3)] + [(2,3), (3,3)] + ⋯
Mirror Mirror

N N* Δ*Δ

[(2,0) + (0,2)] ∼ qqqqq̄5

[(2,0) + (0,2)]3 + (1/2,1/2) ∼ qqq + meson

5 quarks
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Application to neutron stars for m0
Motohiro, Kim, Harada, PRC92, 025201 (2015) 
Minamikawa, Kojo, Harada, PRC103, 045205 (2021) 
Gao, Yuan, Harada, Ma, PRC110, 045802 (2024)

Hybrid model of chiral mesons, baryons and NJL type quarks
N, N*, π, σ, ρ, ω (diquark)q, d

ASYMMETRIC NUCLEAR MATTER IN A PARITY DOUBLET . . . PHYSICAL REVIEW C 92, 025201 (2015)

Now, the mesonic part of the Lagrangian extended by the HLS
is expressed as

LM = 1
2
∂µσ∂µσ + σ 2tr[α̂⊥µα̂

µ
⊥] − Vσ − VSB

+
m2

ρ

g2
ρ

tr[α̂‖µα̂
µ
‖ ] +

(
m2

ω

2g2
ω

−
m2

ρ

2g2
ρ

)
tr[α̂‖µ]tr[α̂µ

‖ ]

− 1
2g2

ρ

tr[ρµνρ
µν] −

(
1

4g2
ω

− 1
4g2

ρ

)
tr[ωµν]tr[ωµν],

(2.19)

where the first line is from Eq. (2.8) with the following form
of the potential:

Vσ = − 1
2 µ̄2σ 2 + 1

4λσ 4 − 1
6λ6σ

6, (2.20)

VSB = − 1
4 m̄εσ tr[U + U †]. (2.21)

The second and third lines contain the mass and kinetic terms
of vector mesons, respectively.

We also rewrite the nucleon part of the Lagrangian as

LN = ψ̄1r iγ
µDµψ1r + ψ̄1l iγ

µDµψ1l

+ ψ̄2r iγ
µDµψ2r + ψ̄2l iγ

µDµψ2l

−m0[ψ̄1lψ2r − ψ̄1rψ2l − ψ̄2lψ1r + ψ̄2rψ1l]

− g1σ [ψ̄1rU
†ψ1l + ψ̄1lUψ1r ]

− g2σ [ψ̄2rUψ2l + ψ̄2lU
†ψ2r ]

− aρNN [ψ̄1lγ
µ(ξ †

Lα̂‖µξL)ψ1l + ψ̄1rγ
µ(ξ †

Rα̂‖µξR)ψ1r ]

− aρNN [ψ̄2lγ
µ(ξ †

Rα̂‖µξR)ψ2l + ψ̄2rγ
µ(ξ †

Lα̂‖µξL)ψ2r ]

− a0NN tr[α̂‖µ] (ψ̄1lγ
µψ1l + ψ̄1rγ

µψ1r

+ ψ̄2lγ
µψ2l + ψ̄2rγ

µψ2r ). (2.22)

The vacuum expectation value (VEV) of the σ field,
denoted by σ0, is determined by the stationary condition for
the potential, as we explained above. The nonzero σ0 breaks
the chiral symmetry spontaneously and generates the masses
of nucleons as

Lmass = −(ψ̄1 ψ̄2)
(

g1σ0 m0γ5
−m0γ5 g2σ0

)(
ψ1
ψ2

)
. (2.23)

We obtain the masses of the positive-parity and negative-parity
nucleons by diagonalizing the mass matrix. Here, we write the
mass eigenstates as N+ and N−, which are related to ψ1 and

TABLE I. Determined model parameters for given m0. Here
mω = 783 MeV, mρ = 776 MeV, and m̄ε = m2

,f, .

m0 (MeV) 500 600 700 800 900

g1 15.4 14.8 14.2 13.3 12.3
g2 8.96 8.43 7.76 6.94 5.92
gωNN 11.4 9.12 7.31 5.67 3.54
gρNN 8.05 6.97 7.46 7.75 8.75
µ̄ (MeV) 435 434 402 316 109
λ 40.5 39.4 34.5 22.5 4.26
λ6 16.3 15.4 13.5 8.66 0.607

