
IBS-CTPU-CGA QNM & BH Perturbation Workshop, May 27th (Tue), 2025

Excitability, convergence and 
(in)completeness of quasi-normal modes

Naritaka OSHITA 
(Kyoto University, Yukawa Inst., Hakubi Center, RIKEN iTHEMS)



Quasi-normal modes (QNMs)
Black hole’s “free oscillation” → excitation of BH QNMs 

boundary condition
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Horizon Infinity

This B. C. is satisfied 
only at complex frequencies:
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! = !n 2 C

wave equation (Regge-Wheeler, Teukolsky, …)
<latexit sha1_base64="xTQkKE8XP2N3ki6zCtQfuTm/OAY="></latexit>⇥
@2r⇤ + !2 � V (r⇤)

⇤
 !(r

⇤) = S!(r
⇤)

Regge, Wheeler (1957)

Zerilli (1970)


Teukolsky (1972)

Chandrasekhar, Detweiler (1976)


Detweiler (1977)

Sasaki, Nakamura (1982)

r⇤ ⌘ r + rg log(r/rg � 1)
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r ! +1, r⇤ ! +1

horizon

infinity

e.g., for Schwarzschild
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j = a/M
<latexit sha1_base64="FwJ/lu8q2iaauJyTLmTYXFNYWgE=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GmZKnwuh6MaNUME+oB1KJs20oUlmSDJCGfoLblwo4tYfcuffmGlHUNEDFw7n3Mu99/gRo0o7zoeVW1vf2NzKbxd2dvf2D4qHR10VxhKTDg5ZKPs+UoRRQTqaakb6kSSI+4z0/NlV6vfuiVQ0FHd6HhGPo4mgAcVIp1L55sIdFUuO3XTcZrUOV6RRyUitCV3bWaIEMrRHxffhOMQxJ0JjhpQauE6kvQRJTTEji8IwViRCeIYmZGCoQJwoL1neuoBnRhnDIJSmhIZL9ftEgrhSc+6bTo70VP32UvEvbxDroOElVESxJgKvFgUxgzqE6eNwTCXBms0NQVhScyvEUyQR1iaeggnh61P4P+mWbbdmV28rpdZlFkcenIBTcA5cUActcA3aoAMwmIIH8ASeLW49Wi/W66o1Z2Uzx+AHrLdPlciN+Q==</latexit>

2M = 1

fundamental mode

1st overtone

2nd overtone

3rd overtone

4th overtone

<latexit sha1_base64="Q8V3VczCR+MLgDSl8a4RKdD38jU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKewGX5dA0IvHCOYBmyXMTmaTIbMzy0yvEJZ8hhcPinj1a7z5N06SPWhiQUNR1U13V5gIbsB1v53C2vrG5lZxu7Szu7d/UD48ahuVaspaVAmluyExTHDJWsBBsG6iGYlDwTrh+G7md56YNlzJR5gkLIjJUPKIUwJW8ntMCFzHMa7X+uWKW3XnwKvEy0kF5Wj2y1+9gaJpzCRQQYzxPTeBICMaOBVsWuqlhiWEjsmQ+ZZKEjMTZPOTp/jMKgMcKW1LAp6rvycyEhsziUPbGRMYmWVvJv7n+SlEN0HGZZICk3SxKEoFBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWSDcFbfnmVtGtV76p6+XBRadzmcRTRCTpF58hD16iB7lETtRBFCj2jV/TmgPPivDsfi9aCk88coz9wPn8AXiuQBA==</latexit>

ω = m = 2



Fundamental mode Higher overtones

Overtones? Onset of QNM excitations?

strain peak

strain peak

m
is

m
at

ch

Giesler+ (2019)Isi+ (2019)

https://arxiv.org/abs/1903.08284
https://arxiv.org/abs/1905.00869


Excitation of QNMs

Green’s function source term(spin-weighted) spheroidal harmonic function

Source factor: 
Initial data of a distorted BH

Excitation factor: 
Intrinsic quantity of BHs

Quantify the “ease-of-excitaton” of QNMs

Residues of Green’s function

=
1

r

X

lmn

ElmnTlmnSlmne
�i!lmn(t�r⇤)

