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THE DARK ENERGY TASK FORCE 
REPORT (Albrecht et al. 2006) SAYS:

• There is no compelling theory for dark energy. 

• In the absence of theoretical guidance, observational exploration 
should be the focus of our efforts.  

• Multiple probes should be used to constrain dark energy, including 
SNe, WL, BAO, etc., in order to minimize the systematics. 

• WL provides the greatest cosmological leverage.
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COSMIC SHEAR IN ONE SLIDE
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Tim Schrabback et al.: Evidence for the accelerated expansion of the Universe from 3D weak lensing with COSMOS 7

Fig. 4.Decomposition of the shear field into E- and B-modes using the shear correlation function ξE/B (left), aperturemass dispersion
⟨M2

ap/⊥⟩ (middle), and ring statistics ⟨RR⟩E/B (right). Error-bars have been computed from 300 bootstrap resamples of the shear
catalogue, accounting for shape and shot noise, but not for sampling variance. The solid curves indicate model predictions for
σ8 = (0.7, 0.8). In all cases the B-mode is consistent with zero, confirming the success of our correction for instrumental effects.
For ξE/B the E/B-mode decomposition is model-dependent, where we have assumed σ8 = 0.8 for the points, while the dashed
curves have been computed for σ8 = (0.7, 0.9). The dotted curves indicate the signal if the residual ellipticity correction discussed
in App. B.6 is not applied, yielding nearly unchanged results. Note that the correlation between points is strongest for ξE/B and
weakest for ⟨RR⟩E/B .

or ⟨M2
⊥⟩(θ < 2′) = (4.0 ± 4.7) × 10−6 if only small scales are in-

cluded, consistent with no B-modes.
The cleanest E/B-mode decomposition is given by the ring

statistics (Schneider & Kilbinger 2007; Eifler et al. 2009b; see
also Fu & Kilbinger 2010), which can be computed from the
correlation function using a finite interval with non-zero lower
integration limit

⟨RR⟩E/B(Ψ) =
1
2

! Ψ

ηΨ

dϑ
ϑ

"

ξ+(ϑ)Z+(ϑ, η) ± ξ−(ϑ)Z−(ϑ, η)
#

, (11)

with functions Z± given in Schneider & Kilbinger (2007). We
compute ⟨RR⟩E/B using a scale-dependent integration limit η as
outlined in Eifler et al. (2009b). As can be seen from the right
panel of Fig. 4, also ⟨RR⟩B is consistent with no B-mode signal.

The non-detection of significant B-modes in our shear cat-
alogue is an important confirmation for our correction schemes
for instrumental effects and suggests that the measured signal is
truly of cosmological origin.

As a final test for shear-related systematics we compute the
correlation between corrected galaxy shear estimates γ and un-
corrected stellar ellipticities e∗

ξ
sys
tt/××(θ) =

⟨γt/×e∗t/×⟩|⟨γt/×e
∗
t/×⟩|

⟨e∗t/×e
∗
t/×⟩

, (12)

which we normalize using the stellar auto-correlation as sug-
gested by Bacon et al. (2003). As detailed in App. B.6, we em-
ploy a somewhat ad hoc residual correction for a very weak
remaining instrumental signal. We find that ξsys is indeed only
consistent with zero if this correction is applied (Fig. 5), yet
even without correction, ξsys is negligible compared to the ex-
pected cosmological signal. The negligible impact can also be
seen from the two-point statistics in Fig. 4, where the points are
computed including residual correction, while the dotted lines
indicate the measurement without it. We suspect that this resid-
ual instrumental signature could either be caused by the limited
capability of KSB+ to fully correct for a complex space-based
PSF, or a residual PSF modelling uncertainty due to the low

Fig. 5. Cross-correlation between galaxy shear estimates and un-
corrected stellar ellipticities as defined in (12). The signal is con-
sistent with zero if the residual ellipticity correction discussed in
App. B.6 is applied (circles). Even without this correction (trian-
gles) it is at a level negligible compared to the expected cosmo-
logical signal (dotted curves), except for the largest scales, where
the error-budget is anyway dominated by sampling variance.

number of stars per ACS field. In any case we have verified that
this residual correction has a negligible impact on the cosmolog-
ical parameter estimation in Sect. 6, changing our constraints on
σ8 at the 2% level, well within the statistical uncertainty.

Estimate: 
  - the velocity of the stone 
  - the angle of incidence 
  - the height of a girl 
  - the time since the impact





REVIEW OF PROGRESS



THE FIRST WEAK LENSING 
DETECTION

19
90
Ap
J.
..
34
9L
..
.1
T

Tyson et al. (1990)

19
90
Ap
J.
..
34
9L
..
.1
T

A1689

Excess



Quantify a Shape

 a-b —— = e  a+b

a
b

e1 = e cos(2𝜙) 
e2 = e sin(2𝜙)

Life would have been a lot easier this way.



WHAT IS MY ELLIPTICITY?



10.1.6 Ellipse parameters: CXX, CYY, CXY

A, B and THETA are not very convenient to use when, for instance, one wants to know if a
particular SExtractor detection extends over some position. For this kind of application,
three other ellipse parameters are provided; CXX, CYY and CXY. They do nothing more than
describing the same ellipse, but in a different way: the elliptical shape associated to a detection
is now parameterized as

CXX(x − x)2 + CYY(y − y)2 + CXY(x − x)(y − y) = R2, (26)

where R is a parameter which scales the ellipse, in units of A (or B). Generally, the isophotal
limit of a detected object is well represented by R ≈ 3 (Fig. 6). Ellipse parameters can be
derived from the 2nd order moments:
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Figure 6: The meaning of basic shape parameters.

10.1.7 By-products of shape parameters: ELONGATION, ELLIPTICITY

15

15Such parameters are dimensionless and therefore do not accept any IMAGE or WORLD suffix
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SECOND MOMENTS TO 
POSITION ANGLE

large wings. X and Y are simply computed as the first order moments of the profile:

X = x =

!
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!

i∈S

Ii

, (13)

Y = y =
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Iiyi

!

i∈S

Ii

. (14)

Actually, xi and yi are summed relative to XMIN and YMIN in order to reduce roundoff errors in
the summing.

10.1.3 Position of the peak: XPEAK, YPEAK

It is sometimes useful to have the position XPEAK,YPEAK of the pixel with maximum intensity
in a detected object, for instance when working with likelihood maps, or when searching for
artifacts. For better robustness, PEAK coordinates are computed on filtered profiles if available.
On symetrical profiles, PEAK positions and barycenters coincide within a fraction of pixel (XPEAK
and YPEAK coordinates are quantized by steps of 1 pixel, thus XPEAK IMAGE and YPEAK IMAGE

are integers). This is no longer true for skewed profiles, therefore a simple comparison between
PEAK and barycenter coordinates can be used to identify asymetrical objects on well-sampled
images.