TABLE II. Physical inputs in vacuum (MeV).

m+ m− mω mρ f, m,

939 1535 783 776 93 140

ψ2 as
(

N+
N−

)
=

(
cos θ γ5 sin θ

−γ5 sin θ cos θ

)(
ψ1
ψ2

)
, (2.24)

where θ is the mixing angle given by

tan 2θ = 2m0

(g1 + g2)σ0
. (2.25)

The mass eigenvalues are determined as

m± = 1
2

(√
(g1 + g2)2σ 2

0 + 4m2
0 ∓ (g1 − g2)σ0

)
, (2.26)

where m+ and m− are the masses of positive- and negative-
parity baryons, respectively.2 From this expression, one can
easily see that the spontaneous chiral symmetry breaking is
responsible for the mass differences of the parity partners.

III. DETERMINATION OF MODEL PARAMETERS

In this section, we determine the ten unknown parameters in
this model by performing a global fit with chosen m0 to masses
and the pion decay constant in free space and to normal nuclear
matter properties. In this global fitting we have used m0 = 900,
800, 700, 600, and 500 MeV because we have found that with
m0 = 400 MeV or less we cannot reproduce the normal nuclear
matter properties such as incompressibility.

The determined parameters are summarized in Table I.
Now, we describe how we fix the model parameters and what
the inputs are.

First, we determine six parameters by using the physical
inputs listed in Table II. We choose the mass of positive-
parity (negative-parity) nucleons as m+ = 939 MeV (m− =
1535 MeV). As in some literatures, one may also try m− =
1200 MeV, but we have chosen the lightest and observed one.
The pion mass and decay constant are m, = 140 MeV and
f, = 93 MeV.

Next, the remaining parameters are fixed by the saturation
density, the binding energy, the incompressibility, and the
symmetry energy for the normal nuclear matter at zero
temperature. The normal nuclear matter properties for the
fit are discussed below, and empirical values of them are
summarized in Table III.

2As we l explain in the next section, we use m+ = 939 MeV and
m− = 1535 MeV as inputs to determine the values of g1 and g2 for
given m0. When we take m+ as the mass of the negative-parity baryon
and m− as that of the positive-parity baryon, i.e., m− = 939 MeV and
m+ = 1535 MeV, the determined values of g1 and g2 are exchanged.
One can verify that this exchange does not cause any physical
difference by swapping ψ1 with ψ2.
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TABLE I. Physical inputs in vacuum in unit of MeV.

mπ fπ mω mρ m+ m−

140 92.4 783 776 939 1535

Finally, we obtain the pressure in the hadronic matter as

PH = −$H. (31)

In the present analysis, following Ref. [23], we determine
the model parameters from the following physical inputs for
fixed values of the chiral invariant mass m0: five masses of the
relevant hadrons and the pion decay constant in vacuum as
listed in Table I; saturation properties of nuclear matter at the
saturation density as in Table II. We show the values of model
parameters for several typical choices of m0 in Table III.

As is seen from Table III, the slope parameter in this model
is larger for a smaller chiral invariant mass. Although the
higher order contributions in the expansion with respect to
x = (nB − n0)/3n0 and δ = 2nI/nB become important in the
high density region nB ! 2n0, the EOS from the present model
is stiffer for smaller m0 as we will show in the next section.
This can be understood as follows: The Yukawa coupling of
σ to nucleon is larger for smaller chiral invariant mass, which
leads to stronger attractive force mediated by σ contribution.
The ω contribution causing the repulsive force is also larger
to satisfy the saturation properties at saturation density. This
ω contribution becomes larger in the high density region,
while the σ contribution becomes smaller. The resulting large
repulsive force makes the EOS stiff.

