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PADE rational approximation

PADE rational approximation

PADE approximations in Mathematics

ap + a1x + arx® + ... + apx"
F) = . L (1)
by + bix + byx® + ... + byx™
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PADE rational approximation

PADE rational approximation

PADE approximations in Mathematics

ap + a1x + arx® + ... + apx"

fo) = bo + bix + box? + ... + bua™ (1)/
PADE(I)
_Wotwm(l—a)
we(a) = 14wy (1 —a) @

wo, w1 and w, are the free parameters of the model.
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PADE rational approximation

Simplified PADE(l)

wae(a) = 1+ wr(l—a) . (3)

wo and w, are the free parameters of the model.
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PADE rational approximation

Simplified PADE(l)

wo

S NE— 3
Wde(“) 1+w2(l—a) (3)
wo and w, are the free parameters of the model.
.
PADE(II)
wo + wilna
SO g 4
Wde(a) 1+w,Ina (4)

wo, w1 and w, are the free parameters of the model.

R ETEIRELTN (T RS ERTLNETETAL ET G EL ELR ET) Constraints to dark energy using PADE parameteriz

a‘

Buali Sina University

Jul, 2017 4/22



PADE cosmologies

Hubble flow in PADE cosmologies
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PADE cosmologies

Hubble flow in PADE cosmologies

m Freidmann Equation

81G
H? = == (pc+ pm + pac) » ()

a‘

Buali Sina University

R ETEIREL TN (T RS ERTL TS ET G EL ELR ET) Constraints to dark energy using PADE parameteriz Jul, 2017 5/22




PADE cosmologies

Hubble flow in PADE cosmologies

m Freidmann Equation
87G
I{2 = T(Pr+ﬂm+pde) 5 (5)
m Continuity Equations
ﬁr+4Hpr:07 (6)
pm + 3Hpm =0, (7)
Pde + 3H(1 + Wde)pde =0, (8)
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Hubble flow in PADE cosmologies
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PADE cosmologies

Hubble flow in PADE cosmologies

m Energy equations for DE in PADE parameterization

L4wgtw) +wy )

;5 3 ri=mgr
c(lcPADEI) _ pég)a (1 [L+ wa(l — a)] Gty 7
: I+wo+wo —wowy
8 -3 -3
p((jzlmpPADEl) _ pég)a (1, )[1 T wa(l = a)] Goytry) 7
VSO 3Ly
R P e
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PADE cosmologies

Hubble flow in PADE cosmologies

m Energy equations for DE in PADE parameterization
a gt 4w W —wewo
SCPADEI) _ Pég)a M —Fw, )[1 +wa(1 — a)] 3o,y 7 9)
. a gty _ —wowy
p((jzlmpPADEl) _ Pég)a 3=, )[1 +wa(l —a)] 3y 7 (10)
3wt (MLt y
((igaden) = pl.a 5 )(l + wy Ina) w2” (11)
m Energy equations for DE in CPL parameterization
Pit = pl a0 exp{ 3w (1 - a)} (12)
.
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Hubble flow in PADE cosmologies
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PADE cosmologies

Hubble flow in PADE cosmologies

®m Hubble parameter in PADE parameterization

EI%ADEI Qroa™* + Qoa ™ + (1 = [0 + Qmo]) x

1 wg+wy +w) g w—ww
a 3(71%@ ) ( +wy— awZ) <u7(l+w2)> (13)
Empaper = r0a™* + Qmoa ™ + (1 — [Q0 + QmOD X

(ot _3(_rom )
a I+wy X (1 +wy — awz) wy (T4wy) (14)
Egapen = hoa ™t + Qmoa™> + (1 — [0 + Qmo]) X

“l+”2 3 Wl —wowy
-5 ) X (1 +wylna) ( wy? ) , (15)
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PADE cosmologies

Hubble flow in PADE cosmologies

®m Hubble parameter in PADE parameterization

EI%ADEI Qroa™* + Qoa ™ + (1 = [0 + Qmo]) x

_a( oty

— (”1*”0 )
a Fwy X (1 4wy — awz) wy (T+wp)

EZpaper = 0a”t 4 Quoa™ 4+ (1 — [0 + QmOD X

_3( 0w )
X (1 4wy —awy) ~ m+m)

1wg+wyp
a73( T+wy )

Edapen = oa™* + Qmoa > + (1 — [0 + Qmo]) X

_3 witwy 3( wi _”'20“'2 )
( wy ) (1 + Wwo lna) wy ,

m Hubble parameter in CPL parameterization

Elp. = Quoa™* + Qmoa > + (1 — Qo — Qo) X
a3t exp[—3wy (1 — a)] ,

(16)
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Observational constraints using background data in MCMC analysis