10.1.4 2nd order moments: X2, Y2, XY

(Centered) second-order moments are convenient for measuring the spatial spread of a source
profile. In SExtractor they are computed with:
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2
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− x2, (15)

Y2 = y2 =
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− y2, (16)

XY = xy =

!

i∈S

Iixiyi

!

i∈S

Ii

− x y, (17)

These expressions are more subject to roundoff errors than if the 1st-order moments were sub-
tracted before summing, but allow both 1st and 2nd order moments to be computed in one pass.
Roundoff errors are however kept to a negligible value by measuring all positions relative here
again to XMIN and YMIN.
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Qxx Qyy Qxy

      Qxx - Qyy!e1=̶̶̶̶̶̶ 
          Qxx + Qyy!

      Qxy!e2= ̶̶̶̶̶̶ 
          Qxx + Qyy!

Position angle=2 tan-1 (e2/e1)



THE EFFECT OF POINT 
SPREAD FUNCTION

Galaxy Image
PSF

Blurred Image

⊗ =

1. Dilute Lensing Signal!
2. Add Anisotropic Ellipticity



KSB Revolution
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Removal of Anisotropy



KSB Revolution

𝛾α=(Pᵞ)-1αβeα

corrected ellipticity
shear 

polarizability 
tensor

Ellipticity to Shear



Problems with KSB
• Derivation of Smear Polarizability assumes that the 

PSF is a little perturbation of a Gaussian PSF. 

• Shear Polarizability is unknown. 

• The weight function circularizes the object ellipticity. 

• The result is sensitive to centroid accuracy. 

• The accuracy is ~15%, but can be improved to 
~1% after empirical correction.



BEYOND KSB
• Elliptical Gaussian Weighting (Bernstein & Jarvis 2002). 

• Re-Gaussianization (Hirata & Seljak 2003) 

• Model Fitting 

• Sum of Gaussians (IM2SHAPE; Bridle et al. 2005). 

• Bulge+Disk (IM3SHAPE; Zunts et al. 2013). 

• Elliptical Gaussian Fitting (Jee et al. 2013). 

• Sersic Model Fitting (Lensfit; Miller et al. 2007; Gentile et al. 
2012).



PUT TO THE TEST



CHARACTERIZATION OF BIAS
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tomographic redshift bins (Huterer et al. 2006b) (see also
Van Waerbeke et al. 2006). A detailed analysis of the two
separate terms is given in Appendix C.

As defined, Q penalises deviations from truth regardless
of whether they are random or systematic. This is useful for
selecting a winner, but much can be learned by separating
errors into random and systematic parts. For the system-
atic part we follow STEP1 and STEP2 by defining a mul-
tiplicative error m and an additive error c as the best-fit
parameters to

gm
i − gt

i = mig
t
i + ci . (4)

We show some results for the average of the two components
m = ⟨mi⟩i, c = ⟨ci⟩i For a given method, changes in m and
c across simulation branches may indicate the strengths and
weaknesses of the method.

Participants may optionally submit uncertainty esti-
mates on their shears. These are compared to the residu-
als of the submitted shears over sets of simulations with
nearly identical true shear values. If the uncertainty esti-
mates are wrong by more than a factor of two, the sub-
mission is flagged as such, but is not penalised. The main
purpose of GREAT08 is to produce a high Q value rather
than yield correct uncertainty estimates.

A method is not useful if it obtains very small shear
biases at the expense of throwing away most of the informa-
tion and thus very noisy shear estimates. The quality factor
Q will be worse if a method has very noisy shear estimates
because the rms difference between the truth and submission
will be non-negligible even if the biases are zero. We there-
fore calculate the scatter of the submitted shear values about
the best linear fit to the true shears. Specifically, we plot sub-
mitted g1 values as a function of true g1, with one point for
each FITS file and fit the straight line described above. We
find the rms residual to obtain the scatter σ1 in the first
component g1. We repeat for g2 and write σ ≡ ⟨σi⟩i aver-
aging over the two shear components i. See Kitching et al.
(2008) for additional discussion.

4 METHODS

In this section we briefly summarise the algorithm used by
each submitting group. Table 3 lists the participants, their
methods, and the corresponding identifiers used in subse-
quent tables and in the figure legends. Methods with an as-
terisk indicate GREAT08 Team entries; these participants
had access to the internal details of the GREAT08 Chal-
lenge simulations, but they did not consciously use this in-
formation in their analyses. Entries from PG, MV had some
overlap with the GREAT08 Team. Not all submitting groups
submitted results for both types of Blind simulation. An ad-
ditional table (Table B1) in Appendix B gives further infor-
mation including urls where more information can be found.

For a quick overview we attempt to summarise each
method with just three action steps in Table 3. We see that
a key differentiating factor is the stage at which an average
is performed over galaxies in the image. HB, AL and USQM
as “stacking” methods hereafter. The two different routes
are illustrated in Fig. 3.

STEP2 classified methods according to their methods
for PSF correction and construction of a shear estimator.

Shear (g)Ellipticities
Averaging

Model fitting
(e.g. spline)

Stacking (e.g. in
Fourier domain)

Model fitting
(e.g. shapelets)

Figure 3. Illustration of the different routes to a combined shear
statistic from multiple galaxies. The lower left route is the tradi-
tional approach in which each galaxy image is analysed separately
to produce a shear estimate. The upper right route illustrates the
“stacking” methods which average some statistic of each image
and perform shear estimation on the averaged statistic.

PSF “deconvolution” methods convolve a model with the
PSF before fitting as indicated by “∗ PSF” in the table;
PSF “subtraction” methods subtract a contribution due to
the size and ellipticity of the PSF. “Active” shear measure-
ment methods sheared a “circular” galaxy model until it best
matched the data, generally indicated by the word “fit” in
the action list; “passive” methods constructed a shear es-
timator from a combination of shape statistics and an es-
timate of how these would further change under a shear.
This classification system proved insufficient to capture the
more varied behaviour of methods containing new ideas in
GREAT08. We next summarise each method in turn, in or-
der of decreasing Q value on RealNoise Blind.

HB: The magnitude of the Fourier transform of the
galaxy image raised to an arbitrary power is a character-
istic feature of the individual galaxies. This feature is in-
dependent of the spatial location of the galaxy center to a
high precision, provided that the smoothed galaxy intensity
decays sufficiently fast towards the edge of the image. No
other assumptions are necessary. Because the galaxy images
are contaminated by Poisson noise, an unbiased estimator of
the power spectrum is given by the power spectrum of the
noisy image minus a constant. The resulting image obtained
by averaging over the unbiased estimators of the individual
galaxy power spectra is an elliptically contoured function
multiplied by the power spectrum of the convolution ker-
nel plus Gaussian noise. After suitable normalization, the
square root of the covariance matrix of the elliptically con-
toured function is equal to the shear coordinate transfor-
mation matrix. For parameter fitting, HB used a weighted
non-linear least square method for which the weights are
equal to the inverse of the standard deviation of the noise.
For more information see Hosseini & Bethge (2009).

c⃝ 0000 RAS, MNRAS 000, 000–000

slope=1.0085!
intercept=0.0005

slope=1.0082!
intercept=0.0008

e2e1
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NOISE BIAS
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Figure 1. Left: The first galaxy of the first LowNoise Known FITS image. Right: The first galaxy of the first RealNoise Known FITS

image. The signal is a factor of ten smaller for the RealNoise images than the LowNoise images, making the problem much more
challenging.