<latexit sha1_base64="5PRiaNrkgJcaTntbp9PzeJqnh98="></latexit><latexit sha1_base64="5PRiaNrkgJcaTntbp9PzeJqnh98="></latexit><latexit sha1_base64="5PRiaNrkgJcaTntbp9PzeJqnh98="></latexit><latexit sha1_base64="5PRiaNrkgJcaTntbp9PzeJqnh98="></latexit>

Slmn ⌘ �2Slm(!lmn, ✓)
<latexit sha1_base64="IPj2HW7yTgzhL8kq4hmWsfCENI4="></latexit><latexit sha1_base64="IPj2HW7yTgzhL8kq4hmWsfCENI4="></latexit><latexit sha1_base64="IPj2HW7yTgzhL8kq4hmWsfCENI4="></latexit><latexit sha1_base64="IPj2HW7yTgzhL8kq4hmWsfCENI4="></latexit>

h =
eim�

r

Z
d!dr0

X

lm

ei!(r⇤�t+t0)�2Slm(!, ✓)G(BH)

lm (r, r0)T̃lm(r0,!)
<latexit sha1_base64="F6TdqiGcFHw3FgiYO8orQis0n/U="></latexit><latexit sha1_base64="F6TdqiGcFHw3FgiYO8orQis0n/U="></latexit><latexit sha1_base64="F6TdqiGcFHw3FgiYO8orQis0n/U="></latexit><latexit sha1_base64="F6TdqiGcFHw3FgiYO8orQis0n/U="></latexit>

Leaver (1986) Zhang, Berti, Cardoso (2013)

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.34.384
https://arxiv.org/abs/1305.4306


QNM excitation

QNM excitation factor

sourceGreen’s function

<latexit sha1_base64="X8pnjc/BqUlNZTji4x+W78o2v1o="></latexit>

h =
X

n

(E`mn ⇥ T`mn)e
�i!`mnt

BH spin
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Oshita (2021)

Giesler, Ma, Mitman, Oshita, Teukolsky, et al. (2024)

QNM&QQNM fit (NR + data analysis)

Theory (excitation factor)

Leaver (1986) Zhang, Berti, Cardoso (2013) Oshita (2021)

Mitman + (2025)see also

https://arxiv.org/abs/2109.09757
https://arxiv.org/abs/2411.11269
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.34.384
https://arxiv.org/abs/1305.4306
https://arxiv.org/abs/2109.09757
https://arxiv.org/pdf/2503.09678


Extraction of multiple QNMs? 
Controversial …

Bhagwat+ (2019)
Baibhav+ (2023)

https://arxiv.org/abs/1910.08708
https://arxiv.org/abs/2302.03050


•Extracting QN modes from GW data involves many fitting parameters.


•Sensitive to the choice of the start time of ringdown.

A growing cast — but at what cost?

“Amazon Machine Learning”

# of parameters MoreLess

linear QNMs, quadratic QNMs, late-time tails, (memory effects…)

The stage is getting crowded – with parameters



<latexit sha1_base64="2dzHco7bUQnBM8quSVkZEq7Ga4E=">AAAB+nicdVDJSgNBEO2JW4zbRI9eGoMggmFGst6CXjxGMAskk9DTqSRNeha6e5Qw5lO8eFDEq1/izb+xk4ygog8KHu9VUVXPDTmTyrI+jNTK6tr6Rnozs7W9s7tnZvebMogEhQYNeCDaLpHAmQ8NxRSHdiiAeC6Hlju5nPutWxCSBf6NmobgeGTksyGjRGmpb2ahF58x3A08GBEseqezvpmz8lXLrhbLeEkqhYSUqtjOWwvkUIJ633zvDgIaeeAryomUHdsKlRMToRjlMMt0IwkhoRMygo6mPvFAOvHi9Bk+1soADwOhy1d4oX6fiIkn5dRzdadH1Fj+9ubiX14nUsOKEzM/jBT4dLloGHGsAjzPAQ+YAKr4VBNCBdO3YjomglCl08roEL4+xf+T5nneLuWL14Vc7SKJI40O0RE6QTYqoxq6QnXUQBTdoQf0hJ6Ne+PReDFel60pI5k5QD9gvH0CtcSTrw==</latexit>

