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What is the galaxy bispectrum?

• The galaxy bispectrum is the Fourier transform of the galaxy 
three-point correlation function:  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Why studying bispectrum?

• The galaxy bispectrum is a treasure island yet to be explored!	



• By exploiting the galaxy bispectrum, we can learn about  
(Scoccimarro+ 1998, Scoccimarro+ 1999, Sefusatti+ 2006, Sefusatti & Komatsu 2007,  
 Jeong & Komatsu 2009, Baldauf+ 2011, Greig+ 2013)	



• Physics of inflation: non-Gaussianity	



• Non-linear structure formation	



• Astrophysics	



• Formation, evolution, radiative transfer of galaxies



Challenges to exploit bispectrum

• For any analysis, we need : 𝞆2=(theory-data)2/Covariance	



• [1] Theory (non-linearities, non-Gaussianities, bias)	



• [2] Data (window function, optimal weighting)	



• [3] Covariance matrix (6-point correlation function)	



• For bispectrum, all three are NOT YET very well understood to 
the level that we can confidently apply them for the real analysis
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Visualizing the bispectrum

• With statistical isotropy, the bispectrum only depends on the 
three sides of triangles (convention k1≥k2≥k3):  
 

• Therefore, it may be natural to show bispectrum in 3D.	



• Example: the leading order theory prediction
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FIG. 2: Left: slices of the bispectrum at constant k
1

. The locations of di↵erent triangular configurations are
highlighted. Right: the flattened bispectrum with a given �k
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, where the range of k
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plotted includes the
corresponding slice on the left.
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2
As the initial conditions are set in the deeply matter-dominated

epoch, and transient e↵ects are most dominant at higher red-

shifts, our analysis throughout this paper is restricted only in

the flat, matter-dominated (Einstein de-Sitter) universe. Later

time dark energy will only marginally change the analysis as the

PT kernels are insensitive to the background cosmology [24].
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As the initial conditions are set in the deeply matter-dominated

epoch, and transient e↵ects are most dominant at higher red-

shifts, our analysis throughout this paper is restricted only in

the flat, matter-dominated (Einstein de-Sitter) universe. Later

time dark energy will only marginally change the analysis as the

PT kernels are insensitive to the background cosmology [24].
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Modeling non-linearities

• On large scales:  
‘tree-level’ bispectrum from second order density contrast 
B(0) = <δ2δ1δ1>; here, δn = n-th order density contrast	



• Smaller scales:  
‘one-loop’ bispectrum B(1)=<δ4δ1δ1>+<δ3δ2δ1>+<δ2δ2δ2>	



• Even smaller scales (highly non-linear):  
There are empirical fitting formulas from simulations.



‘Large’, ‘Smaller,’ ‘even smaller’?

• are not a particularly accurate scientific term…	



• Need N-body simulations to draw the line between scales 	



• Q: How reliable are N-body simulations?



Transient from initial conditions

• To correctly capture non-linearities at all subsequent redshifts, 
initial condition of N-body simulation must be at the fastest 
growing modes at all order.	



• We don’t know how to generate that initial condition. In fact, 
that is one of the reasons that we run simulations.	



• Instead, we use the Lagrangian perturbation theory prescription: 
linear order (Zeldovich approximation) or second order (2LPT)



Decaying modes

• Initial condition from Zeldovich approximation correctly 
captures fastest growing mode in the linear order, but generates 
decaying mode from the second order	



• Initial condition from 2LPT approximation correctly captures 
fastest growing mode in the second order, but generates 
decaying mode from the third order	



• Leading order (‘tree-level’) bispectrum B(0) = <δ2δ1δ1>	



• How large is the effect?

Scoccimarro (1998), Crocce+ (2006)



Transient at z=6

McCullagh, DJ, Szalay (coming soon)

−0.2

−0.15

−0.1

−0.05

0

0.05

k1=0.05 k1=0.15 k1=0.19

6
 B

/B
re

f

 

 

k1=0.25 k1=0.75 k1=0.94

zi=200
zi=100
zi=50
zi=25

−0.2

−0.15

−0.1

−0.05

0

k1=0.05 k1=0.15 k1=0.19

6
 B

/B
re

f

k1=0.25 k1=0.75 k1=0.94

2LPT

Zel’dovich

Bk(2LPT/Zeldovich,zinit)  
Bk(2LPT,zinit=400)(1000 Mpc/h)3 (200 Mpc/h)3



−0.2

−0.15

−0.1

−0.05

0

0.05

k1=0.05 k1=0.15 k1=0.19

6
 B

/B
re

f

 