3 FIGURE OF MERIT

The shear measurement problem was summarised for non-
cosmologists in the GREAT08 Handbook. In short, light
from a source galaxy is sheared and (slightly) magnified by
passing through a gravitational potential on its way to the
observer; the observable anisotropic stretching is called the
reduced shear g, which is a pseudovector with two compo-
nents. (Because the distinction between shear and reduced
shear is not important in the context of this paper, which is
aimed at both the astronomical and statistical communities,
we refer to g as simply “shear” for convenience.)

Shear measurements are confounded by several un-
avoidable observational effects. First, for ground-based tele-
scopes, when the light passes through the atmosphere it is
convolved with a kernel that must be inferred from the data.
Second, telescope optics (whether in space or on the ground)
also cause the image to be convolved with a kernel; this ker-
nel may be more predictable than the atmospheric kernel
because the optics may be well modeled. In any case, the ef-
fective kernel imposed by atmosphere and optics is referred
to as the point-spread function (PSF). Third, emission from
the sky causes a roughly constant “background” level to be
added to the whole image. Fourth, the detectors sum the
light falling in each pixel, effectively convolving the image
with a square tophat window function, and sampling the
resulting image at the center of each pixel. This extra con-
volution effect is treated by some authors as part of the PSF.
Fifth, the finite number of photons collected in a given pixel
is subject to Poisson noise (in addition the final detector
readout adds Gaussian noise of zero mean, but this is ig-
nored in GREAT08).

Thus a successful method must both filter the noise
effectively and remove the significant PSF convolution ker-
nel in the observed galaxy image. To represent a method’s
ability to perform both tasks in a single number for the
GREAT08 Challenge, we define a quality metric

Q =
10−4

⟨(⟨gm
ij − gt

ij⟩j∈k)2⟩ikl
(1)

where gm
ij is the ith component of the measured shear for

simulation j, gt
ij is the corresponding true shear compo-

nent, the inner angle brackets denote an average over sets
with similar shear value and observing conditions j ∈ k, and
the outer angle brackets denote an average over simulations
with different true shears k, observing conditions l and shear
components i.

In our detailed discussion of the results below we also
define a Q value for each simulation branch. In this case the
average over different observing conditions k is omitted

Ql =
10−4

⟨(⟨gm
ij − gt

ij⟩j∈k)2⟩ik
(2)

therefore

1
Q

=
1

⟨Ql⟩l
. (3)

This definition has the effect of strongly penalising methods
that perform poorly in any single simulation branch, which
is useful because the simulation branches are all chosen to
be realistic scenarios in which we need to be able to measure
good shears. For a method to be used for all future analyses
it must work well on all branches of the simulations. In par-
ticular, there are many small and low SNR galaxies that we
would like to use for cosmic shear cosmology. However, the
purpose of this results paper is to examine the performance
of the different methods on the different branches in detail
rather than relying on a single number Q to differentiate
between methods.

To set this metric in context, if a single constant value of
zero shear were submitted (gm

1j = gm
2j = 0 for all j) then since

the rms true shear
q

⟨gt2
ij ⟩ij ∼ 0.03, Q would have a value

∼ 0.1. To date, methods tested in STEP1 and STEP2 and
used on real data have Q ∼ 10 to Q ∼ 100 (Kitching et al.
2008), which is sufficient for the surveys on which they were
employed but not sufficient for mid-term to far future sur-
veys.

Amara & Réfrégier (2008) show that a deep full-sky
(e.g. Euclid-like) survey requires that the additive error c <
0.0003 and the multiplicative error m < 0.001. For a pure
additive error this translates to a requirement that Q > 1000
and we set this as our target for GREAT08 because additive
errors are much more difficult to self-calibrate using pairs of

c⃝ 0000 RAS, MNRAS 000, 000–000

e1



NOISE BIAS
f(<x>) ≠ <f(x)>

      Qxx - Qyy!e1=̶̶̶̶̶̶ 
          Qxx + Qyy!

equal only if f(x) is linear.

The pixel to ellipticity conversion is non-linear!



HOW BAD IS NOISE BIAS IN REALITY?
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Figure 4. Our figure of merit Q as a function of galaxy size for
LowNoise Blind.

a model of the galaxy is found to be round. The model
is convolved by the PSF and then compared to the ob-
served pixel intensities. A shapelet decomposition is used for
the underlying model, and roundness is defined as the sec-
ond order shapelet coefficients being 0. Then the shear that
brings this coordinate system back to the actual observation
is assigned as the shape of the galaxy. For more informa-
tion see Bernstein & Jarvis (2002), Nakajima & Bernstein
(2007) and Appendix D of the GREAT08 Handbook.

USQM: This is a very simple method, not actually used
in practice, but provided as a baseline comparison. The un-
weighted quadrupole moments of each galaxy are calculated
within a square aperture of 20 pixels by 20 pixels. These
are averaged (stacked) over all galaxies in each FITS image
and the PSF is removed by subtracting the PSF quadrupole
moments. See Appendix B of the GREAT08 Handbook for
more information.

In terms of the nomenclature introduced in STEP2 most
of the methods forward fit an elliptical PSF convolved model
(“active”, “deconvolution”). This is in contrast to the situa-
tion in STEP1 and STEP2 where the majority of the meth-
ods were “passive” PSF subtraction methods. There were
no stacking methods in STEP1 or STEP2.

5 RESULTS

There were two blind challenges: LowNoise Blind contains
high SNR images and RealNoise Blind contains images with
a realistic noise level. The GREAT08 Challenge prize for
highest Q value is based on the RealNoise Blind results.
The LowNoise Blind competition contained significantly less
data and should have been an easier challenge. Further-
more, the galaxy properties in LowNoise Blind were simi-
lar to those in RealNoise Blind and are mostly co-centered
bulge plus disk models. It could therefore have been useful to
optimise some properties of methods on the LowNoise Blind
images in preparation for RealNoise Blind. First, we exam-
ine the LowNoise Blind results.

5.1 LowNoise Blind Results

Table 4 shows the LowNoise Blind leaderboard at the close
of the challenge. The winner in LowNoise Blind is the Gauss
method of S. Harmeling, M. Hirsch, and B. Schölkopf. The

Rank ID Method Q

1 HHS1 Gauss 488

2 AL CLT KK99 375

3 PG gfit 136

4 TK Lensfit 33.7

5 CH KSBf90 32.4

6 MV KKshapelets with flexion 21.2

7 MJ BJ02 deconvolved shapelets 20.2

8 KK KKshapelets 19.7

9 SB im2shape 15.3

10 USQM USQM 1.84

Table 4. LowNoise Blind leaderboard at the close of the chal-
lenge. See Table 3 and Section 4 for more information about each
method.

top three methods in LowNoise Blind are not GREAT08
Team methods. Note that HB did not submit a result for
LowNoise Blind.