e→iωr→

Black hole greybody factor / S-matrix

black hole

potential barrier

plunging object

scattered GW 
ringdown 
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<latexit sha1_base64="DpFleMcO4aHceld0vRqD5ZlGjHY=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjK1arsQim5cVrAPaIeSSTNt2kwyJBmhDP0HNy4Ucev/uPNvTF+gogcuHM65l3vvCWLOtEHo08msrK6tb2Q3c1vbO7t7+f2DhpaJIrROJJeqFWBNORO0bpjhtBUriqOA02Ywupn6zQeqNJPi3oxj6ke4L1jICDZWagyvkFs57+YLyEWVMjqrwDkpFZcEQc9FMxTAArVu/qPTkySJqDCEY63bHoqNn2JlGOF0kuskmsaYjHCfti0VOKLaT2fXTuCJVXowlMqWMHCmfp9IcaT1OApsZ4TNQP/2puJfXjsxYdlPmYgTQwWZLwoTDo2E09dhjylKDB9bgoli9lZIBlhhYmxAORvC8lP4P2kUXe/CLd6VCtXrRRxZcASOwSnwwCWogltQA3VAwBA8gmfw4kjnyXl13uatGWcxcwh+wHn/AovGjnk=</latexit>

j = 0.95

<latexit sha1_base64="dnqV4S4PboskRPn9Urb8KmjPe+s=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU9gEqc1BKHrxWMG0hTaUzXbTrt1swu5GKKG/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5oUpZ0oj9GGVVlbX1jfKm5Wt7Z3dver+QVslmSTUJwlPZDfEinImqK+Z5rSbSorjkNNOOLkq/M49lYol4lZPUxrEeCRYxAjWRvLvLpDtDao1ZCODeh0WxGkgxxDPa7iuB525hVANLNEaVN/7w4RkMRWacKxUz0GpDnIsNSOczir9TNEUkwke0Z6hAsdUBfn82Bk8McoQRok0JTScq98nchwrNY1D0xljPVa/vUL8y+tlOmoEORNppqkgi0VRxqFOYPE5HDJJieZTQzCRzNwKyRhLTLTJp2JC+PoU/k/aru3UbffmrNa8XMZRBkfgGJwCB5yDJrgGLeADAhh4AE/g2RLWo/VivS5aS9Zy5hD8gPX2CQKWji4=</latexit>

j = 0.9

<latexit sha1_base64="mQCdPzIwa5Equ+JDEeEpCgqOA+o=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0jS2tSDUPTisYJpC20om+2mXbvZhN2NUEJ/gxcPinj1B3nz37hpK6jog4HHezPMzAsSRqWyrA+jsLK6tr5R3Cxtbe/s7pX3D9oyTgUmHo5ZLLoBkoRRTjxFFSPdRBAUBYx0gslV7nfuiZA05rdqmhA/QiNOQ4qR0pJ3d2GZ7qBcsczzRt05c6BlWpbrVOs5cdyaU4W2VnJUwBKtQfm9P4xxGhGuMENS9mwrUX6GhKKYkVmpn0qSIDxBI9LTlKOISD+bHzuDJ1oZwjAWuriCc/X7RIYiKadRoDsjpMbyt5eLf3m9VIUNP6M8SRXheLEoTBlUMcw/h0MqCFZsqgnCgupbIR4jgbDS+ZR0CF+fwv9J2zHtuunc1CrNy2UcRXAEjsEpsIELmuAatIAHMKDgATyBZ4Mbj8aL8bpoLRjLmUPwA8bbJwsyjjM=</latexit>

