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At the core of MONDian theories is the assumption that in the limit of su�ciently weak acceleration, gravitational
dynamics becomes non-linear, with the non-linearities tailored to yield flat rotation curves of galaxies. In the weak-
field quasi-static limit, where the metric can be written ds2 = �(1 + 2 )dt2 + (1� 2�)dx2, the field equations must
reduce to  = � and

r · [µ
⇣

|r�|
a0

⌘
r�] = 4⇡G⇢, (A1)

where G is Newton’s constant, a
0

⇡ 10�10 m/s2, and ⇢ is the matter density. The phenomenological MOND function
µ(x) satisfies µ(x) ! 1 when x � 1, so that Newton’s law of gravity is recovered in the strong acceleration limit, and
µ(x) ! x when x ⌧ 1, which yields flat rotation curves of galaxies at large distances from matter sources. Hence,
the equations of motion for the potential become non-linear when |r�| ⌧ a

0

. This stands in stark contrast to GR,
where the weak-field limit is governed by linear equations of motion. Popular MONDian theories of gravity include
TeVeS [? ], generalized Einstein-Aether theories [? ], and bimetric theories (BIMOND) [? ? ]. Recently Verlinde [2]
suggested that similar modifications can naturally occur in entropic gravity [1].

MONDian modifications to GR can alter gravitational wave physics in at least two ways. First, since MOND is an
acceleration based modification of gravity, MONDian theories can violate the equivalence principle. A consequence
of this is that gravitational waves can propagate subluminally. Second, since MONDian theories are non-linear in
the weak field limit, gravitational waves can by governed by non-linear equations, even in the weak-field limit. As
we elaborate on below, these features have unsavory consequences and can be used to restrict the set of allowed
MONDian theories.

As was pointed out long ago [? ], if the speed of gravitational waves is c
g

< 1 (in units where c = 1), then high
energy cosmic rays traveling at speed v ! 1 will lose energy via the emission of gravitational Cherenkov radiation,
with an energy loss rate dependent on the di↵erence 1 � c

g

. The observation of high energy cosmic rays on earth,
combined with an estimate of their distance of propagation, then sets lower bounds on c

g

, which have been estimated
to be 1� c

g

. 10�15 [? ? ]. In the MOND limit of the Einstein-Aether theory of Ref. [? ], we demonstrate that the
speed of gravitational waves depends on the local gravitational potential and generically cannot be set equal to the
speed of light, and that Cherenkov losses are unavoidable without making the theory pathological. These features
make this theory an unacceptable theory of gravity.

Second, if gravitational wave dynamics are non-linear in the weak-field limit, gravitational waves emitted in black
hole merger events can interact with themselves as well as with other gravitational waves, e↵ectively scrambling
the structure of the original waveforms as they propagate to earth. LIGO’s recent observation of GW150914 had
a gravitational waveform completely consistent with GR [? ], suggesting no such scrambling e↵ect. A natural
expectation is therefore that gravitational waves must satisfy linear equations of motion in the weak-field limit of any
acceptable theory of gravity.

We argue that interactions between gravitational wave packets in the weak-field limit of BIMOND [? ] alters the
structure of the original waveforms and can even lead to singular evolution. Therefore, if BIMOND reduces to GR in
the strong field limit — and thereby yields the same initial gravitational waveforms as GR in merger events — the
waveforms observed far away would not look anything like those predicted by GR. In BIMOND we argue non-linear
interactions become important at distances on the order 0.3 Gpc from merger events. In contrast, gravitational waves
from GW150914 are estimated to have propagated 0.4 Gpc. Our results and the experimental data from LIGO suggest
that BIMOND in its present form is not an acceptable theory of modified gravity.

Appendix B: Modified Entropy Gravity

In addition to the metric gµ⌫ , Einstein-Aether theories contain a time-like vector field Aµ which satisfies A2 = �1
and defines a preferred frame. Following Ref. [? ] we consider the gravitational action,

S =
1

16⇡G

Z
d4x

p
g
⇥
R+M2F( K

M2 ) + �(A2+1)
⇤
+ S

mat

, (B1)

where K ⌘ K↵�
��r↵A�r�A� is a quadratic function of derivatives of Aµ. In Eq. (B1) � is a Lagrange multiplier

which inforces the constraint A2 = �1, M is a constant with dimensions of mass, and S
mat

is the matter action.
The phenomenological function F determines the MOND function µ in (A1). The most general expression for K↵�

µ⌫

involving no derivatives reads

K↵�
�� ⌘ c

1

g↵�g�� + c
2

�↵� �
�
� + c

3

�↵� �
�
� + c

4

A↵A�g�� , (B2)
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where the ci are dimensionless contants. Following [? ] we shall set M = ✏2a
0

with ✏ a bookkeeping parameter which
can be set to one after all calculations.