Fig. 4 shows our shear measurement figure of merit
Q as a function of the ratio between the convolved galaxy
size and the PSF size, Rgp/Rp. Since the number of galax-
ies decreases steeply as a function of galaxy size in real
data, it is desirable to have a shear measurement method
that allows the use of small galaxies. It is often assumed
that shear measurement biases are larger for small galax-
ies. There are some examples where this is true in STEP2
Fig. 7, and Nakajima & Bernstein (2007) Fig. 5. However
the shear biases are caused by a combination of two effects:
a poorly measured PSF and inherent biases that exist even
if the PSF is perfectly known. It is expected that an incor-
rect PSF model will affect small galaxies the most, since for
the largest galaxies the PSF has little effect (e.g. Eq. 13 of
Paulin-Henriksson et al. 2008). In GREAT08 the exact PSF
equation is known and if this information is properly used
then the results will tell us about the inherent biases, for
which there are less clear expectations.

HHS1 (dashed magenta line in Fig. 4) is the clear win-
ner overall in LowNoise Blind and wins at both the fiducial
and small galaxy sizes. The implementation of KSB by CH
(solid green line in Fig. 4) provided the best performance
for highly resolved galaxies. As discussed above, this gen-
eral trend of increasing Q with increasing galaxy size was
expected, and is followed for many methods. The winning
method HHS1 performed worse as the galaxy size increased
for LowNoise Blind. We suggest that the method for cali-
brating the ellipticities for the PSF blurring was less reliable
at large galaxy sizes due to the fact that the large elliptical
galaxies sometimes extend beyond the 39× 39 pixel postage
stamp.

Further analysis of the LowNoise Blind results in terms
of multiplicative and additive shear calibration biases can
be found in Appendix C1.

c⃝ 0000 RAS, MNRAS 000, 000–000
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Figure 5. Shear measurement figure of merit Q as a function of simulation properties for RealNoise Blind.

RankAuthor Method Q

1 HB CVN Fourier 211

2 AL KK99 131

3 TK Lensfit 119

4 CH KSBf90 52.3

5 PG gfit 32.0

6 MV KKshapelets with flexion 28.6

7 KK KKshapelets 23.0

8 HHS3 GaussStackForwardGaussCleaned 22.4

9 SB im2shape 20.1

10 HHS2 GaussStackForwardGauss 19.9

11 HHS1 Gauss 12.8

12 MJ BJ02 deconvolved shapelets 9.80

13 USQM USQM 1.22

Table 5. RealNoise Blind leaderboard at the close of the chal-
lenge.

5.2 RealNoise Blind Results

The main challenge consisted of 27 million galaxies with
roughly a factor of 10 more noise per pixel, corresponding
to the type of image that we will ultimately want to use
for cosmic shear. The RealNoise Blind leaderboard at the
close of the challenge is shown in Table 5. The winner of the
GREAT08 Challenge is clearly the ‘CVN Fourier’ method
by R. Hosseini and M. Bethge, HB. This method was in-
spired by the second-place AL method, but improves on a
key limitation which was highlighted by Lewis (2009) in that
it did not depend on the galaxy centroid.

Fig. 5 shows Q as a function of galaxy type, PSF type,
SNR, and galaxy size for RealNoise Blind. The central, fidu-
cial, value is the same on each of the four panels. Each point
on the panels corresponds to a single set of conditions; for
example, for the SNR= 10 point, all other parameters are
set at the fiducial value.

HB performs consistently well through all branches of
the simulation, with significantly improved performance on
the “b+d offcenter” galaxies. AL actually outperformed HB
on six of the nine simulation branches, and obtains a Q value
a factor of almost 4 larger than any other method for the
fiducial simulation set, which is close to our target value of
1000. AL was second overall mostly as a result of a poor
performance on the low SNR branch, and to a lesser extent
on the “Fid e× 2” PSF. It would be interesting to see if
the results could be improved in either of these regimes,

c⃝ 0000 RAS, MNRAS 000, 000–000
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CENTROID BIAS

• Centroid is more uncertain in the direction of object 
elongation. 

• Round kernel cannot solve the problem because it 
correlates pixel noise anisotropically. 

• Currently, the typical bias is c~10-3.

10.1.6 Ellipse parameters: CXX, CYY, CXY

A, B and THETA are not very convenient to use when, for instance, one wants to know if a
particular SExtractor detection extends over some position. For this kind of application,
three other ellipse parameters are provided; CXX, CYY and CXY. They do nothing more than
describing the same ellipse, but in a different way: the elliptical shape associated to a detection
is now parameterized as

CXX(x − x)2 + CYY(y − y)2 + CXY(x − x)(y − y) = R2, (26)

where R is a parameter which scales the ellipse, in units of A (or B). Generally, the isophotal
limit of a detected object is well represented by R ≈ 3 (Fig. 6). Ellipse parameters can be
derived from the 2nd order moments:

CXX =
cos2 THETA

A2
+

sin2 THETA

B2
=

y2
!

"

x2−y2

2

#2
+ xy2

(27)

CYY =
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A2
+
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B2
=

x2
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2
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+ xy2

(28)
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Figure 6: The meaning of basic shape parameters.

10.1.7 By-products of shape parameters: ELONGATION, ELLIPTICITY

15

15Such parameters are dimensionless and therefore do not accept any IMAGE or WORLD suffix
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MODEL BIAS
Sérsic galaxy models in weak lensing shape measurement 3

Figure 1. A demonstration of the concept of noise and model bias interaction. Left-hand side postage stamps show the images which are going to be fit with
a parametric galaxy model. Right-hand side postage stamps are the images of best fitting models. In this work we compare the results of two simulations.
Simulation 1 uses the real galaxy image directly to measure noise bias, model bias and their interaction jointly in a single step (blue dot-dashed ellipse).
Simulation 2 first finds the best fitting parametric model to a real galaxy image (black solid galaxy cartoon), and create it’s model image (dashed magenta
ellipse). This process introduces the model bias. The next step is to measure the noise bias using this best fitting image as the true image. The fit to the noisy
image is represented by red dotted ellipse. In this simulation noise and model bias interaction terms are absent. The difference of the results of Simulations 1
and 2 measures the strength of noise and model bias interaction terms.

It is worth to note that some shear measurement methods ap-
ply a fully Bayesian formalism and use a full posterior shear proba-
bility (Bernstein & Armstrong 2013) in subsequent analyses. These
methods are considered to be free of noise and model related biases
and present a promising alternative approach to problems studied
in this paper.

This paper is organised as follows. Section 2 contains the prin-
ciples of cosmic shear analysis. In Section 3 we present the analytic
formulae for noise and model bias interaction, as a generalisation of
the noise bias equations derived in R12. We present a toy model for
the problem in section 4. In Section 5 we use the COSMOS sample
to evaluate the noise and model biases, and show the significance
of the interaction terms. We conclude in Section 6.

2 SYSTEMATIC ERRORS IN MODEL FITTING

In this section, first we present the basics of the model fitting ap-
proach to shear measurement and then discuss the biases it intro-
duces. We discuss the requirements on this bias in the context of
current and future surveys. Then we introduce analytical expres-

sions for the noise bias, including interaction terms with the model
bias.