Data used in background level

m Snla[1], CMB[2], BAO[3], BBNI[4,5], H(z)[6,7,8, 9]
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Observational constraints using background data in MCMC analysis

Data used in background level

m Snla[1], CMB[2], BAO[3], BBN|[4,5], H(z)[6,7,8,9]

m Using the above data, we perform the statistical analysis using the Markov Chain Monte Carlo
(MCMC) method
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Observational constraints using background data in MCMC analysis

Data used in background level

m Snla[1], CMB[2], BAO[3], BBNI[4,5], H(z)[6,7,8, 9]

m Using the above data, we perform the statistical analysis using the Markov Chain Monte Carlo
(MCMC) method

m In this framework, the joint likelihood function is the product of the individual likelihoods:

Ltol(P) = Lsn X Lpao X Lemb X Lh X Lpbn (17)
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Observational constraints using background data in MCMC analysis

Data used in background level

m Snla[1], CMB[2], BAO[3], BBNI[4,5], H(z)[6,7,8, 9]

m Using the above data, we perform the statistical analysis using the Markov Chain Monte Carlo
(MCMC) method

m In this framework, the joint likelihood function is the product of the individual likelihoods:

Ltol(P) = Lsn X Lpao X Lemb X Lh X Lpbn (17)

m Total chi-square x2, is given by:

Xlznt(p) = X?n + Xgan + X(z:mb + Xl% + X%bn .
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Free parameters of PADE models
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Observational constraints using background data in MCMC analysis

Free parameters of PADE models

m Vector p in likelihood function indicates the free parameters of cosmological model as
described at follows
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Observational constraints using background data in MCMC analysis

Free parameters of PADE models

m Vector p in likelihood function indicates the free parameters of cosmological model as
described at follows

® p = {Qbmo, o, i, wo, wi, wa } for PADE (1) and (Il) parameterisations
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Observational constraints using background data in MCMC analysis

Free parameters of PADE models

m Vector p in likelihood function indicates the free parameters of cosmological model as
described at follows

® p = {Qbmo, o, i, wo, wi, wa } for PADE (1) and (Il) parameterisations
® p = {Qbmo, o, i, wo, wa } for simplified PADE (1)
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Observational constraints using background data in MCMC analysis

Free parameters of PADE models

Vector p in likelihood function indicates the free parameters of cosmological model as
described at follows

p = {Qpmo, o, 1, wo, w1, wp } for PADE () and (ll) parameterisations
p = {Qpmo, o, /1, wo, wo } for simplified PADE (1)

p = {Qbmo, o, 2, wo, w; } in the case of CPL parameterisation.

p = {Qpmo, o, £} in the case of concordance ACDM model.
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Observational constraints using background data in MCMC analysis

Results of our analysis

Table: The statistical results for the various DE parameterisations used in the analysis. These results are
based on the expansion data. The concordance ACDM model is shown for comparison.

Model PADEI| simp. PADEI PADEIl CPL ACDM

k 6 5 6 5 3
2 567.6 567.7 567.9 567.6 574.4
AIC 579.6 577.7 579.9 5776  580.4

m The AIC is given by
AIC = —21In Loax + 2k , (19)
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Observational constraints using background data in MCMC analysis

Results of our analysis

Table: The statistical results for the various DE parameterisations used in the analysis. These results are
based on the expansion data. The concordance ACDM model is shown for comparison.

Model PADEI| simp. PADEI PADEIl CPL ACDM

k 6 5 6 5 3
2 567.6 567.7 567.9 567.6 574.4
AIC 579.6 577.7 579.9 5776  580.4

m The AIC is given by
AIC = —21In Loax + 2k , (19)

m We find AAIC = AIC — AIC, < 4 hence, the DE parameterisations explored in this study are
consistent with the expansion data as equally as standard model.
-
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Observational constraints using background data in MCMC analysis

Results of our analysis

Table: A summary of the best-fit parameters for the various DE parameterisations using the background data.

| |
Model PADE | simplified PADE | PADE I CPL ACDM
o 0.286 % 0.010 0270 +£0.010  0.2864 +0.0096  0.2896 & 0.0090  0.2891 = 0.009(
h 0.682 £ 0.012 0.682 £ 0.012 0.686 £0.013 _ 0.682£0.012 _ 0.6837 £ 0.00§¢
wo —0.825£0.091 —0.845+0.039  —0.889 £0.080  —0.80 £0.11 =
+0.39 +0.29 +0.48
wi 70'0918‘%%0 - 0'373?'02&3 —0.5170% —
W —0.68370%0 0387 +£0.034  —0.353F00% - -
Wwae(z = 0) —0.825 —0.845 —0.889 —0.80 —1.0
Que(z = 0) 0.714 0.730 0.7136 0.7104 0.7109

m All PADE parameterizations remains in quintessence regime with —1 < wy, < —1/3 and can

not cross the phantom line.
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Growth of perturbations in PADE cosmologies

