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Small-Scale Problems of Structure Formation

See also talks by Kenji Kadota and Pyungwon Ko
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Warm Dark Matter

Standard solution to missing
satellites problem
Neither hot nor cold
 some free streaming
 smaller structures washed out

Creates cores in dwarf galaxies
if free-streaming length > dwarf size
 prevents formation of dwarf
Catch 22 problem of WDM
Macciò et al., MNRAS 424 (2012)

Bode & Ostriker, ApJ 556 (2001)
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Chemical Decoupling

Better known as freeze-out (from thermal/chemical equilibrium)
Typically Tfo ∼ mχ

25

Determined by DM annihilation
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Kinetic Decoupling

FIG. 2. Transfer function of the CDM density pertur-
bation amplitude (normalized by the primordial amplitude
from inflation). We show two cases: (i) Td/M = 10−4 and
Td/Teq = 107; (ii) Td/M = 10−5 and Td/Teq = 107. In each
case the oscillatory curve is our result and the other curve is
the free-streaming only result that was derived previously in
the literature [4,7,8].

kpeak = (8, 15.7, 24.7, ..)η−1
d ∝ Mpl

T0Td
. (22)

This same scale determines the “oscillation” damping.
The free streaming damping scale is,

ηdcd(ηd) ln(ηeq/ηd) ∝ MplM
1/2

T0T
3/2
d

ln(Td/Teq), (23)

where Teq is the temperature at matter radiation equal-
ity, Teq ≈ 1 eV. The free streaming scale is parametri-
cally different from the “oscillation” damping scale. How-
ever for our fiducial choice of parameters for the CDM
particle they roughly coincide.

The vanishing of the sound speed during the QCD
phase transition amplifies perturbations which have
ω∆ηQCD > 1, where ∆ηQCD is the duration of the tran-
sition. In Figure 2 the affected modes are those with
xd = kηd >

√
3 (ηQCD/∆ηQCD) (ηd/ηQCD). Typical

values of ηd/ηQCD ∼ 10−15 and ηQCD/∆ηQCD ∼ 3−10
relate this condition to modes with xd > 50 − 260. Thus
the affected scales are severely damped by the effects con-
sidered in this paper.

Finally we want to stress the fact that the damping
scale is significantly smaller than the scales observed di-
rectly in the Cosmic Microwave Background or through
large scale structure surveys. For example, the ratio of
the damping scale to the scale that entered the horizon
at equality is ηd/ηeq ∼ Teq/Td ∼ 10−7 and to our present
horizon ηd/η0 ∼ (TeqT0)

1/2/Td ∼ 10−9. In the context
of inflation, these scales were created 16 and 20 e–folds
apart. Given the large extrapolation, one could certainly
imagine that a change in the spectrum could alter the
shape of the power spectrum around the damping scale.

However, for smooth inflaton potentials with small de-
partures from scale invariance this is not likely to be the
case. On scales much smaller than the horizon at matter
radiation equality, the spectrum of perturbations density
before the effects of the damping are included is approx-
imately,

∆2(k) ∝ exp

[
(n − 1) ln(kηeq) +

1

2
α2 ln(kηeq)

2 + · · ·
]

× ln2(kηeq/8) (24)

where the first term encodes the shape of the primordial
spectrum and the second the transfer function. Primor-
dial departures from scale invariance are encoded in the
slope n and its running α. The effective slope at scale k
is then,

∂ ln ∆2

∂ ln k
= (n − 1) + α ln(kηeq) +

2

ln(kηeq/8)
. (25)

For typical values of (n − 1) ∼ 1/60 and α ∼ 1/602

the slope is still positive at k ∼ η−1
d , so the cut-off in the

power will come from the effects we calculate rather than
from the shape of the primordial spectrum. However
given the large extrapolation in scale, one should keep in
mind the possibility of significant effects resulting from
the mechanisms that generates the density perturbations.