2.1 Shear and ellipticity

Cosmic shear as cosmological observable can be related to the
gravitational potential between the distant source galaxy and an
observer (see Bernstein & Jarvis 2002, for reviews). Ellipticity is
defined as a complex number

e =
a− b
a+ b

e2iφ, (1)

where a and b are the semi-major and semi-minor axes, respec-
tively, and φ is the angle (measured anticlockwise) between the x-
axis and the major axis of the ellipse. The observed (lensed) galaxy
ellipticity is modified by the complex shear g = g1 + ig2 in the
following way

el =
ei + g
1 + g∗ei

. (2)

c⃝ 2011 RAS, MNRAS 000, 1–11

Kacprzak et al. (2013)

Simple model -> model bias 
Complicated model -> fit noise 



OTHER ISSUES
• Orientation bias. 

• Astrometric bias. 

• CCD non-linearity bias. 

• Charge Transfer Inefficiency bias. 

• Your bias here.



LSST-SPECIFIC 
ISSUES



Phase Screen PSF

SMALL SCALE PSF VARIATION



PSF VARIATION WITHIN A 
SINGLE LSST CCD

turbulence using the ZEMAX software; see also Jarvis et al.
(2008) for the discussion on the impact of the telescope focus
on the PSF ellipticity.

Several features are noteworthy in Figure 8. First, the aberra-
tion-induced ellipticity is large. Most of the large sticks in the
plot exceed ∼10% ellipticity, approaching nearly 30% at the
field edges. Because the maximum deviation in this realization
is small (∼10 μm), these large values of ellipticity remind us
that the focal error tolerance of LSST is indeed narrow; how-
ever, we note that in the central region (≲1°) the sensitivity
of PSF elongation to height error is somewhat mitigated. Sec-
ond, sharp discontinuities of PSF ellipticity are present where
the CCD heights also vary abruptly. Third, although it may be a

bit difficult to recognize this feature in Figure 8, a small-scale
variation is observed even within a CCD, mainly due to the tilt
and potato-chip effects.

The presence of these smooth small-scale variation and dis-
continuous changes across CCD gaps are the most challenging
aspects of the PSF description and modeling for LSST. Any at-
tempt to use a single set of polynomials to characterize the PSF
behavior across the entire focal plane fails, because the small-
scale variation requires impractical high-order terms in the poly-
nomials; in addition, no interpolation scheme can satisfactorily
reproduce the sharp discontinuities across the CCD borders.
This is the reason that in the current article we perform inter-
polation CCD by CCD to model LSST PSFs. Considering the
one–two cycles of the potato-chip effect within a CCD, we
estimate that third- to fourth-order polynomials suffice. The re-
maining question is what features of PSF are interpolated. A
simple description of the two components of the PSF ellipticity
has been used in the early weak-lensing analysis (e.g., Valdes
et al. 1983; Kaiser et al. 1995). However, certainly ellipticity
alone does not fully characterize a PSF. One obvious missing
piece of information is the size of the PSF. One can imagine
that a 10% ellipticity PSF with FWHM ¼ 1″ more strongly af-
fects the shape of galaxies than a PSF with the same ellipticity,
but with FWHM ¼ 0:5″. Many authors (e.g., Hoekstra et al.
1998; Kaiser 2000; Rhodes et al. 2001) suggested modifications
to this earlier method (Kaiser et al. 1995) for the treatment of the

FIG. 6.—Impacts of turbulence on PSF. (a) PSF ellipticity (spatial) variation for the 15 s exposure within a 4k × 4k CCD of LSST due to atmosphere. Because no
optical aberration is introduced yet, this plot shows purely atmospheric contribution. A clear spatial correlation is visible on a scale of ∼10 (∼300 pixels). However, the
average magnitude is less than 1%, and thus the resulting anisotropy does not contribute significantly to the final PSF. (b) Ellipticity correlation for different exposure
times. The amplitude of the correlation function decreases with exposure time, because the telescope aperture sees higher number of (effectively) uncorrelated phase
screens. The solid and dashed lines represent ξþ and ξ#, respectively. See the electronic edition of the PASP for a color version of this figure.

TABLE 1

FOCAL-PLANE ERROR BUDGET (PEAK TO VALLEY)

Source
Specification

(maximum values)
Values used
for simulation

Global focal-plane adjustment . . . . . 10 μm 10 μm
Raft height errora . . . . . . . . . . . . . . . . . . 4.8 μm 6.5 μm
CCD-to-CCD height variation . . . . . 4 μm 10 μm
CCD tilt . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2:5 × 10#4 rad 2:5 × 10#4 rad
Potato-chip effectb . . . . . . . . . . . . . . . . . 4 μm 5 μm

a An array of 3 × 3 CCDs will be attached to one raft.
b One–two cycles within a CCD.

602 JEE & TYSON

2011 PASP, 123:596–614

This content downloaded from 169.237.42.84 on Tue, 15 Apr 2014 21:23:40 PM
All use subject to JSTOR Terms and Conditions

Jee & Tyson (2011)

•Abrupt changes within a 
single CCD. 

•Not enough stars (100~200) 
to characterize the variation.

Challenges:

Solutions:
•Utilize multi-epoch data. 
•Separation of stochastic 

component from stationary 
component.
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ATMOSPHERIC DISPERSION

Dispersed PSF

Dispersed galaxy

• Centroid shift - astrometric error 
when multi-epoch data are 
combined. 

• PSF mismatch between star and 
galaxy - imperfect PSF correction

software ObsTac4 and bin them by declination. Figure 1 shows the
relevant quantity 〈 tan2 za〉 vs. declination expected for DES,
showing that 〈 tan2 za〉 is within about 20% of unity across the
declination range of the survey. For LSST, Figure 3.3 of the LSST
Science Book5 suggests that the LSST i-band observations have
〈 tan2 za〉≈ 0:6, so we can expect that the northern and southern
extremes of the survey will have 〈 tan2 za〉 at or above 0.8, slightly
below our nominal value of unity.

The calculation of shear artifacts induced by Δ !R in a stack-
ing analysis is more complex, because Δ !R is actually a vector
quantity and the direction to zenith will vary with hour angle of
observations of a given field. The deleterious effects will scale
with the two-dimensional variance of the Δ !R vectors over the
course of the survey, so the relevant scaling factor will depend
upon the hour-angle distribution as well as zenith-angle distri-
bution, but will be ≤〈 tan2 za〉. Our assumption of unity for this
scaling factor is hence conservative, but we will see below that

the shear systematics from ΔV are larger than those from Δ !R
even with this conservative upper bound on Δ !R.