B. Color superconductivity

Following Ref. [38], we use an NJL-type effective model
of quarks including the four-Fermi interactions which cause
the spontaneous chiral symmetry breaking and the color-
superconductivity. The Lagrangian is given by

LCSC = L0 + Lσ + Ld + LKMT + Lvec, (32)

where

L0 = q̄(iγ µ∂µ − m̂q + γµÂµ)q, (33)

Lσ = G
8∑

A=0

[(q̄τAq)2 + (q̄iγ5τAq)2], (34)

Ld = H
∑

A,B=2,5,7

[(q̄τAλBCq̄t )(qtCτAλBq)

+ (q̄iγ5τAλBCq̄t )(qtCiγ5τAλBq)], (35)

TABLE II. Saturation properties used to determine the model
parameters: the saturation density n0, the binding energy B0, the
incompressibility K0, and the symmetry energy S0.

n0 [fm−3] B0 [MeV] K0 [MeV] S0 [MeV]

0.16 16 240 31

TABLE III. Values of model parameters determined for several
choices of m0. The values of the slope parameter is also shown as
output.

m0 [MeV] 500 600 700 800 900

g1 9.02 8.48 7.81 6.99 5.96
g2 15.5 14.9 14.3 13.4 12.4
µ̄2/ f 2

π 22.7 22.4 19.3 11.9 1.50
λ4 41.9 40.4 35.5 23.1 4.43
λ6 f 2

π 16.9 15.8 13.9 8.89 0.636
gωNN 11.3 9.13 7.30 5.66 3.52
gρNN 7.31 7.86 8.13 8.30 8.43

L0 [MeV] 93.76 86.24 83.04 81.33 80.08

LKMT = −K[det
f

q̄(1 − γ5)q + det
f

q̄(1 + γ5)q], (36)

Lvec = −gV (q̄γ µq)(q̄γµq), (37)

and Âµ is the external field. The chemical potentials are intro-
duced in the same way as the hadronic case by

Âµ = (µq + µ3λ3 + µ8λ8 + µQQ)δµ
0 , (38)

where λa are Gell-Mann matrices in color space and Q =
diag(2/3,−1/3,−1/3) is a charge matrix in flavor space. For
coupling constants G and K , we chose the values of Hatsuda-
Kunihiro parameters which successfully reproduce the hadron
phenomenology at low energy [37,44]: G+2 = 1.835 and
K+5 = 9.29 with + = 631.4 MeV. We introduce the mean
fields as

σ f = 〈q̄ f q f 〉, ( f = u, d, s), (39)

d j = 〈qtCγ5Rjq〉, ( j = 1, 2, 3), (40)

nq =
∑

f =u,d,s

〈q†
f q f 〉, (41)

where (R1, R2, R3) = (τ7λ7, τ5λ5, τ2λ2). Then, the thermody-
namic potential is calculated as

$CSC =$s − $s
[
σ f = σ 0

f , d j = 0, µq = 0
]

+ $c − $c
[
σ f = σ 0

f , d j = 0
]
, (42)

where

$s = −2
18∑

i=1

∫ + d3p
(2π )3

,i

2
, (43)

$c =
∑

i

(
2Gσ 2

i + Hd2
i

)
− 4Kσuσdσs − gV n2

q. (44)

In Eq. (43), ,i are energy eigenvalues obtained from the fol-
lowing inverse propagator in Nambu-Gorkov basis

S−1(k) =
(

γµkµ − M̂ + γ 0µ̂ γ5
∑

i -iRi

−γ5
∑

i -
∗
i Ri γµkµ − M̂ − γ 0µ̂

)
, (45)

where

Mi = mi − 4Gσi + K|.i jk|σ jσk, (46)

-i = −2Hdi, (47)

µ̂ = µq − 2gV nq + µ3λ3 + µ8λ8 + µQQ. (48)
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TABLE I. Physical inputs in vacuum in unit of MeV.

mπ fπ mω mρ m+ m−

140 92.4 783 776 939 1535

Finally, we obtain the pressure in the hadronic matter as

PH = −$H. (31)

In the present analysis, following Ref. [23], we determine
the model parameters from the following physical inputs for
fixed values of the chiral invariant mass m0: five masses of the
relevant hadrons and the pion decay constant in vacuum as
listed in Table I; saturation properties of nuclear matter at the
saturation density as in Table II. We show the values of model
parameters for several typical choices of m0 in Table III.