Implications We have found that acoustic oscilla-
tions, a relic from the epoch when the dark matter cou-
pled to the cosmic radiation fluid, truncate the CDM
power spectrum on a comoving scale larger than effects
considered before, such as free-streaming and viscosity
[4,7,8]. For SUSY dark matter, the minimum mass of
dark matter clumps that form in the universe is there-
fore increased by more than an order of magnitude to a
value of ∗

Mcut =
4π

3

(
π

kcut

)3

ΩMρcrit

≃ 10−4

(
Td

10 MeV

)−3

M⊙, (26)

where ρcrit = (H2
0/8πG) = 9 × 10−30 g cm−3 is the crit-

ical density today, and ΩM is the matter density for the
concordance cosmological model [2]. We define the cut-
off wavenumber kcut as the point where the transfer func-
tion first drops to a fraction 1/e of its value at k → 0.
This corresponds to kcut ≈ 3.3 η−1

d .
Recent numerical simulations [15,16] of the earliest and

smallest objects to have formed in the universe [17], need

∗Our definition of the cut-off mass follows the convention of
the Jeans mass, which is defined as the mass enclosed within
a sphere of radius λJ/2 where λJ ≡ 2π/kJ is the Jeans wave-
length [14].

5

Many more partners for scattering than for annihilation
 Kinetic decoupling much later than freeze-out, Tkd � Tfo

Dark matter shares acoustic oscillations of SM particles
 Structure formation suppressed at small scales
Loeb & Zaldarriaga, PRD 71 (2005)

Standard WIMPs: Tkd & 1 MeV effect negligible
Bringmann, New J. Phys. 11 (2009)
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Suppressing Dwarfs by Late Kinetic Decoupling

Cutoff in power spectrum of density fluctuations
Vogelsberger et al., MNRAS 460 (2016)

Kinetic decoupling Mcut = 5 · 1010
(

100 eV
Tkd

)3

h−1 M�

Warm dark matter Mcut = 1011
(

1 keV
mWDM

)4

h−1 M�

 Missing satellite problem solved with cold DM for Tkd . 1 keV

Similarity to WDM cosmology confirmed by N-body simulations

Dark matter physics and the small-scale CDM problems 1405

Table 3. Basic characteristics of the MW-size halo formed in the different
DM models. We list the mass (M200, crit), radius (R200, crit), maximum circular
velocity (Vmax), radius where the maximum circular velocity is reached
(Rmax), and the number of resolved subhaloes within 300 kpc (Nsub).

Name M200, crit R200, crit Vmax Rmax Nsub
(1010 M⊙) (kpc) (km s−1) (kpc)

CDM 161.28 244.05 176.82 68.29 16 108
ETHOS-1 160.47 243.64 178.12 62.58 590
ETHOS-2 164.70 245.75 181.49 63.72 971
ETHOS-3 163.36 245.09 180.60 64.37 1080
ETHOS-4 163.76 245.30 178.78 69.18 1366

2014). It was also used to find that self-interactions can leave im-
prints in the stellar distribution of dwarf galaxies by performing the
first SIDM simulation with baryons presented in Vogelsberger et al.
(2014a).

4 R ESULTS

In the following, we first discuss some features of the large-scale
(100 h−1 Mpc) parent simulations, followed by the main focus of
our work, the resimulated galactic halo. We show here only the
results for CDM, and ETHOS-1 to ETHOS-3 since ETHOS-4 has
the same initial power spectrum as ETHOS-3 and a significantly
smaller self-interaction cross-section. The impact of SIDM effects
on large scales is thus much smaller for ETHOS-4 compared to
ETHOS-1 to ETHOS-3. We have therefore not performed a uniform
box simulation for ETHOS-4.