The Einstein-Aether equations of motion read

Rµ⌫ � 1

2

Rgµ⌫ = Tµ⌫ + 8⇡GTmat

µ⌫ , (B3a)

r↵[F 0J↵
� ]� F 0y� = 2�A� , (B3b)

with Tmat

µ⌫ the matter stress and T↵� the vector stress,

T↵� = 1

2

r�{F 0[J �
(↵ A�) � J�

(↵A�) � J
(↵�)A

�]} (B4)

� F 0Y↵� + 1

2

g↵�M2F + �A↵A� ,

with

Y↵� = �c
1

[r⌫A↵r⌫A� �r↵A⌫r�A
⌫ ] (B5a)

�c
4

(A ·rA↵)(A ·rA�),

J↵
� = 2K↵�

��r�A
� , (B5b)

y� = 2c
4

r�Aµ(A ·rAµ). (B5c)

We wish to study Einstein-Aether waves in the MOND limit, particularly waves propagating in the background of
a weak, static and slowly varying gravitational field. Our goal here is to demonstrate that the propagation speeds
depend on the local background fields and cannot be set equal to the speed of light for all modes. To this end let
us first consider static, weak field, and slowly varying solutions to the Einstein-Aether system. Following [? ] we
consider the ansatz,

gµ⌫(t,x) = ⌘µ⌫ � 2✏�(✏x)�µ⌫ , (B6a)

Aµ(t,x) = [�1 + ✏�(✏x)]�µ0, (B6b)

and solve the equations of motion in the ✏ ! 0 limit. The above ansatz satisfies A2 = �1 +O(✏2). In the ✏ ! 0 limit
the Einstein-Aether equations of motion (B3) reduce to the MOND equation (A1) with µ(x) = x provided [? ]

F(x) = 1

c1�c4

h
�2x+ 4

3

p
�c1+c4

x3/2
i
. (B7)

A real-valued action therefore requires c
1

� c
4

< 0.

Consider now the ansatz

gµ⌫(t,x) = ⌘µ⌫ � 2✏�(✏x)�µ⌫ + ⇣ hµ⌫e
�i!t+ik·x, (B8a)

Aµ(t,x) = [�1 + ✏�(✏x)]�µ0 + ⇣ aµe
�i!t+ik·x, (B8b)

which describes small perturbations propagating on top of the static background potential �. Here ⇣ is another
bookkeeping parameter which parameterizes the strength of the propagating modes. We shall consider the ✏ ! 0
limit with ⇣ ⌧ ✏2. In this limit the exponentials vary in space much more rapidly than the potential. Note that hµ⌫

and aµ also depend on x. However, this dependence can be neglected at leading order. For simplicity we assume the
potential vanishes as the point x of interest and that k and r� point in the same direction at x.

The equations of motion for hµ⌫ and aµ, as well as the dispersion relation !(k), follow from substituting the ansatz
(B8) into (B3). With ⇣ ⌧ ✏2 and the presence of the background potential, the equations of motion for hµ⌫ and aµ
are linear. There are a total of five propagating modes, including two tensor modes, two vector modes, and one scalar
mode. We find linear dispersion relations ! = c

g

k for all modes, with propagation speeds,

c2
tensor

=
�c

1

+ c
4

(c
1

+ 2c
3

+ c
4

)� 2(c
1

+ c
3

)|r�|/a
0

, (B9a)

c2
vector

=
c2
3

� c
1

c
4

+ (c2
1

� c2
3

)|r�|/a
0

(�c
1

+ c
4

)[c
1

+ 2c
3

+ c
4

� 2c
1

(c
1

+ c
3

)|r�|/a
0

]
, (B9b)

c2
scalar

=
2(�c

1

+ c
4

)(c
1

+ c
2

+ c
3

)(1� |r�|/a
0

)|r�|/a
0

(1� 2|r�|/a
0

)[c
1

+ 2c
3

+ c
4

� 2(c
1

+ c
3

)|r�|/a
0

][2c
1

+ 3c
2

+ c
3

� c
4

� (c
1

+ 3c
2

+ c
3

)|r�|/a
0
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. (B9c)
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where the gravitational accelerations gB and gD are given by their usual Newtonian expressions

gB(r) =
GMB(r)

r2
and gD(r) =

GMD(r)

r2
. (A5)

We will now discuss the consequences of equation (B3) and present it in di↵erent forms so that the comparison with
observations becomes more straightforward.

In this case one can simply di↵erentiate with respect to the radius while keeping the baryonic mass MB constant.
It is easily verified that this leads to the relation

gD(r) =
p
aMgB(r) with aM =

a
0

6
. (A6)

So let us go back to (B3) and take its derivative while taking into account the r dependence of MB(r). We introduce
the averaged mass densitities ⇢B(r) and ⇢D(r) inside a sphere of radius r by writing the integrated masses MB(r)
and MD(r) as

MB(r) =
4⇡r3

3
⇢B(r) and MD(r) =

4⇡r3

3
⇢D(r). (A7)

We also introduce the slope parameters

�B(r) = �d log ⇢B(r)

d log r
and �D(r) = �d log ⇢D(r)

d log r
. (A8)

When these slope parameters are approximately constant they give us the power law behavior of the averaged mass
densitities. By di↵erentiating (B1) with respect to r and rewriting the result using (B7) one finds that the average
apparent dark matter density obeys

⇢2D(r) =
⇣
4� �B(r)

⌘ a
0

8⇡G

⇢B(r)

r
. (A9)

For a central point mass MB the slope parameter �B is equal to 3, hence the prefactor would be equal to one. The
apparent dark matter has in that case a distribution with a slope �D = 2, which means that it falls o↵ like 1/r2. A
similar formula as (B9) holds in modified Newtonian dynamics, except without the prefactor.