As is seen from Table III, the slope parameter in this model
is larger for a smaller chiral invariant mass. Although the
higher order contributions in the expansion with respect to
x = (nB − n0)/3n0 and δ = 2nI/nB become important in the
high density region nB ! 2n0, the EOS from the present model
is stiffer for smaller m0 as we will show in the next section.
This can be understood as follows: The Yukawa coupling of
σ to nucleon is larger for smaller chiral invariant mass, which
leads to stronger attractive force mediated by σ contribution.
The ω contribution causing the repulsive force is also larger
to satisfy the saturation properties at saturation density. This
ω contribution becomes larger in the high density region,
while the σ contribution becomes smaller. The resulting large
repulsive force makes the EOS stiff.

B. Color superconductivity

Following Ref. [38], we use an NJL-type effective model
of quarks including the four-Fermi interactions which cause
the spontaneous chiral symmetry breaking and the color-
superconductivity. The Lagrangian is given by

LCSC = L0 + Lσ + Ld + LKMT + Lvec, (32)

where

L0 = q̄(iγ µ∂µ − m̂q + γµÂµ)q, (33)

Lσ = G
8∑

A=0

[(q̄τAq)2 + (q̄iγ5τAq)2], (34)

Ld = H
∑

A,B=2,5,7

[(q̄τAλBCq̄t )(qtCτAλBq)

+ (q̄iγ5τAλBCq̄t )(qtCiγ5τAλBq)], (35)

TABLE II. Saturation properties used to determine the model
parameters: the saturation density n0, the binding energy B0, the
incompressibility K0, and the symmetry energy S0.

n0 [fm−3] B0 [MeV] K0 [MeV] S0 [MeV]

0.16 16 240 31

TABLE III. Values of model parameters determined for several
choices of m0. The values of the slope parameter is also shown as
output.
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g1 9.02 8.48 7.81 6.99 5.96
g2 15.5 14.9 14.3 13.4 12.4
µ̄2/ f 2

π 22.7 22.4 19.3 11.9 1.50
λ4 41.9 40.4 35.5 23.1 4.43
λ6 f 2

π 16.9 15.8 13.9 8.89 0.636
gωNN 11.3 9.13 7.30 5.66 3.52
gρNN 7.31 7.86 8.13 8.30 8.43

L0 [MeV] 93.76 86.24 83.04 81.33 80.08

LKMT = −K[det
f

q̄(1 − γ5)q + det
f

q̄(1 + γ5)q], (36)

Lvec = −gV (q̄γ µq)(q̄γµq), (37)

and Âµ is the external field. The chemical potentials are intro-
duced in the same way as the hadronic case by

Âµ = (µq + µ3λ3 + µ8λ8 + µQQ)δµ
0 , (38)

where λa are Gell-Mann matrices in color space and Q =
diag(2/3,−1/3,−1/3) is a charge matrix in flavor space. For
coupling constants G and K , we chose the values of Hatsuda-
Kunihiro parameters which successfully reproduce the hadron
phenomenology at low energy [37,44]: G+2 = 1.835 and
K+5 = 9.29 with + = 631.4 MeV. We introduce the mean
fields as

σ f = 〈q̄ f q f 〉, ( f = u, d, s), (39)

d j = 〈qtCγ5Rjq〉, ( j = 1, 2, 3), (40)

nq =
∑

f =u,d,s

〈q†
f q f 〉, (41)

where (R1, R2, R3) = (τ7λ7, τ5λ5, τ2λ2). Then, the thermody-
namic potential is calculated as

$CSC =$s − $s
[
σ f = σ 0

f , d j = 0, µq = 0
]

+ $c − $c
[
σ f = σ 0

f , d j = 0
]
, (42)

where

$s = −2
18∑

i=1

∫ + d3p
(2π )3

,i

2
, (43)

$c =
∑

i

(
2Gσ 2

i + Hd2
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)
− 4Kσuσdσs − gV n2

q. (44)

In Eq. (43), ,i are energy eigenvalues obtained from the fol-
lowing inverse propagator in Nambu-Gorkov basis

S−1(k) =
(

γµkµ − M̂ + γ 0µ̂ γ5
∑

i -iRi

−γ5
∑

i -
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i Ri γµkµ − M̂ − γ 0µ̂

)
, (45)

where

Mi = mi − 4Gσi + K|.i jk|σ jσk, (46)

-i = −2Hdi, (47)