4.1 Large-scale structure

We first quantify the large-scale distribution of matter in Fig. 2,
where we present the dimensionless power spectra, !(k)2 =
k3P (k)/(2π2), at redshifts z = 10, 6, 4, 2, 0 for our parent simula-
tions. The dashed grey line shows the shot-noise power spectrum
caused by the finite particle number of the simulation, it gives an
indication of the resolution limit in this plot at low redshifts. The
DAO features of the ETHOS-1 to ETHOS-3 models, clearly visible
on the primordial power spectrum (see left-hand panel of Fig. 1),
are only preserved down to z ∼ 10 (where the first oscillation is
marginally resolved for model ETHOS-1). At lower redshifts, the
imprint of these features is significantly reduced and is essentially
erased at z = 0. At this time, although the power spectra of the
non-CDM simulations are relatively close to the CDM case, there is
a slight suppression of power in the ETHOS-1 to ETHOS-3 models
for scales smaller than k ! 102 h Mpc−1. This suppression is largest
for ETHOS-1 and smallest for ETHOS-3, which reflects the fact
that the initial power spectrum damping is largest for ETHOS-1
and smallest for ETHOS-3. Our results therefore confirm the previ-
ous finding of Buckley et al. (2014), namely that in the weak DAO
regime, the non-linear evolution makes the differences with CDM
in the power spectra relatively small at low redshifts. We note that
we do not present images of the large-scale density field since the
different models are indistinguishable on these scales.

Although the power spectra are similar at z = 0 between the
different DM models, there are significant differences in the halo
mass function today due to the delay in the formation of low mass
haloes at high redshift. This is shown in Fig. 3 where we plot the
differential FoF mass function at z = 0. Here we see a clear suppres-
sion of low-mass haloes in ETHOS-1 to ETHOS-3 compared to the
CDM case (below a few times ∼1011 M⊙ for model ETHOS-1).

Figure 2. Non-linear dimensionless power spectra, !(k)2 =
k3P (k)/(2π2), of the parent simulations for the different DM mod-
els at the indicated redshifts (z = 10, 6, 4, 2, 0). The dashed grey line
denotes the shot-noise limit expected if the simulation particles are a
Poisson sampling from a smooth underlying density field. The sampling
is significantly sub-Poisson at high redshifts and in low-density regions,
but approaches the Poisson limit in non-linear structures. The non-CDM
models deviate significantly from CDM at high redshifts, but this difference
essentially vanishes towards z = 0.

Figure 3. Differential FoF halo mass function (multiplied by FoF mass
squared) for the different DM models at z = 0. Approximating the first DAO
feature in the linear power spectrum with a sharp power-law cutoff, we show
the resulting analytic estimates for the differential halo mass function of the
different DM models (yellow dashed). The lower panel shows the ratios
between the different simulation models relative to CDM.

The strongest suppression is seen for ETHOS-1 and the weakest for
ETHOS-3. This is again expected given the initial power spectra
of the different models. The lower panel of Fig. 3 shows that the
suppression factor for haloes around ∼1010 h−1 M⊙ is more than
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els at the indicated redshifts (z = 10, 6, 4, 2, 0). The dashed grey line
denotes the shot-noise limit expected if the simulation particles are a
Poisson sampling from a smooth underlying density field. The sampling
is significantly sub-Poisson at high redshifts and in low-density regions,
but approaches the Poisson limit in non-linear structures. The non-CDM
models deviate significantly from CDM at high redshifts, but this difference
essentially vanishes towards z = 0.

Figure 3. Differential FoF halo mass function (multiplied by FoF mass
squared) for the different DM models at z = 0. Approximating the first DAO
feature in the linear power spectrum with a sharp power-law cutoff, we show
the resulting analytic estimates for the differential halo mass function of the
different DM models (yellow dashed). The lower panel shows the ratios
between the different simulation models relative to CDM.

The strongest suppression is seen for ETHOS-1 and the weakest for
ETHOS-3. This is again expected given the initial power spectra
of the different models. The lower panel of Fig. 3 shows that the
suppression factor for haloes around ∼1010 h−1 M⊙ is more than
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Particle Physics Models with Late Kinetic Decoupling

Need scattering partner γ̃ with large abundance until Tkd . 1 keV
 photon, (SM) neutrino, dark radiation
Some examples shown by Pyungwon Ko
Here: classification of all minimal possibilities
Bringmann, Ihle, JK, Walia, PRD 94 (2016)

Scattering amplitude close to kinetic decoupling:

|M|2 ' cn (Eγ̃/mχ)n

 Mcut ' Mn

(
Tγ̃
T

)3 n+4
n+2 ( cn

10−3

) 3
n+2
(

100 GeV
mχ

)3 n+3
n+2
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Model Classification