As a final fun comment let us, just out of curiosity, take the formula (B9) and apply it to the entire universe. By
this we mean the following: we assume a constant baryonic mass density, so we set �B = 0, and in addition we take
the radius to be equal to the Hubble radius, i.e. we put r = L. Now we note that the critical mass density of the
universe equals

⇢c =
3H2

0

8⇡G
=

3a
0

8⇡G

1

L
= ⇤. (A10)

Hence, when we put r = L in the formula (B9) we obtain a relation between the standard cosmological density
parameters ⌦B = ⇢B/⇢crit and ⌦D = ⇢D/⇢crit of the baryonic and dark matter. We find

⌦2

D =
4

3
⌦B , ⇢2D =

4

3
⇢B⇢c. (A11)

This relation holds remarkably well for the values of ⌦D and ⌦B obtained by the WMAP and Planck collaborations. It
is far from clear that our derivation of the density formula (B9) would be applicable to the entire universe. For instance,
an immediate question that comes to mind is whether this relation continues to hold throughout the cosmological
evolution of the universe. We have worked exclusively in a static situation near the center of the static patch of a
dark energy dominated universe.

Appendix B: Review of Verlinde’s Emergent Gravity

[copy from Abstract and conclusion ]
Recent theoretical progress indicates that spacetime and gravity emerge together from the entanglement structure of
an underlying microscopic theory. These ideas are best understood in Anti-de Sitter space, where they rely on the
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It is show in [12], that the EPR in 3+1 can be described by the worm hole in 4+1 dimensional AdS. In here,
3) Holography in Flat space. In our models, the holographic scree is embedded in one higher dimensional

spacetime. It is interesting to compare that with the holographic in flat space, where one sucussififul relasiation is
a flat holographic screen embeded in the accacting frame. The induced brown-York stress give the Rindler fluid,
[7]. which is quite similar to the Rindler holography. In there, the background is flat space time Rindler fluid with
⇢D = 0, pD = a, where a is the accaction. the geometry also gave the equation of state p = TUsU , with TU the
Untuh temperature. Also it is found that the Petrov Type I constraint equation give additional constrains relation of
induced stress tensor [8, 9], which is expected to generalized to our case.

4) AdS/dS and AdS/FRW.— mathematically, the dS or FRW metric can also be embedded in to the higher
dimensional AdS, as well as in the brane world model. Similar relation can be obtained from the constraint equations.
Although the holographic correspondence is more clear there, one meet another question on the origin of negative
cosmological constant. That’s why we choose the flat embedding in this paper, but that’s interesting for further study.

B. Conclusion

We give a new viewpoint on the dark components of our universe, which originates from the induced stress tensor
of higher dimensional flat spacetime.

Appendix A: Review of Verlinde’s Emergent Gravity

Recent theoretical progress indicates that spacetime and gravity emerge together from the entanglement structure
of an underlying microscopic theory. These ideas are best understood in Anti-de Sitter space, where they rely on the
area law for entanglement entropy. The extension to de Sitter space requires taking into account the entropy and
temperature associated with the cosmological horizon. Using insights from string theory, black hole physics and
quantum information theory we argue that the positive dark energy leads to a thermal volume law contribution to
the entropy that overtakes the area law precisely at the cosmological horizon. Due to the competition between area
and volume law entanglement the microscopic de Sitter states do not thermalise at sub-Hubble scales: they exhibit
memory e↵ects in the form of an entropy displacement caused by matter. The emergent laws of gravity contain
an additional ‘dark’ gravitational force describing the ‘elastic’ response due to the entropy displacement. We derive
an estimate of the strength of this extra force in terms of the baryonic mass, Newton’s constant and the Hubble
acceleration scale a

0

= cH
0

, and provide evidence for the fact that this additional ‘dark gravity force’ explains the
observed phenomena in galaxies and clusters currently attributed to dark matter.

One main result is the following integral relation for the surface mass density ⌃D for the apparent dark matter in
terms of the Newtonian potential for the baryonic matter
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Since the integration region B can be chosen arbitrarily, we can also derive a local relation by first converting the
right hand side into a volume integral by applying Stokes’ theorem and then equating the integrands. In this way we
obtain
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For this situation we can take ni = xi/|x|, and easily evaluate the right hand side in terms of the mass distribution
⇢B of the baryonic matter.

When d = 4, this leads to
Z r

0

GM2

D(r0)

r02
dr0 =

MB(r)a0r

6
. (A3)

It allows one to make a direct comparison with observations. It describes the amount of apparent dark matter MD(r)
in terms of the amount of baryonic matter MB(r) for (approximately) spherically symmetric and isolated astronomical
systems in non-dynamical situations. After having determined MD(r) one can then compute the total acceleration

g(r) = gB(r) + gD(r) (A4)
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In the next subsection we will use this relation for a spherically symmetric situation to derive the mass density for
the apparent dark matter from a given distribution of baryonic matter. For this situation we can take ni = xi/|x|,
and easily evaluate the right hand side in terms of the mass distribution ⇢B of the baryonic matter.