j = 0.7re
fle

ct
iv

ity

frequency (2M=1)
<latexit sha1_base64="rIHApgEJxY1ERp36dMSp4l4FMAc=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4Ckmp/TgUil48VjBtoQ1ls922SzebsLsRSuhv8OJBEa/+IG/+G7dtBBV9MPB4b4aZeUHMmdKO82GtrW9sbm3ndvK7e/sHh4Wj47aKEkmoRyIeyW6AFeVMUE8zzWk3lhSHAaedYHq98Dv3VCoWiTs9i6kf4rFgI0awNpLHG2GjNCgUHbvuuPXLKlqRWjkjlTpybWeJImRoDQrv/WFEkpAKTThWquc6sfZTLDUjnM7z/UTRGJMpHtOeoQKHVPnp8tg5OjfKEI0iaUpotFS/T6Q4VGoWBqYzxHqifnsL8S+vl+hRzU+ZiBNNBVktGiUc6QgtPkdDJinRfGYIJpKZWxGZYImJNvnkTQhfn6L/SbtkuxW7dFsuNq+yOHJwCmdwAS5UoQk30AIPCDB4gCd4toT1aL1Yr6vWNSubOYEfsN4+AaI8jpg=</latexit>

l = m = 2

NO (2022), NO (2023)

Okabayashi, NO (2024)

Rosato, Destounis, Pani (2024)

NO, Takahashi, Mukohyama (2024)

<latexit sha1_base64="jrc+1i+EQwO+B6+B8xMUjHpv6vk=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET2FXkmhuQS8eFYwJJCHMTnrj4OzOMtMrLmsO/ooXD4p49Te8+TdOHoKKFjQUVd10d/mxFAZd98OZmZ2bX1jMLeWXV1bX1gsbm5dGJZpDgyupdMtnBqSIoIECJbRiDSz0JTT965OR37wBbYSKLjCNoRuyQSQCwRlaqVfY7iDcYjbQkPqqn9KAcVR62CsU3VLN9WqVQzohR+UpqdaoV3LHKJIpznqF905f8SSECLlkxrQ9N8ZuxjQKLmGY7yQGYsav2QDalkYsBNPNxvcP6Z5V+jRQ2laEdKx+n8hYaEwa+rYzZHhlfnsj8S+vnWBw1M1EFCcIEZ8sChJJUdFRGLQvNHCUqSWMa2FvpfyKaZuBjSxvQ/j6lP5PLg9KXrVUOS8X68fTOHJkh+ySfeKRQ1Inp+SMNAgnd+SBPJFn5955dF6c10nrjDOd2SI/4Lx9AnB5lw4=</latexit>

greybody factor
<latexit sha1_base64="VUk29eVw2k/fmJ7AccJdedxr2NY="></latexit>
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<latexit sha1_base64="mYUepJ3lilY9GfdxRxPu4mMUi6Q="></latexit>∣∣∣∣
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<latexit sha1_base64="82+yuJHm6UF1Da4gAwYxW4QtVUg=">AAACCHicdVC7SgNBFJ31bXxFLS0cDIKNYVfyLATRQksFo0ISwuzkrg6Z2V1m7gbDktLGX7GxUMTWT7Dzb5w8BBU9MHA4517unOPHUhh03Q9nYnJqemZ2bj6zsLi0vJJdXbswUaI51HgkI33lMwNShFBDgRKuYg1M+RIu/c7RwL/sgjYiCs+xF0NTsetQBIIztFIru9lAuMVUQyCBo+gK7PXpPvV2aeOYKcVa2Zybr7petVimI1IpjEmpSr28O0SOjHHayr432hFPFITIJTOm7rkxNlOmUXAJ/UwjMRAz3mHXULc0ZApMMx0G6dNtq7RpEGn7QqRD9ftGypQxPeXbScXwxvz2BuJfXj3BoNJMRRgnCCEfHQoSSTGig1ZoW2gbX/YsYVwL+1fKb5hmHG13GVvCV1L6P7nYy3ulfPGskDs4HNcxRzbIFtkhHimTA3JCTkmNcHJHHsgTeXbunUfnxXkdjU4445118gPO2yeZapm4</latexit>

reflectivity = 1→ !