Consider all dark matter and dark radiation spin combinations
Assume Z2 symmetry to stabilize dark matter
Consider all renormalizable and gauge-invariant interactions
Types of scattering diagrams:
�

�̃

�

�̃

4-point

�

�̃

�

�̃

�

�̃

�

�̃

s/u-channel

�

�̃

�

�̃

t-channel

Take into account inherently related processes
Dark matter relic density (χχ→ γ̃γ̃)
Dark matter self-interactions (χχ→ χχ)
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Two-Particle Models

1

�̃ \ � Scalar Fermion Vector

TOP LKD TP �T LKD TP �T

Scalar

4p m� . MeV Yes Constant (only dim > 4)

t
m�̃ ⇠ 1 keV

m� & 100↵
3/5
� TeV

h�T i30
(for m� & 1MeV)

Yukawa m�̃ ⇠ 1 keV
m� & 100↵

3/5
� TeV

h�T i30
(for m� & 1MeV)

Yukawa h�T i30

s/u h�T i30 h�T i30

Fermion (only dim > 4 due to Z2) (only dim > 4) Z2

Vector

4p (only dim > 4) (only dim > 4)
Z2

s/u h�T i30 h�T i30

SU(N)
m�̃ ⇠ 1 keV

m� & 10↵
3/5
� TeV

h�T i30
(for m� & 1MeV)

Yukawa m�̃ ⇠ 1 keV
m� & 10↵

3/5
� TeV

h�T i30
(for m� & 1MeV)

Yukawa
(only broken

SU(M) !
SU(N))

TABLE I. Overview of results for the 2-particle models we have considered, where the DM particle � and the (dark) radiation
particle �̃ can be scalars, Dirac fermions and vectors, respectively. Here, (TOP) denotes the topology of the (dominant) DM-DR
scattering amplitude. Late kinetic decoupling (LKD) indicates whether in this type of models a small-scale cutoff as large as
Mcut ⇠ 1010 M� can be arranged. Thermal production (TP) indicates whether the observed DM density can be explained by
thermal production via �� ! �̃�̃, and �T indicates the type of the DM self-interaction rate (only for viable models). A white
cell indicates that LKD is possible and that models of this type additionally satisfy the indicated property (e.g. TP). Dark
gray indicates that the model is either ruled out, or that it is not possible to achieve LKD, for the reason stated. Here, h�T i30
indicates the DM self-interaction strength at the scale of dwarf galaxy scales and Z2 the assumed symmetry to stabilize DM.
Operators with dimension (dim) larger than 4 map to the scalar/scalar 4-point case if they lead to an approximately constant
scattering amplitude; otherwise they are too small to lead to LKD. Note that t-channel scattering with vector DR is only
possible in a non-Abelian gauge theory and hence covered in the SU(N) part.

Late kinetic
decoupling

DM relic
density

DM self-
interactions

Massless DR and MeV DM possible for scalar portal: L ⊃ χ2γ̃2

Scalar or non-Abelian keV DR and scalar or fermion DM possible
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Three-Particle Models

Additional particle in s/u-channel
Nearly degenerate with DM
 on-shell enhancement
Solution of missing satellites
possible for mχ . 10 GeV

Additional particle V in t-channel
Light enhanced scattering rate
Missing satellites solved for almost
any DM mass
Correct DM density from χχ→ VV
DM self-interactions
 all small-scale problems solved

χ

γ̃

χ

γ̃

χ

γ̃

χ

γ̃
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Constraints from Dark Matter Annihilation

Dark matter annihilation to light mediator χχ→ VV enhanced by
Sommerfeld effect Bringmann, Kahlhoefer, Schmidt-Hoberg, Walia, PRL 118 (2017)

Bound state formation Cirelli, Panci, Petraki, Sala, Taoso, JCAP 05 (2017)

(see talk by Marco Cirelli)

 Ruled out by CMB and indirect DM searches,
if mediator decays dominantly to SM particles

 Way out: invisible decays
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1 Tensions in ΛCDM Cosmology

2 Late Kinetic Decoupling

3 Dark Matter Interacting with Sterile Neutrinos
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Not-so-WIMPy Dark Matter

Dark matter χ
Standard Model singlet
Charged under U(1)X gauge interaction
Mass mχ ∼ TeV

Light gauge boson V , mV ∼ MeV

 Long-range, velocity-dependent interaction

χχ

V

ν ν

. . .