When d = 4, this leads to
Z r

0

GM2

D(r0)

r02
dr0 =

MB(r)a0r

6
. (B3)

This is the main formula and central result of our paper, since it allows one to make a direct comparison with
observations. It describes the amount of apparent dark matter MD(r) in terms of the amount of baryonic matter
MB(r) for (approximately) spherically symmetric and isolated astronomical systems in non-dynamical situations.
After having determined MD(r) one can then compute the total acceleration

g(r) = gB(r) + gD(r) (B4)

where the gravitational accelerations gB and gD are given by their usual Newtonian expressions

gB(r) =
GMB(r)

r2
and gD(r) =

GMD(r)

r2
. (B5)

We will now discuss the consequences of equation (B3) and present it in di↵erent forms so that the comparison with
observations becomes more straightforward.

In this case one can simply di↵erentiate with respect to the radius while keeping the baryonic mass MB constant.
It is easily verified that this leads to the relation

gD(r) =
p
aMgB(r) with aM =

a
0

6
. (B6)

So let us go back to (B3) and take its derivative while taking into account the r dependence of MB(r). We introduce
the averaged mass densitities ⇢B(r) and ⇢D(r) inside a sphere of radius r by writing the integrated masses MB(r)
and MD(r) as

MB(r) =
4⇡r3

3
⇢B(r) and MD(r) =

4⇡r3

3
⇢D(r). (B7)

We also introduce the slope parameters

�B(r) = �d log ⇢B(r)

d log r
and �D(r) = �d log ⇢D(r)

d log r
. (B8)
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GMD(r)
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We will now discuss the consequences of equation (B3) and present it in di↵erent forms so that the comparison with
observations becomes more straightforward.

In this case one can simply di↵erentiate with respect to the radius while keeping the baryonic mass MB constant.
It is easily verified that this leads to the relation
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aMgB(r) with aM =
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0
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 = cH
0

=
c2

L
= a

0

(A8)

So let us go back to (B3) and take its derivative while taking into account the r dependence of MB(r). We introduce
the averaged mass densitities ⇢B(r) and ⇢D(r) inside a sphere of radius r by writing the integrated masses MB(r)
and MD(r) as

MB(r) =
4⇡r3

3
⇢B(r) and MD(r) =

4⇡r3

3
⇢D(r). (A9)

We also introduce the slope parameters

�B(r) = �d log ⇢B(r)

d log r
and �D(r) = �d log ⇢D(r)

d log r
. (A10)

When these slope parameters are approximately constant they give us the power law behavior of the averaged mass
densitities. By di↵erentiating (B1) with respect to r and rewriting the result using (B7) one finds that the average
apparent dark matter density obeys

⇢2D(r) =
⇣
4� �B(r)

⌘ a
0

8⇡G

⇢B(r)

r
. (A11)

For a central point mass MB the slope parameter �B is equal to 3, hence the prefactor would be equal to one. The
apparent dark matter has in that case a distribution with a slope �D = 2, which means that it falls o↵ like 1/r2. A
similar formula as (B9) holds in modified Newtonian dynamics, except without the prefactor.

As a final fun comment let us, just out of curiosity, take the formula (B9) and apply it to the entire universe. By
this we mean the following: we assume a constant baryonic mass density, so we set �B = 0, and in addition we take
the radius to be equal to the Hubble radius, i.e. we put r = L. Now we note that the critical mass density of the
universe equals

⇢c =
3H2

0

8⇡G
=

3a
0

8⇡G

1

L
= ⇤. (A12)

Hence, when we put r = L in the formula (B9) we obtain a relation between the standard cosmological density
parameters ⌦B = ⇢B/⇢crit and ⌦D = ⇢D/⇢crit of the baryonic and dark matter. We find

⌦2

D =
4

3
⌦B , ⇢2D =

4

3
⇢B⇢c. (A13)

This relation holds remarkably well for the values of ⌦D and ⌦B obtained by the WMAP and Planck collaborations. It
is far from clear that our derivation of the density formula (B9) would be applicable to the entire universe. For instance,
an immediate question that comes to mind is whether this relation continues to hold throughout the cosmological
evolution of the universe. We have worked exclusively in a static situation near the center of the static patch of a
dark energy dominated universe.
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FIG. 1. Schematic diagram for the EPR pair case we are dis-
cussing with two measurements at Alice and Bob’s locations.
The AdS blackhole is present in the finite temperature case,
which we briefly discuss in the last section.

Here cos ✓AB = ~nA·~nB depends on the cross angle of the
measurements. And from (3) we have

h s|Cs| si = � cos ✓AB � cos ✓AB0 � cos ✓A0B + cos ✓A0B0 .
(6)

In particular, if we fix the direction of A and A0, as
well as the angle between B and B0 as ⇡/2

✓A = 0, ✓A0 =
⇡

2
, ✓B0 = ✓B � ⇡

2
, (7)

then we have the relation depended on the direction of
B,B0,

h s|Cs| si = �2
p
2 cos

�
✓B � ⇡

4

�
(8)

For 0 < ✓B < ⇡/2, the Bell inequality |hCi|  2 can be
violated, and we reach the maximal violation at ✓B =
⇡/4, with an extra factor of

p
2. Now we will see what is

the formula of Bell inequality in the holographic model
of EPR pair in the next section.