 

k1=0.25 k1=0.75 k1=0.94

zi=200
zi=100
zi=50
zi=25

−0.2

−0.15

−0.1

−0.05

0

k1=0.05 k1=0.15 k1=0.19

6
 B

/B
re

f

k1=0.25 k1=0.75 k1=0.94

2LPT

Zel’dovich

Transient at z=3

McCullagh, DJ, Szalay (coming soon)

Bk(2LPT/Zeldovich,zinit)  
Bk(2LPT,zinit=400)(1000 Mpc/h)3 (200 Mpc/h)3



−0.2

−0.15

−0.1

−0.05

0

0.05

k1=0.05 k1=0.15 k1=0.19

6
 B

/B
re

f

 

 

k1=0.25 k1=0.75 k1=0.94

zi=200
zi=100
zi=50
zi=25

−0.2

−0.15

−0.1

−0.05

0

k1=0.05 k1=0.15 k1=0.19

6
 B

/B
re

f

k1=0.25 k1=0.75 k1=0.94

2LPT

Zel’dovich

Transient at z=2

McCullagh, DJ, Szalay (coming soon)

Bk(2LPT/Zeldovich,zinit)  
Bk(2LPT,zinit=400)(1000 Mpc/h)3 (200 Mpc/h)3



−0.2

−0.15

−0.1

−0.05

0

0.05

k1=0.05 k1=0.15 k1=0.19

6
 B

/B
re

f

 

 

k1=0.25 k1=0.75 k1=0.94

zi=200
zi=100
zi=50
zi=25

−0.2

−0.15

−0.1

−0.05

0

k1=0.05 k1=0.15 k1=0.19

6
 B

/B
re

f

k1=0.25 k1=0.75 k1=0.94

2LPT

Zel’dovich

Transient at z=1

McCullagh, DJ, Szalay (coming soon)

Bk(2LPT/Zeldovich,zinit)  
Bk(2LPT,zinit=400)(1000 Mpc/h)3 (200 Mpc/h)3



Non-linear bispectrum (z=0)

• Simulation from 2LPT, zini=400	



• scale & configuration dep.	



• Deviation from the tree-level 
(PT) is more apparent for 
equilateral-like configurations!	



• Two fitting formulas  
SC (Scoccimarro & Couchman 2001)  
GM (Gil-Marin+ 2012)

11

kernel F e↵

2

are replaced by tilded functions as

ã(n, k) =
1 + �a6

8

(z)[0.7Q
3
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1

)n+a2

1 + (qa
1

)n+a2
(49)
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)n+3.5+a8
(50)
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4

/[1.5 + (n+ 3)4](qa
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)n+3+a9

1 + (qa
5

)n+3.5+a9
. (51)

The definitions for n, q, k
nl

, and Q
3

are the same as
above, except in this model n(k) is smoothed so the os-
cillatory features from the BAO are removed (further
discussion of this can be found in [2]). Then, GM fit
the parameters a

1

to a
9

using the measured matter bis-
pectrum from two sets of N -body simulations, one with
L = 2.4 Gpc/h (7683 particles), and one with L

b

= 1.875
Gpc/h (10243 particles), to find out the best-fit parame-
ters of a

1

= 0.484, a
2

= 3.740, a
3

= �0.849, a
4

= 0.392,
a
5

= 1.013, a
6

= �0.575, a
7

= 0.128, a
8

= �0.722,
a
9

= �0.926.
Note that the conditions on which the fitting formulae

are developed is quite di↵erent. While SC have used the
matter bispectrum at all triangular configurations (a to-
tal of a million triangles for k . 2.3 h/Mpc) at redshift
z = 0 and z = 1, GM have only used certain configura-
tions (✓

12

/⇡ = 0.1, 0.2, · · · , 0.9 and k
2

/k
1

= 1.0, 1.5, 2.0,
2.5, for k

2

< 0.4 Mpc/h) at four di↵erent redshifts z = 0,
0.5, 1, 1.5. Moreover, they are subject to di↵erent levels
of transient errors as the ⇤CDM simulations used by SC
are generated at z

init

= 30 with the Zel’dovich approxi-
mation, and the simulations used by GM are generated
by 2LPT at z

init

= 19 (2.4 Gpc/h box) and z
init

= 49
(1.875 Gpc/h box).

To test the validity of each of the phenomenological
formulae outside of the dynamical (Fourier) ranges and
redshift ranges at which the models are fitted for, we
compare the model predictions to measured bispectra at
redshifts 1 < z < 6 in both large-scale (1 Gpc/h) and
small-scale (200 Mpc/h) simulations. We compare these
to the predictions from tree-level PT, PT+, and 1-loop
PT. For both the SC and GM models, we calculate the
e↵ective slope of the linear power spectrum n(k) from
the BAO-smoothed linear power spectrum which provide
better agreement than the n(k) including BAO.