χ

χ̄ χ̄

χ

V

V

V

. . .

χ

χ̄

V

ν

ν̄
ν

ν̄

. . .

. . . Less cuspy density profiles
 Cusp-core and too big to fail solved
Feng, Kaplinghat, Yu, PRL 104 (2010)
Loeb, Weiner, PRL 106 (2011)
Vogelsberger, Zavala, Loeb, MNRAS 423 (2012)
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Enter the Sterile Neutrino

Sterile neutrino N ≡ γ̃
Mass mN . eV
Forms dark radiation
Standard Model singlet

N

χ χ

V

N
Charged under U(1)X (“secret interactions”)

Dark matter scatters off sterile neutrinos

 Late kinetic decoupling
 All small-scale problems of structure formation solved
Bringmann, Hasenkamp, JK, JCAP 07 (2014)
Dasgupta, Kopp, PRL 112 (2014)
Ko, Tang, PLB 739 (2014)
Chu, Dasgupta, PRL 113 (2014)

 Dark matter annihilation constraints avoided by decay V → NN
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Dark Matter Production

High temperatures: U(1)X sector thermalized via Higgs portal

LHiggs ⊃ κ|H|2|Θ|2

〈Θ〉 ∼ MeV breaks U(1)X

Tχ ∼ mχ/25: freeze-out (chemical decoupling) of dark matter

ΩCDMh2 ∼ 0.11
(

0.67
gX

)4 ( mχ

TeV

)2

(neglecting bound state formation, see talk by Marco Cirelli)

χχ

V

ν ν

. . .

χ

χ̄ χ̄

χ

V

V

V

. . .

χ

χ̄

V

ν

ν̄
ν

ν̄

. . .

. . .
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Cold Dark Matter Parameter Space
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Blue band can be moved vertically by changing sterile neutrino
charge and temperature
Crosses: simulations show that too big to fail solved
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Hints for Hot Dark Matter

3 σ tension: CMB (z > 1000) vs. local (z < 10) observations
Expansion rate

Planck: H0 = (67.8± 0.9) km
s Mpc A&A 594 (2016)

Hubble: H0 = (73.24± 1.74) km
s Mpc Riess et al., ApJ 826 (2016)

Magnitude of matter density fluctuations (σ8)
Resolved by hot dark matter component ' dark radiation
Hamann, Hasenkamp, JCAP 10 (2013)
Gariazzo, Giunti, Laveder, JHEP 11 (2013)
Wyman, Rudd, Vanderveld, Hu, PRL 112 (2014)
Battye, Moss, PRL 112 (2014)

 Added value of sterile neutrino
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Sterile Neutrino Abundance

T ↓ Higgs portal no longer effective
 U(1)X sector decouples at T dpl

x (depending on κ)
SM particles becoming non-relativistic afterwards heat SM bath,
not U(1)X bath TN < Tν (depending on number of d.o.f. g∗)

∆Neff(T ) =

(
TN

Tν

)4

=

(
g∗,ν
g∗,N

) 4
3

∣∣∣∣∣
T

(
g∗,N
g∗,ν

) 4
3

∣∣∣∣∣
T dpl

x

∆Neff|BBN <

(
58.4

g∗,ν(T dpl
x )

) 4
3 !