III. HOLOGRAPHIC EPR

It is proposed in [7] that an entangled color singlet
quark anti-quark (q-q̄) pair in SYM, can be described by
an open string with both of its endpoints attached to the
boundary of AdS5. The string connecting the pair is dual
to the color fluxtube between two quarks, with a Coulom-
bic potential 1/r as demanded by the scale invariance of
boundary theory. Unlike in a confining theory, the pair
can separate arbitrarily far from each others.

Numerical solutions of the string shapes with di↵erent
boundary behaviors can be found in [13–15], and an ana-
lytic solution for an accelerating string was found in [16].

In the analytic solution the open string is also accelerated
on the Poincáre patch of the AdS5

ds2 =
R2

w2

⇥� dt2 + dw2 + (dx2 + dy2 + dz2)
⇤
, (9)

with the AdS radius R and extra dimension w. The string
solution in the AdS5 bulk is given by

z2 = t2 + b2 � w2. (10)

The quark and anti-quark live on the AdS boundary w =
0. They are accelerating along the direction of z, and
moving with the solution z = ±p

t2 + b2. Thus, the two
entangled particles are out of causal contact with each
others, and the physics of entanglement in a single EPR
pair can be captured by the geometry of an ER bridge
on the string worldsheet in AdS5.
String fluctuations.— To consider the string fluctua-

tions, we transform the solution to the co-moving space-
time (⌧, r, x, y, z̃) of the accelerating quarks via

z = b
p
1� ũ exp

⇣ z̃
b

⌘
cosh

⌧

b
,

t = b
p
1� ũ exp

⇣ z̃
b

⌘
sinh

⌧

b
,

w = b
p
ũ exp

⇣ z̃
b

⌘
. (11)

This frame is an accelerating frame with a constant ac-
celeration a = 1/b. And it only maps the upper part of
the string (0 < w < b) into the proper frame of the accel-
erating quark with 0 < ũ < 1. Plug this transformation
(11) in (10), one finds the string configuration becomes
z̃ = 0. And the metric (9) becomes

ds2 =
R2

b2ũ

h
� f (ũ) d⌧2 +

b2

4ũ

dũ2

f (ũ)
+ dz̃2

+
�
dx2 + dy2

�
exp (�2z̃/b)

i
, (12)

where f(ũ) = 1 � ũ. The event horizon ũ = 1 separates
the string into two causally disconnected parts. Further-
more, the Hawking temperature TH = 1

2⇡b matches with
the Rindler temperature TU = a

2⇡ .
Let (⌧, ũ) be the new worldsheet coordinates in the

current frame. The fluctuations in x, y, z̃ directions are
symmetric along the string trajectory z̃ = 0. Thus, we
consider the string fluctuation as Xµ = (b⌧̃ , ũ, b�̃i(⌧, ũ)),

with i = x, y, z̃. When �̃i ⌧ 1, the action of string be-
comes

S ' �T0R
2

Z
d⌧̃dũ

2ũ3/2

 
1 + 2ũf

X

i

�̃02i � 1

2f

X

i

˙̃
�2i

!
.

(13)

The equations of motion for the fluctuations on the string
are

@ũ

 
2ũf

�̃0i
u03/2

!
� @⌧̃

 
˙̃
�i

2fu03/2

!
= 0. (14)
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There’re two points of view, or say in duality:

1) In higher dimensional viewpoint, there’s only baryonic matters on the brane, and the dark energy and dark
matter are only relevant to the extrinsic curvature.

Except the constrans equations, we also have the dynamical equation

R(d)
µ⌫ = (Kgµ� �Kµ�)K�

⌫ +Mµ⌫ , (53)

Mµ⌫ ⌘ g M
µ g N

⌫ R(d+1)

MN � g M
µ NP g N

⌫ NQR(d+1)

MPNQ.

R(d) = (K2 �Kµ⌫Kµ⌫) +R� 2R(d+1)

MN NMNN , (54)

R = � 2d

d� 2
(T + T ) . (55)

Although R(d+1)

MN = 0 in flat spacetime, it is not necessary for R(d+1)

MPNQ, which depends on the coordinate choices. In
prinpicle we can also define the induced stress tensor from

Rµ⌫ � 1

2
Rgµ⌫ = T M

µ⌫ + TB
µ⌫ , (56)

T M
µ⌫ ⌘ (Kgµ� �Kµ�)K�

⌫ +Mµ⌫ � 1

2

�
K2 �K⇢�K⇢�

�
gµ⌫ ,

Mµ⌫ ⌘ g M
µ g N

⌫ R(d+1)

MN � g M
µ NP g N

⌫ NQR(d+1)

MPNQ.

which is more nature to describe the evolution of the hyper surface, and indeed in the De-sitter spacetime, Kµ� = 1

Lgµ⌫
lead to T M

µ⌫ = �⇤gµ⌫ . However, if we consider the perturbations, it is not easy to guarantee the conservation of this

stress tensor @µT M
µ⌫

?

= 0. While instead the Brown-York one ha That’s why we didn’t use this formula in this work.
We have tried the perturbation based on this formula, we didn’t obtained expected constraint of the dark matters.
But it still a candidate for further interesting of study.