First, we check that we can reproduce the results from
Gil-Maŕın et al. [2] at z = 0 on large scales. We expect
that the GM model is the most accurate here, because
their model parameters were fit from a similar simulation.
Figure 5 shows the measured bispectrum at z = 0 from
the 1 Gpc/h simulation, compared to the SC and GM
models, as well as PT and PT+. The top plot shows
the full flattened bispectrum, and the bottom plot shows
only the squeezed and equilateral triangles as a function
of k

1

. We can see that the GM model fits the data best
on these scales at z = 0.

Next we look at z = 1 in both the 1 Gpc/h and 200
Mpc/h simulations. Figure 6 compares the measured bis-
pectrum to the models at z = 1. The left column shows

106

107

108

109

1010

k1=0.05 k1=0.15 k1=0.19 k1=0.23

B(
k 1,k

2,k
3)

10−2 10−1104

106

108

1010

k1 [h/Mpc]

B(
k 1)

 

 

PT
PT+
SC Model
GM Model
Measured Bispectrum

z=0

104

106

108

k1=0.05 k1=0.15 k1=0.19 k1=0.23

B
(k

1,k
2,k

3)

k1=0.25 k1=0.75 k1=0.94

10−2 10−1

105

k1 [h/Mpc]

B
(k

1)

 

 

PT
PT+
1 Loop
SC Model
GM Model
Measured Bispectrum

10−1 100

k1 [h/Mpc]

 

 
Equilateral Triangles
Squeezed Triangles

z=1

FIG. 5: The bispectrum at z = 0 measured from the 1
Gpc/h simulation, compared to the SC (green), GM
(blue), PT (grey), and PT+ (red) models. The top plot
shows the full flattened bispectrum, and the bottom
plot shows only the squeezed and equilateral triangles
as a function of k

1

.

the results from the large-box simulation, and the right
shows the small-box simulation. Note that the k

1

range
in the bottom plots overlaps, but we plot the results from
the two simulations separately for clarity. Also note that
the measured signal for squeezed triangles from the two
simulations will be slightly di↵erent due to the di↵erent
resolutions. From these plots, we see that even at this
relatively low redshift, the SC model predicts the mea-
sured bispectrum better than the updated GM model,
especially on small scales for equilateral triangles.

At higher redshift, z = 6, the GM model badly over-
predicts the full bispectrum on all scales. Figure 7 shows
the measured bispectrum at z = 6 from both simulations
compared to the models. Here, the predictions from per-
turbation theory (1-loop and PT+) are more accurate
than either of the phenomenological models. The SC
model slightly over-predicts the bispectrum on all scales.

It is clear from these comparisons that one must care-
fully consider the range of validity of a given model when
predicting the nonlinear bispectrum. At z = 0 on large
scales, the GM model undoubtedly gives the best predic-
tion, but outside of that, it is safer to use the SC model.
At high redshift (z = 6), the PT models are su�cient,
and in fact in some cases better, for modeling the non-
linear bispectrum. Further work is needed to develop a
more reliable model of the nonlinear bispectrum.

(1000 Mpc/h)3

McCullagh, DJ, Szalay (coming soon)McCullagh, DJ, Szalay (coming soon)
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Log-normal density field

• Cosmological density field is close to log-normal: (Neyrinck+ 2009)	



• 1pt pdf indicates the log-normality	



• log-transformed density field has lower covariance and better 
fidelity to the linear theory	



• If EXACTLY log-normal, we are done modeling the bispectrum!

B(k1, k2, k3) = P (k1)P (k2) + (2 cyclic) +

Z
d3q

(2⇡)3
P (q)P (|k1 + q|)P (|k2 � k|)

McCullagh, DJ, Szalay (coming soon)



(reduced) Bispectrum of log-density
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• reduced bispectrum 
Q123 = B123/(P1P2 + cyclic)	



• Skewness ~ ∑Q123 = small	



• IF log-normal, Q must be 0!	



• Log-normality CANNOT be 
extended beyond the 1pt 
PDF!

McCullagh, DJ, Szalay (coming soon)



Conclusion

• To recover correct non-linear bispectrum with <1% transient at 
z<6, 2LPT initial condition generator with zinit>100 is necessary!	



• Non-linearities in bispectrum are stronger on smaller scales and 
equilateral-like triangles. One-loop bispectrum works well on 
‘smaller scales’, and SC and GM fitting formula works well on 
highly non-linear scales at z=0 (caution: NOT at high-z).	



• Log-normality cannot be extended beyond 1pt PDF.