. 1

 BBN bounds satisfied for T dpl
x & 1 GeV

 Correct order of magnitude for hot dark matter hint
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Sterile Neutrino Production by Oscillations

Standard scenario: mixing between active and sterile neutrinos
 oscillations ∆Neff ' 1 ruled out by Planck
U(1)X interactions effective matter potential suppresses mixing
 no production by oscillations for T & MeV
Hannestad, Hansen, Tram, PRL 112 (2014)
Dasgupta, Kopp, PRL 112 (2014)

T < MeV: mixing unsuppressed
 additional production of sterile neutrinos via U(1)X
Bringmann, Hasenkamp, JK, JCAP 07 (2014)
Mirizzi, Mangano, Pisanti, Saviano, PRD 91 (2015)
Tang, PLB 750 (2015)
Chu, Dasgupta, Kopp, JCAP 10 (2015)
Cherry, Friedland, Shoemaker, arXiv:1605.06506
Forastieri et al., arXiv:1704.00626

 Cosmology (∆Neff) still fine, but mN too small to explain
neutrino oscillation anomalies
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Conclusions

Two stages of dark matter decoupling from thermal equilibrium
1 Chemical decoupling (freeze-out) relic density
2 Kinetic decoupling size of smallest structures

Late kinetic decoupling can solve missing satellites problem
Need new dark radiation particle as scattering partner
Favorite scenario: t-channel mediator with mass ∼ MeV
 correct dark matter relic density
 DM self-interactions solve cusp-core, too big to fail problems

Concrete model
Dark matter with mass ∼ TeV
Sterile neutrino with mass . eV small hot DM component
Gauge boson with mass ∼ MeV secret interactions

EnticingTM particle physics solutions for tensions in ΛCDM cosmology
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Three-Particle Model with t-Channel Mediator

Colored lines: self-interaction rate of 1 cm2/g at dwarf galaxy scale for
different mediator masses
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Meet the Dark Side

Dirac fermion χ (dark matter), mχ ∼ TeV
Gauge boson V , mV ∼ MeV
Kinetic mixing F X

µνFµν , F X
µνZµν negligible

Scalar Θ breaking U(1)X , 〈Θ〉 ∼ MeV
Light sterile neutrino N, mN . eV
Heavier sterile neutrino N2, mN2 ∼ MeV cancel anomalies
Scalar ξ, 〈ξ〉 < 〈Θ〉 active-sterile neutrino mixing

LN ⊃ −
YM

2
Θ†NcN − Y ′M

2
Θ Nc

2 N2 −
Yν
Λ
ξφ̃ `LN + h.c.
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Sterile Neutrino Production by Oscillations

Standard scenario: mixing between active and sterile neutrinos
 oscillations ∆Neff ' 1
U(1)X interactions effective matter potential suppresses mixing
 no production by oscillations for T & MeV
Hannestad, Hansen, Tram, PRL 112 (2014); Dasgupta, Kopp, PRL 112 (2014)

T < MeV: mixing unsuppressed
 additional production of sterile neutrinos via U(1)X ?
Bringmann, Hasenkamp, JK, JCAP 07 (2014)

Oscillations + U(1)X -mediated scatterings NN → NN
 N re-thermalize: TN = Tν
Mirizzi, Mangano, Pisanti, Saviano, PRD 91 (2015); Tang, PLB 750 (2015)

Irreversible process only kinetic equilibrium
Chu, Dasgupta, Kopp, JCAP 10 (2015)

 ∆Neff|CMB ' const., but TN ↑ meff
s ↑

 Cosmology still fine, but neutrino anomalies not explained
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Sterile Neutrinos Become Non-Relativistic

mN ∼ 1 eV > Trec ∼ 0.3 eV

 sterile neutrinos not highly relativistic during CMB epoch
Jacques, Krauss, Lunardini, PRD 87 (2013)

Neff = N rel
eff

(
3
4

+
1
4

PmN=1 eV

PmN=0

)

 Neff ↓
 even ∆Neff < 0 possible possible test for scenario
Mirizzi, Mangano, Pisanti, Saviano, PRD 91 (2015)
Chu, Dasgupta, Kopp, JCAP 10 (2015)
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Cosmological Mass Bound

CMB + BAO meff
s < 0.38 eV at 95% CL Planck, A&A 594 (2016)

Bound due to free-streaming of sterile neutrinos
U(1)X interactions free-streaming scale reduced

Most sensitive constraints from Ly-α forest
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Chu, Dasgupta, Kopp, JCAP 10 (2015)

 mN ∼ 1 eV can be consistent with cosmology
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