2) On the induced metric of the brane, there’re e↵ective contribution from the holographic stress tensor, which
can be identified as the stress tensor of dark energy and dark matter. Let’s start with the Einstein-Hilbert action in
(d+1) dimension,

Sd+1

=
1

2d+1

Z
dd+1x

p
�g̃(Rd+1

) +

Z
ddx

p
�gKd (57)

With g̃MN the metric in d+ 1 dimension. After the variation, we have

�Sd+1

=
h
R(d+1)

MN � 1

2
R(d+1)g̃MN

i
�g̃MN

+ (Kµ⌫ �Kgµ⌫) �g
µ⌫ (58)

In modified entropic gravity, gravitational field equation is

f

✓
Rµ⌫ � 1

2
gµ⌫R

◆
�

✓
rµr⌫f � 1

2
gµ⌫r2f

◆
= 8⇡GTµ⌫ , (59)

(rµf)Gµ⌫ =rµTµ⌫ , (60)

0 =rµTµ⌫ +rµT D
µ⌫ , (61)

To study the gravitational waves in this modified theory, let us first look at the freely propagating degrees of freedom
of the gravitational field. We first set all the matter source to zero Tµ⌫ = 0. We will tend to the production of the
waves later.

fRµ⌫ �rµr⌫f = 8⇡G

✓
Tµ⌫ � 1

2
gµ⌫T

◆
, (62)
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Abstract

We propose the induced gravity from higher dimensional flat spacetime, instead of the emergent
gravity from lower dimension. We assume that the induced stress tensor could be back reacted
on the hypersurface, and the equation of state are constrained by the Gauss equation. Then the
Lambda-CDM model can be considered as the perturbation of the de-Sitter hypersurface in higher
dimension, where the dark energy and dark matter can be induced from the holographic stress tensor,
which is relevant to extrinsic curvature of the higher dimensional embedding. We can recover and
give a new viewpoint on Verlinde’s emergent gravity and the MOND limit.

I. INTROCUSION

Verlinde has proposed the emergent gravity from the area law of entropy [1], and emergent dark matters from vol-
ume contribution of entanglement entropy [2]. In Verslinde’s entropy force or emergent gravity in (3+1) dimension,
the holographic scree is (2+1) dimensional, either surrounding the horizon of black hole or the de sitter universe. In
this paper, we give a new viewpoint on Verslinde’s emergent gravity, which can be considered as a (3+1) dimensional
holographic screen embedded in the (4+1) dimensional flat spacetime. We obtain new constrants from the hypersur-
face. On the cosmogical side, it leads to a new relation between the dark matter density, which matches well with the
⇤CDM(Lambda Could Dark Matter) parameters. On the spherical side, it reproduce the Verslinde’s emergent dark
matter, or the MOND limit, which matches well with the rotation curves of galaxies, and the gravitational lensings.

Induced Gravity at large scale— Instead of the emergent gravity from lower dimensional flat spacetime, we
propose the induced gravity from higher dimensional spacetime. We proposed that at the cosmological scale, the
Einstein field equation in 3+1 dimensional spacetime can be modified as

Rµ⌫ � 1

2
Rgµ⌫ +

H
0

c
(Kgµ⌫ �Kµ⌫) =

8⇡G

c4
Tµ⌫ . (1)

Where H
0

is the Hubble constant, G is the newton gravitational constant, and c is the velocity of light. We can also
put the extra terms on the right hand side, which induce the extra contribution to the stress tensor Tµ⌫

Tµ⌫ ⌘ �H
0

c3

8⇡G
(Kgµ⌫ �Kµ⌫) . (2)

It is just the Brown-York stress tensor induced from higher dimensional space time. We will show that this holographic
stress tensor Tµ⌫ can provide dark energy and dark matter.

⇤CDM Universe — n which the universe contains a positive cosmological constant ⇤ contribute to the dark
energy with component ⌦

⇤

, cold dark matter density parameter ⌦D, and Baryon density parameter ⌦B . which
satisfy ⌦D + ⌦B + ⌦

⇤

' 1, and dominating the universe. Based on these properties and the induced formala in (1),
we obtain a new formula of the uniform dark matter density. Compare with Verlinde’s emergent gravity,

Verlinde: ⌦2

D =
4

3
⌦B , (3)

CSZ: ⌦2

D =
1

2
⌦

⇤

(⌦D � ⌦B). (4)
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on the hypersurface, and the equation of state are constrained by the Gauss equation. Then the
Lambda-CDM model can be considered as the perturbation of the de-Sitter hypersurface in higher
dimension, where the dark energy and dark matter can be induced from the holographic stress tensor,
which is relevant to extrinsic curvature of the higher dimensional embedding. We can recover and
give a new viewpoint on Verlinde’s emergent gravity and the MOND limit.

I. INTROCUSION

Verlinde has proposed the emergent gravity from the area law of entropy [1], and emergent dark matters from vol-
ume contribution of entanglement entropy [2]. In Verslinde’s entropy force or emergent gravity in (3+1) dimension,
the holographic scree is (2+1) dimensional, either surrounding the horizon of black hole or the de sitter universe. In
this paper, we give a new viewpoint on Verslinde’s emergent gravity, which can be considered as a (3+1) dimensional
holographic screen embedded in the (4+1) dimensional flat spacetime. We obtain new constrants from the hypersur-
face. On the cosmogical side, it leads to a new relation between the dark matter density, which matches well with the
⇤CDM(Lambda Could Dark Matter) parameters. On the spherical side, it reproduce the Verslinde’s emergent dark
matter, or the MOND limit, which matches well with the rotation curves of galaxies, and the gravitational lensings.