BH S-matrix
<latexit sha1_base64="6IX37pChpkh8buE9WMVPLDNcFLc="></latexit>

1

Ain
e→iωr→

<latexit sha1_base64="6QSnRSNDt28xd2802OG55LIXptc="></latexit>

Aout

Ain
eiωr→

Greybody factors imprinted in GW spectrum?



Numerical simulation of a binary black hole merger (SXS collaboration)

GW spectrum

Reflectivity  
(Greybody factor)

Okabayashi, NO (2024)



Why exponential decay? -conjecture-
<latexit sha1_base64="V3kp/fP93/04/SBJuFDNScHa4+M="></latexit> 

8⇡G
�AH = �(! �m⌦H)

First law of BH thermodynamics

Dias, Emparan, Maccarrone (2007)

NOT strictly prohibited during a non-equilibrium process.

<latexit sha1_base64="1JT0wVUmviNvbO3hmcMlN6lFhCc=">AAACAnicdZDLSgMxFIYzXmu9VV2Jm2ARXA0z0utGim66s4K9QKeUTJppQ5PJkGSEMhQ3voobF4q49Snc+TZm2goq+kPg4z/ncHJ+P2JUacf5sJaWV1bX1jMb2c2t7Z3d3N5+S4lYYtLEggnZ8ZEijIakqalmpBNJgrjPSNsfX6b19i2RiorwRk8i0uNoGNKAYqSN1c8deoKTIYLnkEPvKsV+4kkO69N+Lu/YVcetFstwDpXCAkpV6NrOTHmwUKOfe/cGAsechBozpFTXdSLdS5DUFDMyzXqxIhHCYzQkXYMh4kT1ktkJU3hinAEMhDQv1HDmfp9IEFdqwn3TyZEeqd+11Pyr1o11UOklNIxiTUI8XxTEDGoB0zzggEqCNZsYQFhS81eIR0girE1qWRPC16Xwf2id2W7JLl4X8rWLRRwZcASOwSlwQRnUQB00QBNgcAcewBN4tu6tR+vFep23LlmLmQPwQ9bbJz+alr4=</latexit>

! > m⌦H

Bekenstein (1972)

temperature
chemical potential

Boltzmann factor
<latexit sha1_base64="pxkGdL9lZHVJ+NmDyQGtvOTm0Ho="></latexit>

e�(!�m⌦H)/TH = e�S

horizon frequencyhorizon area
surface gravity

entropy energy

(emission)

←

~Boltzmann with the Hawking temperature

Oshita (2022)

<latexit sha1_base64="6ExBtLJAir8xOsk0l8CARwHwCoI=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFRLpE1wU3bisaB/QhDKZTNqhk0mYmRRK6J+4caGIW//EnX/jtI2gogcuHM65l3vv8RNGpbLtD6Owtr6xuVXcLu3s7u0fmIdHXRmnApMOjlks+j6ShFFOOooqRvqJICjyGen5k+uF35sSIWnM79UsIV6ERpyGFCOlpaFpuiqGbkCYQvAOXkJ7aJZtq2k7zWodrkijkpNaEzqWvUQZ5GgPzXc3iHEaEa4wQ1IOHDtRXoaEopiReclNJUkQnqARGWjKUUSkly0vn8MzrQQwjIUuruBS/T6RoUjKWeTrzgipsfztLcS/vEGqwoaXUZ6kinC8WhSmDOpvFzHAgAqCFZtpgrCg+laIx0ggrHRYJR3C16fwf9K9sJyaVb2tlFtXeRxFcAJOwTlwQB20wA1ogw7AYAoewBN4NjLj0XgxXletBSOfOQY/YLx9AvR9kpk=</latexit>

→ ωS < 0



Green’s function
universality

universality

GW waveform source
Initial data

BH S-matrix

~constant in frequency?