We make use of values for hðλÞ tabulated in Cox et al.
(2001), slightly corrected to take into account the average con-
ditions of pressure and temperature (770 mbar and 11°C, respec-
tively [Cease 2008]) at Cerro Tololo, Chile (DES). As can be
readily seen in Equations (1) and (2), Δ !R and V both depend
on the spectrum of the source object, SðλÞ. To make our cal-
culations, we use the empirical galaxy Spectral Energy Distri-
bution (SED) templates of Coleman et al. (1980) (CWW) and
Kinney et al. (1996).6 The CCW templates consist of 4 galaxies
of type E, Im, Scb, Scd and the Kinney templates are represen-
tative of both quiescent and starbust galaxies. For the star spec-
tra, we utilize the stellar libraries provided by Pickles (1998).
We calculate the values of Δ !R and V for each stellar spectral
type, and for galaxy types at values of redshift z∈½0; 1$ with
Δz ¼ 0:02, according to Equations (1) and (2). Then, taking

FIG. 5.—ΔV as a function of color for stellar and galaxy spectra at different redshift values (Δz ¼ 0:02) for each of the griz filters at za ¼ 45°. The solid green
(magenta) line represents a linear fit using only galaxy (stellar) spectra. Requirements for DES (LSST) on ΔV are shown by the light gray (dark gray) shaded regions.
See the electronic edition of the PASP for a color version of this figure.

4 Provided by Eric Neilsen (Neilsen 2012).
5 For more information see http://http://www.lsst.org/lsst/scibook.

6 These spectra are extended in the UV and IR regions by means of the syn-
thetic Bruzual and Charlot (1993) spectra.
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IMPERFECT DE-BLENDING
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SOLUTIONS TO DE-
BLENDING

• Shape measurement by weighting central pixels 
more heavily. 

• Calibrate the effect through image simulation. 

• Fit galaxies simultaneously



PSF INTERPOLATION



Polar Shapelets 3

Figure 2. Polar shapelet basis functions. The real components of the com-
plex functions are shown in the top panel, and the imaginary components in
the bottom. The basis functions with m = 0 are wholly real. In a shapelet
decomposition, all of the basis functions are weighted by a complex num-
ber, whose magnitude determines the strength of a component and whose
phase sets its orientation.

i.e. their m is equivalent to our −m. The Laguerre expansion in
BJ02 is also normalised by one less factor of β. This dimensionality
ensures that, as in the case of Cartesian shapelets, the polar shapelet
basis functions are orthonormal
!!

R

χ∗
n,m(r, θ; β) χn′,m′(r, θ; β) r drdθ = δn,n′δm,m′ (9)

as well as complete (see e.g.Wünsche 1998)
∞

"

n=0

n
"

m=−n

χn,m(r, θ; β)χn,m(r′, θ′; β) = δ(r − r′)δ(θ − θ′)(10)

where δ is the Kronecker delta and the asterisk denotes complex
conjugation. Only those basis functions with m = 0 contain net
flux.
!!

R

χn,m(r, θ; β) r drdθ = 2
√

πβ δm0 . (11)

Figure 3 demonstrates the polar shapelet decomposition of a
galaxy found in the HDF. The original image (middle left panel)
agrees well with the reconstruction using nmax = 20. The top
panel shows the modulus of the polar shapelet coefficients as func-
tion of the n and m indices. The dominant coefficients have small
values of both indices, demonstrating the compactness of a polar
shapelet representation, and further improved prospects for data
compression. The bottom panel shows the reconstruction of the
galaxy using only coefficients with given values of n or |m|, thus
highlighting the contributions of terms with specific rotational sym-
metries. The off-central bulge is captured in the |m| = 1 coeffi-
cients, and the main spiral arms in the |m| = 2 coefficients. The
spiral arms can also be seen as the rotation of the n-only recon-
structions with increasing radius. The fainter spiral arms appear as
an interplay of the |m| = 4 and 5 coefficients.

2.3 Conversion between Cartesian and polar shapelets

Cartesian shapelets are real functions, but polar shapelet basis func-
tions χn,m and coefficients fn,m are both complex. However, their
symmetries

χn,−m(r, θ; β) = χ∗
n,m(r, θ; β) = χn,m(r,−θ; β) , (12)

simplify matters somewhat if we are concerned only with the rep-
resentation of real functions f(x), like the surface brightness of an
image. Equations (9) and (12) imply that f(x) is real if and only if

fn,−m = f∗
n,m . (13)

Coefficients with m = 0 are thus wholly real. All polar shapelet
coefficients are paired with their complex conjugate on the other
side of the line m = 0. Therefore, even though the polar shapelet
coefficients fn,m are generally complex, the number of indepen-
dent parameters in the shapelet decomposition of a real function is
conserved from the Cartesian case.

A set of Cartesian shapelet coefficients fn1,n2
with n1+n2 ≤

nmax can be transformed, into polar shapelet representation with
n ≤ nmax, using

fn,m = 2− n
2 im
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$
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The particular choices of truncation scheme for Cartesian and polar
shapelets now make sense as a way to keep this mapping one-to-
one.

3 CHOICE OF SHAPELET SCALE SIZE

A shapelet decomposition requires values for the scale size β and
for the centre of the basis functions xc to be specified in advance.

SHAPELET

Polar Shapelets 5

Figure 4. Decomposition of an exponential profile into radial polar
shapelets. Top panel: The thick dark line shows the input exponential pro-
file. The reconstructed profile is shown for different values of the shapelet
scale β with nmax = 20. Bottom panel: the corresponding shapelet coeffi-
cient profile fn0 versus shapelet order n.

the power is distributed almost evenly throughout all orders. For
β = 0.5r0, the coefficients an,m are seen numerically to be ∝
(n + 1)−2. This will be an important result for the convergence of
shape estimators formed from series of shapelet coefficients in §6.
Convergence is fastest at β ≈ 0.8r0, with an,m ∝ (n + 1)−2.5.
For higher values of β, the signs of an,m begin to alternate, and the
convergence once more falls below ∝ (n + 1)−2 at β ≈ 1.1r0.

Figure 5 demonstrates the importance of a proper choice of
the parameters β and nmax for the practical decomposition of spi-
ral galaxy in the HDF. Its spiral arms complicate measurement, but
its radial profile is approximately an exponential with a scale length
of r0 ≈ 3′′ (12 pixels). The left column shows the growth in com-
plexity of a shapelet model using increasing nmax. Note in particu-
lar the rotation of the core ellipticity as nmax is increased from 2 to
8 and higher order moments are included to resolve the spiral arms.
In this column, β is allowed to vary in order to minimise the least-
squares difference between the model and the HDF image, shown
at the bottom. The middle column shows shapelet decompositions
at fixed nmax = 20, with varying β. The residuals are plotted in
the right hand column. As in figure 4, we find that the best overall
image reconstruction uses 0.5r0 <∼ β <∼ 0.7r0. This is perhaps at
the low end of the range suggested by figure 4 because of the extra
high-frequency detail contained in the spiral arms.

By experimentation we have found a fairly wide range of β
values that produce a faithful shapelet reconstruction. The informa-
tion is then concentrated into the few lowest shapelet states, with
fast convergence to the final model, and truncation is possible at a
computationally acceptable value of nmax. We shall now consider
ways to formalize this process, and hone our choice of xc, β and
nmax using quantitative criteria.