Linear growth of perturbations

Basic equations in linear regime
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Growth of perturbations in PADE cosmologies

Linear growth of perturbations

Basic equations in linear regime

m The basic equations that govern the evolution of non-relativistic matter and DE perturbations
in linear regime are given by [10]

Om
Om + — = , (20)
. Ode
Ode + ( + Wde)f + 3H( — Wde)(sde =0, (21)
2¢>
Om + HOm — — =0, (22)
a

. k2204 K¢
0 HO4 — —cff”®€ 2% _ , 23
de + de (1 T Wde)a P ( )

v
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Growth of perturbations in PADE cosmologies

Linear growth of perturbations

Basic equations in linear regime

m The basic equations that govern the evolution of non-relativistic matter and DE perturbations

in linear regime are given by [10]

Om
(Sm + — = (20)
. Ode
dde + ( -‘rWde)f +3H( (21)
Om + HOm — — (22)
a
9;1(3 + HOge — (23)
m The Poisson equation also reeds
K2 3,
- 0= 5H [Qmm 4+ (1 + 3¢2) Qebae] (24)
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Growth of perturbations in PADE cosmologies

Linear growth of perturbations

Two types of DE models

m In homogeneous DE models ¢,; = 1 and 4,4, = 0, Equations for perturbations are simplified to
those in standard cosmology.

m In clustered DE models ¢,z = 0 and 64, can grow due to gravitational instability in similar way
to dark matter fluctuations.

Initial conditions

4
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Linear growth of perturbations

Two types of DE models

m In homogeneous DE models ¢,; = 1 and 4,4, = 0, Equations for perturbations are simplified to
those in standard cosmology.

m In clustered DE models ¢,z = 0 and 64, can grow due to gravitational instability in similar way
to dark matter fluctuations.

Initial conditions

m Initial conditions for solving the equations of perturbations are [11, 12, 13]

’ 6mi
mi — ’
ai
S — 1+ waei ¢
dei 1 — 3wae mi
4w, . 1 4+ Wei

- dei S + el /‘7 25
dei (1 — 3Wdei)2 'mi 1— 3Wdei mi ( )

where we fix ¢; = 10~% and 6y = 1.5 x 1075.

R ETEIREL TN (T RS ERTLNETETAL ET G EL ELR ET) Constraints to dark energy using PADE parameteriz Jul, 2017 13/22



Linear growth of perturbations

Two types of DE models

m In homogeneous DE models ¢,; = 1 and 4,4, = 0, Equations for perturbations are simplified to
those in standard cosmology.

m In clustered DE models ¢,z = 0 and 64, can grow due to gravitational instability in similar way
to dark matter fluctuations.

Initial conditions

m Initial conditions for solving the equations of perturbations are [11, 12, 13]

/ 6mi
mi — >
ai
S — 1+ waei ¢
dei 1 3Wdei mi
4w, . 1 4+ Wei

- dei S + el /‘7 25
dei (1 — 3Wdei)2 mi 1 — 3wgei mi ( )

where we fix ¢; = 10~% and 6y = 1.5 x 1075.

m From the above equations, we first calculate §,,(z) and é4 (z) and then the observable
quantity f(z)os(z) for different PADE parameterizations considered in this analysis.
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Joint MCMC analysis using geometrical+growth data

Joint Likelihood analysis in background and perturbation levels
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Joint MCMC analysis using geometrical+growth data

Joint Likelihood analysis in background and perturbation levels

Growth data used in our analysis

m We use the latest observational data for the growth rate f(z)os(z) from [14]

SDSS 1711 LRG 1 SDSS 111 BOSS CMASS

SDSS 111 BOSS DRI2 LOWZ

SDSS 1711 LRG 1 SDSS 111 R0SS CMASS

Shss it

SDSS T ROSS

SDSS 111 0SS D12 C

VINOS Pub
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Joint MCMC analysis using geometrical+growth data

Joint Likelihood analysis in background and perturbation levels
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Joint MCMC analysis using geometrical+growth data

Joint Likelihood analysis in background and perturbation levels

m The total likelihood function using the combined cosmological data in background level and
growth data in perturbation level is given by