µ̂ = µq − 2gV nq + µ3λ3 + µ8λ8 + µQQ. (48)
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TABLE I. Physical inputs in vacuum in unit of MeV.

mπ fπ mω mρ m+ m−

140 92.4 783 776 939 1535

Finally, we obtain the pressure in the hadronic matter as

PH = −$H. (31)

In the present analysis, following Ref. [23], we determine
the model parameters from the following physical inputs for
fixed values of the chiral invariant mass m0: five masses of the
relevant hadrons and the pion decay constant in vacuum as
listed in Table I; saturation properties of nuclear matter at the
saturation density as in Table II. We show the values of model
parameters for several typical choices of m0 in Table III.

As is seen from Table III, the slope parameter in this model
is larger for a smaller chiral invariant mass. Although the
higher order contributions in the expansion with respect to
x = (nB − n0)/3n0 and δ = 2nI/nB become important in the
high density region nB ! 2n0, the EOS from the present model
is stiffer for smaller m0 as we will show in the next section.
This can be understood as follows: The Yukawa coupling of
σ to nucleon is larger for smaller chiral invariant mass, which
leads to stronger attractive force mediated by σ contribution.
The ω contribution causing the repulsive force is also larger
to satisfy the saturation properties at saturation density. This
ω contribution becomes larger in the high density region,
while the σ contribution becomes smaller. The resulting large
repulsive force makes the EOS stiff.

B. Color superconductivity

Following Ref. [38], we use an NJL-type effective model
of quarks including the four-Fermi interactions which cause
the spontaneous chiral symmetry breaking and the color-
superconductivity. The Lagrangian is given by

LCSC = L0 + Lσ + Ld + LKMT + Lvec, (32)

where

L0 = q̄(iγ µ∂µ − m̂q + γµÂµ)q, (33)

Lσ = G
8∑

A=0

[(q̄τAq)2 + (q̄iγ5τAq)2], (34)

Ld = H
∑

A,B=2,5,7

[(q̄τAλBCq̄t )(qtCτAλBq)

+ (q̄iγ5τAλBCq̄t )(qtCiγ5τAλBq)], (35)

TABLE II. Saturation properties used to determine the model
parameters: the saturation density n0, the binding energy B0, the
incompressibility K0, and the symmetry energy S0.
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TABLE III. Values of model parameters determined for several
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output.
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q̄(1 − γ5)q + det
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Lvec = −gV (q̄γ µq)(q̄γµq), (37)

and Âµ is the external field. The chemical potentials are intro-
duced in the same way as the hadronic case by

Âµ = (µq + µ3λ3 + µ8λ8 + µQQ)δµ
0 , (38)

where λa are Gell-Mann matrices in color space and Q =
diag(2/3,−1/3,−1/3) is a charge matrix in flavor space. For
coupling constants G and K , we chose the values of Hatsuda-
Kunihiro parameters which successfully reproduce the hadron
phenomenology at low energy [37,44]: G+2 = 1.835 and
K+5 = 9.29 with + = 631.4 MeV. We introduce the mean
fields as

σ f = 〈q̄ f q f 〉, ( f = u, d, s), (39)

d j = 〈qtCγ5Rjq〉, ( j = 1, 2, 3), (40)

nq =
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f =u,d,s

〈q†
f q f 〉, (41)

where (R1, R2, R3) = (τ7λ7, τ5λ5, τ2λ2). Then, the thermody-
namic potential is calculated as

$CSC =$s − $s
[
σ f = σ 0

f , d j = 0, µq = 0
]
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FIG. 10. Comparison of the 1st order phase transition with the crossover transition. Left panel shows pressure as the function of density
and right panel shows the corresponding M-R curve for m0 = 500, 600 MeV with different choices of NJL parameters. Solid curves are for the
1st order phase transition and the dotted curves are for the crossover transition.