Figure 5. Shapelet decomposition of a real spiral galaxy in the HDF. The
best-fit de Vaucouleurs profile has r0 ≃ 12 pixels. Left-hand column: the
shapelet model shows growing complexity with increasing nmax. For each
of these fits, β is varied to minimise the least squares difference between the
data and the model. Right hand columns: the shapelet decomposition has a
preferred scale size. The residual between the original (in the bottom-right
panel) and these models with fixed nmax = 20 and varying β, is smallest
with β ≃ 0.5r0.

4 R. Massey & A. Refregier

Figure 3. Example polar shapelet decomposition of a HDF galaxy. Top
panel: the moduli of the polar shapelet coefficients, with a logarithmic
colour scale. Bottom panel: the original galaxy image using a linear colour
scale and its shapelet reconstruction using nmax = 20. Additional recon-
structions are shown using only particular sets of coefficients, to highlight
the contribution of components containing different symmetries.

Choosing the centre is relatively easy: there are many methods
well-known in the astronomical literature to accurately determine
astrometry from the flux-weighted moments of objects. However,
the selection of β is a less well-posed problem. In this section, we
shall first use some properties of polar shapelets to describe the
effect that the choice of the scale size has upon a shapelet decom-
position. We shall then set quantitative criteria for the selection of
β in arbitrary galaxy images that we can implement in a practical
algorithm.

Note that the selection of β will be linked to the selection of
nmax. As shown in Shapelets I §2.4, these two parameters deter-
mine the maximum extent θmax and finest resolution θmin that can
be successfully captured by a shapelet model. If nmax → ∞, any
object can be represented using any scale size β. But if the shapelet
expansion is truncated at finite nmax, the shape information needs
to be more efficiently contained within fewer coefficients. It is
clearly desirable in this situation to select a scale size β that com-

Table 1. The first few rotationally-invariant polar Shapelet basis functions.
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presses information, and lets us store the smallest possible number
of coefficients.

3.1 Radial profiles

Our discussion can be simplified by initially considering only
the radial profile of an object, thus reducing the task to a one-
dimensional problem. Let us consider an object with surface bright-
ness f(x). The object’s radial profile f(r) is its brightness averaged
in concentric rings about its centre, i.e.

f(r) =
1
2π

# 2π

0

f(r, θ) dθ . (15)

With the object decomposed into polar shapelets as in equation (5),
it is easy to show that this is given by

f(r) =
even
$

n

fn0 χn0(r; β) . (16)

This simple expression results from the fact that only the m = 0
basis functions are invariant under rotations. These are given by

χn0(r;β) =
(−1)n/2

β
√

π
L0

n
2
(r2/β2)e−r2/2β2

. (17)

The first few rotationally-invariant basis functions are written ex-
plicitly in table 1.

As a concrete example, we consider the decomposition of
galaxy images from the Hubble Deep Fields (Williams et al. 1996,
1998). The mean radial profile of spiral galaxies is typically expo-
nential, f(r) ∝ e−r/r0 , with some characteristic radius scale r0.
Figure 4 shows the shapelet reconstruction of an exponential radial
profile using various values of β, with nmax = 20 and the integral
in equation (5) calculated numerically.

As can be seen in the top panel of figure 4, the quality of
the reconstruction depends on the choice of β. For small values
(β <∼ 0.4r0) the reconstruction is oscillatory and cuts off the profile
at large radii (r >∼ 1.5r0). For large values (β >∼ 0.8r0), the recon-
struction fails to reproduce the cusp at small radii (r <∼ 0.4r0) and
exceeds the true profile at r ≃ 0.6r0. However, for intermediate
values (0.5r0 < β < 1.1r0), the reconstruction is good through-
out the range 0.1r0 <∼ r <∼ 2.8r0. This range can of course be
expanded by including more shapelet coefficients of higher order.
As nmax → ∞, the input model can be recovered with arbitrary
precision using any value of β.

The corresponding behaviour in shapelet space is apparent in
the bottom panel of figure 4. The fn,0 coefficients can be thought as
the profile of the galaxy in shapelet space or the “shapelet profile”.
For low values of β the shapelet profile is very flat, showing that



representation of the ACS WFC PSF (Fig. 1a) with ∼16% (157
of 961) of the total basis vectors retained. The PSF core within
∼3 pixel radius is satisfactory, whereas most of the other fea-
tures beyond ∼3 pixel radius are severely smeared. Although
it is possible to improve the quality of the wavelet representation
by employing more basis functions, we observe that the conver-
gence is slow and one has to include more than ∼80% of the
entire basis functions to achieve the goal.

Bernstein & Jarvis (2002) and Refregier (2003) proposed to
use shapelets to decompose astronomical objects. Shapelets,
also forming an orthogonal set, are derived from Gaussian-
weighted Hermite polynomials, which are eigenfunctions of
two-dimensional quantum harmonic oscillators. As shapelets
are based on two-dimensional circular Gaussian functions, they
are somewhat more localized than wavelets, thus potentially
more efficient in describing the PSF core. Figure 1c shows that
indeed the central region of the PSF is nicely recovered with 78
basis functions (shapelet order of 12); the second diffraction
ring at r ∼ 6 pixels is clear. It is not surprising, however, to ob-
serve that the other features beyond ∼8 pixels are completely
washed out in Figure 1c because the Gaussian nature of the sha-
pelets truncates the profile too early to capture the apparent PSF
wings. The fraction of the flux distributed outside the second
diffraction ring is less than 5% (compared to the original
31 × 31 PSF) and thus is negligible for some applications. In
particular, if one looks for lensing signals in galaxy clusters,
the inaccuracy in shear measurement caused by this PSF wing
truncation is overwhelmed by the shear-induced ellipticity
changes. However, in modern cosmic shear studies, the required
level of systematic errors are much more stringent, and thus we
still want to develop an even better scheme that robustly de-
scribes the PSF features on both small and large scales.

From the above two experiments, it becomes clear that any
basis functions that are derived from some analytic functions
have fundamental limits in their efficiency when we require
both small- and large-scale features (i.e., central cuspiness
and extended diffraction pattern) of PSFs to be stringently re-
covered. This implies that the ideal basis functions for a given

data set must be derived from the data set itself. One power-
ful method to achieve such a goal is PCA. Also known as
Karhunen-Loeve transformation (KLT), PCA provides a meth-
od for obtaining optimal basis functions highly tailored to a
given problem. As we briefly summarize in § 2.2, PCA allows
us to keep the subset of basis functions that has the largest var-
iance. The principal components (hereafter we use the terms,
principal component, basis function, and eigen-PSF inter-
changeably) with the lowest variances are dominated by noise
and can be safely discarded to reduce the dimension of the
problem.