Induced Gravity at large scale— Instead of the emergent gravity from lower dimensional flat spacetime, we
propose the induced gravity from higher dimensional spacetime. We proposed that at the cosmological scale, the
Einstein field equation in 3+1 dimensional spacetime can be modified as

Rµ⌫ � 1

2
Rgµ⌫ +

H
0

c
(Kgµ⌫ �Kµ⌫) =

8⇡G

c4
Tµ⌫ . (1)

Where H
0

is the Hubble constant, G is the newton gravitational constant, and c is the velocity of light. We can also
put the extra terms on the right hand side, which induce the extra contribution to the stress tensor Tµ⌫

Tµ⌫ ⌘ �H
0

c3

8⇡G
(Kgµ⌫ �Kµ⌫) . (2)

It is just the Brown-York stress tensor induced from higher dimensional space time. We will show that this holographic
stress tensor Tµ⌫ can provide dark energy and dark matter.

⇤CDM Universe — n which the universe contains a positive cosmological constant ⇤ contribute to the dark
energy with component ⌦

⇤

, cold dark matter density parameter ⌦D, and Baryon density parameter ⌦B . which
satisfy ⌦D + ⌦B + ⌦

⇤

' 1, and dominating the universe. Based on these properties and the induced formala in (1),
we obtain a new formula of the uniform dark matter density. Compare with Verlinde’s emergent gravity,

Verlinde: ⌦2

D =
4

3
⌦B , (3)

CSZ: ⌦2

D =
1

2
⌦

⇤

(⌦D � ⌦B). (4)
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Let’s using some parameters from ⇤CDM [3], with a bit priori choice as following

⌦
⇤

= 0.685, ⌦D = 0.265, ⌦B = 0.050. (5)

Compare our formula with Verlinde’s, we have

�V ⌘ ⌦2

D � 4

3
⌦B ' 0.36% , (6)

�CSZ ⌘ ⌦2

D � 1

2
⌦

⇤

(⌦D � ⌦B) ' �0.34% . (7)

Although our relation hold as well as Verlinde’s, they are still some subtile derivation in approximation.

MOND limit

on-going...

II. INDUCED ⇤CDM UNIVERSE

Similar to the formula in (1), let’s write down the Einstein equation in d dimension as

Rµ⌫ � 1

2
Rgµ⌫ = d(Tµ⌫ + Tµ⌫), (8)

with µ, ⌫ = 0, 1, ..., (d�1), and d = 8⇡Gd/c4. The Tµ⌫ is the stress tensor of normal matters, and Tµ⌫ is the e↵ective
dark sectors of our universe, which can include the dark energy and dark matters. The trace lead to the Ricci scalar

R = � 2d

d� 2
(T + T ) . (9)

Now consider one higher dimension embedding of a hyper-surface into the d dimensional spacetime. with the normal
vector NM= 1

L (X0

, Xi) which is defined towards the direction of coordinates. From which we can define the induce
metric on the hypersurface gMN = ⌘MN �NMNN as well as the extrinsic curvature

Kµ⌫ ⌘ g M
µ g N

⌫ r
(MNN)

, (10)

with µ, ⌫ the index on the hypersurface, which depends on the coordinate choices.

The Hamiltonian constraint equation

K2 �Kµ⌫Kµ⌫ = R+ 2G(d+1)

MN NMNN , (11)

with M,N = 0, 1, ..., d. If we define the following Brown-York stress tensor,

Tµ⌫ = � 1

d+1

(Kgµ⌫ �Kµ⌫) , (12)

with d+1

the Einstein’s constant in d + 1 dimension. Notice that in the above defination, there is a minuse sign
compare with the usual brown-York formula, which means the opsite side of the normal vector N Then (11) gives

T 2

d� 1
� Tµ⌫T µ⌫ =

R+ 2G(d+1)

MN NMNN

(d+1

)2
. (13)

De Sitter Spacetime.— Without the normal matters Tµ⌫=0, and Tµ⌫ = T̄µ⌫ ⌘ � ⇤

d
gµ⌫ . The cosmological

constant ⇤ = (d�1)(d�2)

2L2 as the dark energy. It can be embedded into d+ 1 dimensional flat spacetime

ds2d+1

= ⌘MNdXMdXN = �dX2

0

+ dX2

i , (14)

with i = 1, 2, ..., d. It is a hyperbolid spacetime with radius L and the normal vector are

L2 = �T 2 +X2

i , NM =
1

L
(X

0

, Xi). (15)
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Rµ⌫ =
1

f
rµr⌫f. (63)

f = 1 + Cr (64)

Then

r
0

r
0

f = rµr0

f = r
0

r⌫f = 0 (65)

For the solution metric,

ds2 = �(1 + 2�)dt2 + !i(dtdx
i + dxidt) + [(1� 2 )�ij + 2sij ]dx

idxj (66)

For gravitational waves propagating solution, in transverse gauge, we arrive at.