IV. SUMMARY AND DISCUSSION

In this study, we have investigated the possibility and im-
pacts of a first-order phase transition from hadronic matter to
quark matter in neutron stars using the PDM for the hadronic
phase and the NJL-type quark model for the quark phase. Our
approach offers several advantages over previous studies in
the field. The PDM, unlike many traditional hadronic models,
incorporates chiral symmetry restoration while allowing for
a nonzero nucleon mass even when chiral symmetry is fully
restored. This is achieved through the chiral invariant mass
parameter m0, which provides a more flexible description
of the transition to quark matter. The combination of PDM
with the NJL-type quark model allows us to explore a wide
range of scenarios for the hadron-quark transition, offering
insights that are not easily accessible with other approaches.
Our approach provides a connection between the macroscopic
physics for neutron stars and the microscopic physics for
nucleons and quarks.

Our findings show that the onset density of the first-order
phase transition is strongly influenced by the interplay be-
tween the microscopic interactions of the hadronic and quark
matter. A smaller chiral invariant mass m0 in the PDM leads
to an earlier onset of the chiral phase transition associated
with the emergence of the negative parity baryon. The sta-
bility of the NS configuration is sensitive to the onset density
of the first-order phase transition, with transitions occurring
at lower densities allowing for stable configurations, while
transitions at excessively high densities can lead to NS with
an unstable quark core. By fine-tuning the parameters (H, gV )
and considering the stability of the NS, we have identified
suitable parameter spaces and constrained the onset density
of the first-order phase transition.

To be noted, we have chosen to exclude hyperons in this
research to focus primarily on the effects of the first-order
phase transition between nucleonic matter and quark matter.
However, we can make informed predictions about the impact
of including hyperons in our model. The inclusion of hyperons
would likely soften the equation of state in the hadronic phase.
Referring back to Fig. 3(a), we can anticipate that a softer
hadronic EOS would intersect with the quark matter EOS at

higher densities and potentially lower the maximum mass of
the NS. Future work could involve extending our model to in-
clude hyperons, which would provide a more comprehensive
description of dense matter. Also, the appearance of strange
quarks in the quark phase is a consequence of the first-order
phase transition in our model. At the transition point, the
system undergoes a sudden change in its degrees of freedom,
from nucleons to quarks. In the quark phase, the entering
of strange quarks becomes energetically favorable due to the
reduction in Fermi energy when three flavors are available,
compared to just two in the hadronic phase.

While our primary focus has been on the first-order phase
transition, recent NS observations have provided crucial in-
sights that necessitate considering alternative scenarios for the
quark-hadron transition. Current observational data suggest
that neutron stars with different masses possess similar radii.
However, a strong first-order phase transition typically results
in a significant and sudden change in the EOS, manifesting
as a notable kink or discontinuity in the M-R relation of
neutron stars. Consequently, the crossover scenario, which
predicts a smooth M-R curve, has gained attention as a poten-
tial alternative. To compare these two scenarios and highlight
their distinctive features and implications for neutron star
properties, we follow the construction method outlined in
Refs. [44–47]. We expand the pressure as a function of baryon
chemical potential in polynomial form P(µB) =

∑5
i=0 Ciµ

i
B.

By imposing six boundary conditions, we interpolate between
the PDM and the NJL-type quark model in the interme-
diate density region 2n0 ! nB ! 5n0, obtaining a smoothly
connected unified EOS. Figure 10 illustrates the comparison
between the first-order phase transition and crossover scenar-
ios. For each m0 value, we select NJL parameters from the
region surrounded by red lines in Fig. 8 that yield both the
largest and smallest maximum masses. Solid lines represent
cases with first-order phase transitions, while dotted lines of
the same color indicate cases assuming crossover transitions.
Our analysis reveals several key differences between these two
scenarios. We observe that the crossover assumption leads
to a smooth change in the M-R curve, while the first-order
phase transition results in a more abrupt change as expected.
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FIG. 10. Comparison of the 1st order phase transition with the crossover transition. Left panel shows pressure as the function of density
and right panel shows the corresponding M-R curve for m0 = 500, 600 MeV with different choices of NJL parameters. Solid curves are for the
1st order phase transition and the dotted curves are for the crossover transition.