We display the PSF image constructed with the first 20 prin-
cipal components in Figure 1d. The 20 principal components are
obtained by analyzing ∼870 stars in the same exposure. The
dramatic improvement in the recovery of the original PSF is
apparent not only in the core but also in the diffraction pattern
far from the core. This is again verified in the comparison of the
radial profiles in a different representation of the PSF (Fig. 2).
The PCA method gives the radial profile closest to that of
the original. (We note that the PCA method slightly fits noise
at r > 8″ because the signal outside the second diffraction ring
is very weak. Potentially one can improve the sampling by in-
cluding the wings of saturated stars as is done by Anderson &
King [2006].) The shapelet method generates the PSF that trun-
cates at r≃ 8 pixel. The representation with 150 Haar wavelets
appears to approximate the radial profile of the original closely,
but we see in Figure 1 that the two-dimensional representation is
unacceptable. Therefore, considering both the relatively small
number of basis functions and the quality of the reproduction,
we choose the PCA approach for our subsequent analysis of the
time- and position-dependent PSF of WFC.

2.2. Mathematical Formalism

Imagine that we have a data set consisting ofN observations
(e.g., stars), each with M observable properties (e.g., pixel
values). If the M observable properties do not change greatly
between observations, the data set forms a cloud of N points
in an M-dimensional space. We want to construct a set of

FIG. 1.—Representation of an ACS WFC F814W PSF with different basis functions. (a) The original 31 × 31 stellar image used for the analyses. (b) Wavelet
decomposition with ∼150 Haar wavelet basis functions. (c) Shapelet decomposition with 78 basis functions (shapelet order ¼ 12). (d) Representation with 20 basis
functions that are obtained from the PCA of ∼800 stars. The PSF images in (b) and (c) describe the PSF core well. However, it is obvious that many features in the PSF
wing are lost in these schemes. Although only 20 basis functions are used, the PCAmethod (d) captures many detailed features in the wing outside the second diffraction
ring, as well as the cuspiness in the PSF core.
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Fig. 9.— PCA eigenPSFs. The eigenPSFs were ranked by their eigenvalues with n = 0

representing the largest. The example shown here is derived by performing PCA on 4000

simulated PSFs. As n increases, the eigenPSF tends to possess higher-frequency features. In-

terestingly, the first several eigenPSFs resemble the basis functions obtained by the shapelet

formalism remarkably. However, asymmetry is also evident, which reveals the characteristic

pattern of the data.
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representation of the ACS WFC PSF (Fig. 1a) with ∼16% (157
of 961) of the total basis vectors retained. The PSF core within
∼3 pixel radius is satisfactory, whereas most of the other fea-
tures beyond ∼3 pixel radius are severely smeared. Although
it is possible to improve the quality of the wavelet representation
by employing more basis functions, we observe that the conver-
gence is slow and one has to include more than ∼80% of the
entire basis functions to achieve the goal.

Bernstein & Jarvis (2002) and Refregier (2003) proposed to
use shapelets to decompose astronomical objects. Shapelets,
also forming an orthogonal set, are derived from Gaussian-
weighted Hermite polynomials, which are eigenfunctions of
two-dimensional quantum harmonic oscillators. As shapelets
are based on two-dimensional circular Gaussian functions, they
are somewhat more localized than wavelets, thus potentially
more efficient in describing the PSF core. Figure 1c shows that
indeed the central region of the PSF is nicely recovered with 78
basis functions (shapelet order of 12); the second diffraction
ring at r ∼ 6 pixels is clear. It is not surprising, however, to ob-
serve that the other features beyond ∼8 pixels are completely
washed out in Figure 1c because the Gaussian nature of the sha-
pelets truncates the profile too early to capture the apparent PSF
wings. The fraction of the flux distributed outside the second
diffraction ring is less than 5% (compared to the original
31 × 31 PSF) and thus is negligible for some applications. In
particular, if one looks for lensing signals in galaxy clusters,
the inaccuracy in shear measurement caused by this PSF wing
truncation is overwhelmed by the shear-induced ellipticity
changes. However, in modern cosmic shear studies, the required
level of systematic errors are much more stringent, and thus we
still want to develop an even better scheme that robustly de-
scribes the PSF features on both small and large scales.

From the above two experiments, it becomes clear that any
basis functions that are derived from some analytic functions
have fundamental limits in their efficiency when we require
both small- and large-scale features (i.e., central cuspiness
and extended diffraction pattern) of PSFs to be stringently re-
covered. This implies that the ideal basis functions for a given

data set must be derived from the data set itself. One power-
ful method to achieve such a goal is PCA. Also known as
Karhunen-Loeve transformation (KLT), PCA provides a meth-
od for obtaining optimal basis functions highly tailored to a
given problem. As we briefly summarize in § 2.2, PCA allows
us to keep the subset of basis functions that has the largest var-
iance. The principal components (hereafter we use the terms,
principal component, basis function, and eigen-PSF inter-
changeably) with the lowest variances are dominated by noise
and can be safely discarded to reduce the dimension of the
problem.

We display the PSF image constructed with the first 20 prin-
cipal components in Figure 1d. The 20 principal components are
obtained by analyzing ∼870 stars in the same exposure. The
dramatic improvement in the recovery of the original PSF is
apparent not only in the core but also in the diffraction pattern
far from the core. This is again verified in the comparison of the
radial profiles in a different representation of the PSF (Fig. 2).
The PCA method gives the radial profile closest to that of
the original. (We note that the PCA method slightly fits noise
at r > 8″ because the signal outside the second diffraction ring
is very weak. Potentially one can improve the sampling by in-
cluding the wings of saturated stars as is done by Anderson &
King [2006].) The shapelet method generates the PSF that trun-
cates at r≃ 8 pixel. The representation with 150 Haar wavelets
appears to approximate the radial profile of the original closely,
but we see in Figure 1 that the two-dimensional representation is
unacceptable. Therefore, considering both the relatively small
number of basis functions and the quality of the reproduction,
we choose the PCA approach for our subsequent analysis of the
time- and position-dependent PSF of WFC.

2.2. Mathematical Formalism

Imagine that we have a data set consisting ofN observations
(e.g., stars), each with M observable properties (e.g., pixel
values). If the M observable properties do not change greatly
between observations, the data set forms a cloud of N points
in an M-dimensional space. We want to construct a set of

FIG. 1.—Representation of an ACS WFC F814W PSF with different basis functions. (a) The original 31 × 31 stellar image used for the analyses. (b) Wavelet
decomposition with ∼150 Haar wavelet basis functions. (c) Shapelet decomposition with 78 basis functions (shapelet order ¼ 12). (d) Representation with 20 basis
functions that are obtained from the PCA of ∼800 stars. The PSF images in (b) and (c) describe the PSF core well. However, it is obvious that many features in the PSF
wing are lost in these schemes. Although only 20 basis functions are used, the PCAmethod (d) captures many detailed features in the wing outside the second diffraction
ring, as well as the cuspiness in the PSF core.
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SUMMARY
• In WL, the Devil is in the details.!

 - Virtually every step in data processing matters. 

• The shape measurement quality factor has increased by an 
order of magnitude over the past decade.!

 - The current shape measurement challenge shows that the best-    
performing methods meet or exceed the future requirements. 

• However, our homework is not finished yet.!
 - Various issues (blending, PSF interpolation) are remaining. 

• Expect the unexpected. !
 - Maximize our learning from the on-going surveys (e.g., DES, HSC, KiDS).