Why is the greybody factor imprinted? 
-perturbation manner-

time domain

<latexit sha1_base64="vZSBuFN8FsMSIec02yw7r7MpFIg="></latexit>

h̃(!) = h̃G(!)⇥ h̃T(!)frequency domain
GW spectrum source

Initial data

<latexit sha1_base64="OLGChSp2NVh2sdSCoeAFH3u2s+c=">AAACDXicdVDLSgMxFM3UV62vUZduglWoLsqM9LkQii50WaG1hXYomTTthGYeJBmhDP0BN/6KGxeKuHXvzr8xM52Cil4InMe93NxjB4wKaRifWmZpeWV1Lbue29jc2t7Rd/duhR9yTNrYZz7v2kgQRj3SllQy0g04Qa7NSMeeXMZ+545wQX2vJacBsVw09uiIYiSVNNCPnII8gefQGUR97sKrGYz56YK3Ej7Q80axbpj1chXOQa2UgkodmkUjqTxIqznQP/pDH4cu8SRmSIieaQTSihCXFDMyy/VDQQKEJ2hMegp6yCXCipJrZvBYKUM48rl6noSJ+n0iQq4QU9dWnS6SjvjtxeJfXi+Uo5oVUS8IJfHwfNEoZFD6MI4GDiknWLKpAghzqv4KsYM4wlIFmFMhLC6F/4Pbs6JZKZZvSvnGRRpHFhyAQ1AAJqiCBrgGTdAGGNyDR/AMXrQH7Ul71d7mrRktndkHP0p7/wIyL5kq</latexit>

h(t) = hG(t) → hT(t)

<latexit sha1_base64="tdwzikzDtlNDd245v1TzPWLuIG0=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFRKxr13RjcsW7APaUCbTm3bsZBJmJkIJ/QI3LhRx6ye582+cthFU9MCFwzn3cu89fsyZ0o7zYeXW1jc2t/LbhZ3dvf2D4uFRR0WJpNCmEY9kzycKOBPQ1kxz6MUSSOhz6PrT64XfvQepWCRu9SwGLyRjwQJGiTZSSw+LJceuO269XMUrUrvMSKWOXdtZooQyNIfF98EookkIQlNOlOq7Tqy9lEjNKId5YZAoiAmdkjH0DRUkBOWly0Pn+MwoIxxE0pTQeKl+n0hJqNQs9E1nSPRE/fYW4l9eP9FBzUuZiBMNgq4WBQnHOsKLr/GISaCazwwhVDJzK6YTIgnVJpuCCeHrU/w/6VzYbsUuty5Ljassjjw6QafoHLmoihroBjVRG1EE6AE9oWfrznq0XqzXVWvOymaO0Q9Yb59uNo1i</latexit>

t
instantaneous source at the onset of ringdown?

<latexit sha1_base64="AXijnU/xQHLieE3YDuh59178EvM=">AAAB8HicdVDLSsNAFL2pr1pfVZduBovgKiRiX7uiG5cV+pI2lMl00g6dScLMRCihX+HGhSJu/Rx3/o3TNoKKHrhwOOde7r3HjzlT2nE+rNza+sbmVn67sLO7t39QPDzqqCiRhLZJxCPZ87GinIW0rZnmtBdLioXPadefXi/87j2VikVhS89i6gk8DlnACNZGupsM04EUqDUfFkuOXXfcermKVqR2mZFKHbm2s0QJMjSHxffBKCKJoKEmHCvVd51YeymWmhFO54VBomiMyRSPad/QEAuqvHR58BydGWWEgkiaCjVaqt8nUiyUmgnfdAqsJ+q3txD/8vqJDmpeysI40TQkq0VBwpGO0OJ7NGKSEs1nhmAimbkVkQmWmGiTUcGE8PUp+p90Lmy3YpdvL0uNqyyOPJzAKZyDC1VowA00oQ0EBDzAEzxb0nq0XqzXVWvOymaO4Qest08m+pCs</latexit>