IV. SUMMARY AND DISCUSSION

In this study, we have investigated the possibility and im-
pacts of a first-order phase transition from hadronic matter to
quark matter in neutron stars using the PDM for the hadronic
phase and the NJL-type quark model for the quark phase. Our
approach offers several advantages over previous studies in
the field. The PDM, unlike many traditional hadronic models,
incorporates chiral symmetry restoration while allowing for
a nonzero nucleon mass even when chiral symmetry is fully
restored. This is achieved through the chiral invariant mass
parameter m0, which provides a more flexible description
of the transition to quark matter. The combination of PDM
with the NJL-type quark model allows us to explore a wide
range of scenarios for the hadron-quark transition, offering
insights that are not easily accessible with other approaches.
Our approach provides a connection between the macroscopic
physics for neutron stars and the microscopic physics for
nucleons and quarks.

Our findings show that the onset density of the first-order
phase transition is strongly influenced by the interplay be-
tween the microscopic interactions of the hadronic and quark
matter. A smaller chiral invariant mass m0 in the PDM leads
to an earlier onset of the chiral phase transition associated
with the emergence of the negative parity baryon. The sta-
bility of the NS configuration is sensitive to the onset density
of the first-order phase transition, with transitions occurring
at lower densities allowing for stable configurations, while
transitions at excessively high densities can lead to NS with
an unstable quark core. By fine-tuning the parameters (H, gV )
and considering the stability of the NS, we have identified
suitable parameter spaces and constrained the onset density
of the first-order phase transition.

To be noted, we have chosen to exclude hyperons in this
research to focus primarily on the effects of the first-order
phase transition between nucleonic matter and quark matter.
However, we can make informed predictions about the impact
of including hyperons in our model. The inclusion of hyperons
would likely soften the equation of state in the hadronic phase.
Referring back to Fig. 3(a), we can anticipate that a softer
hadronic EOS would intersect with the quark matter EOS at

higher densities and potentially lower the maximum mass of
the NS. Future work could involve extending our model to in-
clude hyperons, which would provide a more comprehensive
description of dense matter. Also, the appearance of strange
quarks in the quark phase is a consequence of the first-order
phase transition in our model. At the transition point, the
system undergoes a sudden change in its degrees of freedom,
from nucleons to quarks. In the quark phase, the entering
of strange quarks becomes energetically favorable due to the
reduction in Fermi energy when three flavors are available,
compared to just two in the hadronic phase.

While our primary focus has been on the first-order phase
transition, recent NS observations have provided crucial in-
sights that necessitate considering alternative scenarios for the
quark-hadron transition. Current observational data suggest
that neutron stars with different masses possess similar radii.
However, a strong first-order phase transition typically results
in a significant and sudden change in the EOS, manifesting
as a notable kink or discontinuity in the M-R relation of
neutron stars. Consequently, the crossover scenario, which
predicts a smooth M-R curve, has gained attention as a poten-
tial alternative. To compare these two scenarios and highlight
their distinctive features and implications for neutron star
properties, we follow the construction method outlined in
Refs. [44–47]. We expand the pressure as a function of baryon
chemical potential in polynomial form P(µB) =

∑5
i=0 Ciµ

i
B.

By imposing six boundary conditions, we interpolate between
the PDM and the NJL-type quark model in the interme-
diate density region 2n0 ! nB ! 5n0, obtaining a smoothly
connected unified EOS. Figure 10 illustrates the comparison
between the first-order phase transition and crossover scenar-
ios. For each m0 value, we select NJL parameters from the
region surrounded by red lines in Fig. 8 that yield both the
largest and smallest maximum masses. Solid lines represent
cases with first-order phase transitions, while dotted lines of
the same color indicate cases assuming crossover transitions.
Our analysis reveals several key differences between these two
scenarios. We observe that the crossover assumption leads
to a smooth change in the M-R curve, while the first-order
phase transition results in a more abrupt change as expected.
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Summary
• Hadrons (resonances) show various structures 
      Quark (compact) originated 
      Hadron (extended) originated ~ would affect more matter properties 
• Resonances are relevant for dense matter ~ origin of many-body force 
•.  meson couples to nucleon resonance around 2 GeV 

• Chiral symmetry restoration can be studied by chiral multiplets 
• Higher dimensional multiplets ~ resonances with multi quarks 

• Chiral baryon scheme → Another mass generation mechanism  

• Neutron stars may shed light on elementary questions of QCD

ϕ

m0
would-be degenerate set