Ltot(P) = Lsn X Lpao X Lemb X Lh X Lppn X [«gr 5 (26)
hence
Xiot(P) = Xan + Xbao + Xemb + Xa + Xoon + Xar » (27)

where the statistical vector p contains an additional free parameter, namely og = o3(z = 0)
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Joint MCMC analysis using geometrical+growth data

Results overall statistical analysis
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Joint MCMC analysis using geometrical+growth data

Results overall statistical analysis

Table: The statistical results for homogeneous (clustered) DE parameterisations used in the analysis.
These results are based on the expansion+growth rate data. The concordance ACDM model is shown for

comparison.
Model PADE | simplified PADE | PADE I CPL ACDM
k 7 6 7 6 4
] Xﬁnn 576.4(576.5) 576.4(576.7) 576.9(577.1) 576.5(576.7) 582.6
AIC 590.4(590.5) 588.4(588.7) 590.9(591.1) 588.5(588.7) 590.6
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Joint MCMC analysis using geometrical+growth data

Results overall statistical analysis

<o

QQ

Buali Sina University

Malekjani (Bu:

li Sina universi

EWWELERRIER)Constraints to dark energy using PADE parameteriz Jul, 2017 17/22



Joint MCMC analysis using geometrical+growth data

Results overall statistical analysis

Table: A summary of the best-fit parameters for homogeneous (clustered) DE parameterisations using the
background+growth rate data.

| |
Model PADE | simplified PADE | PADE I CPL ACDM|
oy 02884 0.010 (0288 £0.010)  0.28840.010 (0.2888 £ 0.0099)  0.2721 & 0.0097 (0.2723 £ 0.0098)  0.2875 = 0.0095 (0.2882 £ 0.0093)  0.2902 0.
h 0.68T £0.012 (0.681 £0.012) 0680 £ 0.012 (0,675 £0.012) 0.684 = 0.012 (0.683 & 0.012) 0.681 £ 0.011 (0.680 £ 0.011) __ 0.6833 £ 0/
wo —0.856 & 0.088 (—0.87470.0%0)  —0.839 % 0.038 (—0.836 £ 0.037) _ —0.893 % 0.075 (—0.896 £ 0.078) —0.8170 10 (—0.81 £ 0.10) -
wi 0.077537 (0.1475) - 04170 (043702D) 0410 (C0300 B
wa —0. c%‘j‘ W 0 (—0.6997007) " —0.388 = 0.034 (—0.388 £ 0.035) —0.3577 " "" 5 (—0.3587005F) = =
o 75T 0,015 (0755 £ 0.016) 0751 £ 0015 (0758 £ 0015) 07T E 0015 (0771 £ 0.016) 0.751 £ 0.015 (0.756 £ 0.015) 0744 £ 0.1
—0.856(—0.874) —0.839(—0.836) —0.893(—0.896) —031(—0381) —10
0.712(0.712) 0.712(0.7112) 0.7279(0.7277) 0.7125(0.7118) 0.7098|
4
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Joint MCMC analysis using geometrical+growth data

Likelihood contours
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Joint MCMC analysis using geometrical+growth data

Likelihood contours
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Joint MCMC analysis using geometrical+growth data

Likelihood contours
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Joint MCMC analysis using geometrical+growth data

Likelihood contours
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Joint MCMC analysis using geometrical+growth data

Likelihood contours

Simplified PADE |
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Joint MCMC analysis using geometrical+growth data

Likelihood contours
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Joint MCMC analysis using geometrical+growth data
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Likelihood contours

The predicted growth rate f(z)os(z) for different cosmological models in this analysis.
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All PADE models are well fitted to growth rate data as equally as ACDM case.
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In the context of MCMC analysis, we showed that all PADE parameterizations are well fitted to
geometrical data in background level as equally as CPL and ACDM model. J

o

a’

Buali Sina University

R ETEIRELTN (T RS ERTLNETETAL ETG EL ELR [ET) Constraints to dark energy using PADE parameteriz Jul, 2017 21/22




Conclusion

Conclusion

In the context of MCMC analysis, we showed that all PADE parameterizations are well fitted to
geometrical data in background level as equally as CPL and ACDM model. J

Combining the geometrical data with growth rate data in perturbation level, we showed that all
PADE parameterizations are well fitted to the full set of observatioal data similar to that of the CPL
and ACDM models.
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In the context of MCMC analysis, we showed that all PADE parameterizations are well fitted to
geometrical data in background level as equally as CPL and ACDM model. J

Combining the geometrical data with growth rate data in perturbation level, we showed that all
PADE parameterizations are well fitted to the full set of observatioal data similar to that of the CPL
and ACDM models.

The current data of growth rate are not sufficient to discriminate between homogeneous and J

clustered DE models.
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