 = 0

!i = 0

⇤sij = 0

2r2� = T (67)

Treat � as a small correction, we can have the waves equation,

⇤sij =
1p
�g

@

@x⌫
[
p
�ggµ⌫

@u

@xµ
] (68)

= r2sij �
1

c2
@2sij
@t2

= 0 (69)

Here we can read o↵ the sppeed of the waves.

V. POSSIBLE PHYSICAL ORIGIN

In the usual paradigm of holography, we don’t consider the back reaction of the holographic stress tensor on the
hypersurface. In this work, we break this convention. But how to understand that the dark matter and dark energy
is proportional to the holographic stress tensor?

Schwinger e↵ects. — The lower dimensional Schwinger e↵ects can be identified with thehigher dimensional
Unruh e↵ects. One possible interpretation is the Schwinger e↵ects from vacuum. As in that calculation, one can also
consider the embedding. Actually there are various embedding of the know back hole solutions in flat space time...

Extra dimension. —From our observation, it is still quite interesting to ask whether there’s real extra dimension,
although there’re no evidence from experiment now. One recent study is from gravitational waves in [5]...

The embedding theory of gravity is not new. From the cat theorem. the 3+1 dimensional gravity can be embedded
in the 4(4+1)

2

dimensional spacetime. Other evidence will be reported in our further work.

A. Compare with other models

1) Modified entropy gravity —

MOND, area law+voluum law

2) Holographic EPR=ER ,

On the other hand, the current observation from LIGO can not constrain the Worm hole from black hole. Thus,
it’s naturenal conconsider that the entanglement between two cosmological horizon as suggested by Verslide. In the
4+1 dimensional space time, it is more clear to see this relation, as well as the embedding of wormholws.

It is show in [12], that the EPR in 3+1 can be described by the worm hole in 4+1 dimensional AdS. In here,
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There’re two points of view, or say in duality:

1) In higher dimensional viewpoint, there’s only baryonic matters on the brane, and the dark energy and dark
matter are only relevant to the extrinsic curvature.

Except the constrans equations, we also have the dynamical equation

R(d)
µ⌫ = (Kgµ� �Kµ�)K�

⌫ +Mµ⌫ , (53)

Mµ⌫ ⌘ g M
µ g N

⌫ R(d+1)

MN � g M
µ NP g N

⌫ NQR(d+1)

MPNQ.

R(d) = (K2 �Kµ⌫Kµ⌫) +R� 2R(d+1)

MN NMNN , (54)

R = � 2d

d� 2
(T + T ) . (55)

Although R(d+1)

MN = 0 in flat spacetime, it is not necessary for R(d+1)

MPNQ, which depends on the coordinate choices. In
prinpicle we can also define the induced stress tensor from

Rµ⌫ � 1

2
Rgµ⌫ = T M

µ⌫ + TB
µ⌫ , (56)

T M
µ⌫ ⌘ (Kgµ� �Kµ�)K�

⌫ +Mµ⌫ � 1

2

�
K2 �K⇢�K⇢�

�
gµ⌫ ,

Mµ⌫ ⌘ g M
µ g N

⌫ R(d+1)

MN � g M
µ NP g N

⌫ NQR(d+1)

MPNQ.

which is more nature to describe the evolution of the hyper surface, and indeed in the De-sitter spacetime, Kµ� = 1

Lgµ⌫
lead to T M

µ⌫ = �⇤gµ⌫ . However, if we consider the perturbations, it is not easy to guarantee the conservation of this

stress tensor @µT M
µ⌫

?

= 0. While instead the Brown-York one ha That’s why we didn’t use this formula in this work.
We have tried the perturbation based on this formula, we didn’t obtained expected constraint of the dark matters.
But it still a candidate for further interesting of study.

2) On the induced metric of the brane, there’re e↵ective contribution from the holographic stress tensor, which
can be identified as the stress tensor of dark energy and dark matter. Let’s start with the Einstein-Hilbert action in
(d+1) dimension,

Sd+1

=
1

2d+1

Z
dd+1x

p
�g̃(Rd+1

) +

Z
ddx

p
�gKd (57)

With g̃MN the metric in d+ 1 dimension. After the variation, we have

�Sd+1

=
h
R(d+1)

MN � 1

2
R(d+1)g̃MN

i
�g̃MN

+ (Kµ⌫ �Kgµ⌫) �g
µ⌫ (58)

In modified entropic gravity, gravitational field equation is

f

✓
Rµ⌫ � 1

2
gµ⌫R

◆
�

✓
rµr⌫f � 1

2
gµ⌫r2f

◆
= 8⇡GTµ⌫ , (59)

(rµf)Gµ⌫ =rµTµ⌫ , (60)

0 =rµTµ⌫ +rµT D
µ⌫ , (61)

To study the gravitational waves in this modified theory, let us first look at the freely propagating degrees of freedom
of the gravitational field. We first set all the matter source to zero Tµ⌫ = 0. We will tend to the production of the
waves later.

fRµ⌫ �rµr⌫f = 8⇡G

✓
Tµ⌫ � 1

2
gµ⌫T

◆
, (62)
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