hT



Green’s function
universality

GW waveform source
Initial data

time domain

<latexit sha1_base64="OLGChSp2NVh2sdSCoeAFH3u2s+c=">AAACDXicdVDLSgMxFM3UV62vUZduglWoLsqM9LkQii50WaG1hXYomTTthGYeJBmhDP0BN/6KGxeKuHXvzr8xM52Cil4InMe93NxjB4wKaRifWmZpeWV1Lbue29jc2t7Rd/duhR9yTNrYZz7v2kgQRj3SllQy0g04Qa7NSMeeXMZ+545wQX2vJacBsVw09uiIYiSVNNCPnII8gefQGUR97sKrGYz56YK3Ej7Q80axbpj1chXOQa2UgkodmkUjqTxIqznQP/pDH4cu8SRmSIieaQTSihCXFDMyy/VDQQKEJ2hMegp6yCXCipJrZvBYKUM48rl6noSJ+n0iQq4QU9dWnS6SjvjtxeJfXi+Uo5oVUS8IJfHwfNEoZFD6MI4GDiknWLKpAghzqv4KsYM4wlIFmFMhLC6F/4Pbs6JZKZZvSvnGRRpHFhyAQ1AAJqiCBrgGTdAGGNyDR/AMXrQH7Ul71d7mrRktndkHP0p7/wIyL5kq</latexit>

h(t) = hG(t) → hT(t)

°40 °20 0 20 40 60 80
t
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G
|

` = m = 2

<latexit sha1_base64="pB2i8mAx86wplvg0eugUHiYuf0g="></latexit>

hG =
1

2ω

∫
dε

Aout(ε)

Ain(ε)
e→iωt

<latexit sha1_base64="afBnIJ1cwobe2o/McFaGXPYVuxg=">AAAB/3icbVDLSgNBEJz1GeMrKnjxMhgET2FXfB2DXjwqmAckIcxOOmbI7Mww0yuGNQd/xYsHRbz6G978GycxB40WNBRV3XR3xUYKh2H4GczMzs0vLOaW8ssrq2vrhY3NqtOp5VDhWmpbj5kDKRRUUKCEurHAklhCLe6fj/zaLVgntLrGgYFWwm6U6ArO0EvtwnYT4Q4zY3VikFpwRisHw3ahGJbCMehfEk1IkUxw2S58NDuapwko5JI514hCg62MWRRcwjDfTB0YxvvsBhqeKpaAa2Xj+4d0zysd2tXWl0I6Vn9OZCxxbpDEvjNh2HPT3kj8z2uk2D1tZUKZFEHx70XdVFLUdBQG7QgLHOXAE8at8LdS3mOWcfSR5X0I0fTLf0n1oBQdl46uDovls0kcObJDdsk+icgJKZMLckkqhJN78kieyUvwEDwFr8Hbd+tMMJnZIr8QvH8BKy2W2w==</latexit>

prompt response
<latexit sha1_base64="PMTLj3f1L+ZdBHQMI2Ffuq+9uSo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvXiMaB6QLGF2MpsMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSKFQdf9cgpLyyura8X10sbm1vZOeXevaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAccJ9yM6UCIUjKKV7vHK7ZUrbtWdgfwlXk4qkKPeK392+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oQcWaVPwljbUkhm6s+JjEbGjKPAdkYUh2bRm4r/eZ0Uw0s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3z5L2meVL3z6tndaaV2ncdRhAM4hGPw4AJqcAt1aACDATzBC7w60nl23pz3eWvByWf24Recj2/VII2E</latexit>

t > 0
<latexit sha1_base64="Mq+s0gqZc/g2yrDcVGjusIXXbrg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00j1eub1yxa26M5C/xMtJBXLUe+XPbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QI6v0SRhrWwrJTP05kdHImHEU2M6I4tAselPxP6+TYnjpZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsv/yXNk6p3Xj27O63UrvM4inAAh3AMHlxADW6hDg1gMIAneIFXRzrPzpvzPm8tOPnMPvyC8/EN0haNgg==</latexit>

t < 0

<latexit sha1_base64="oZ1F3SwBof1I+g8votObrjT8GWo=">AAACDHicbVDJSgNBFOxxjXGLevTSGARBCDPidgx68aIkYBZIhtDTeUma9Cx0v5GEIR/gxV/x4kERr36AN//GziQHTSxoKKrq8fqVF0mh0ba/rYXFpeWV1cxadn1jc2s7t7Nb1WGsOFR4KENV95gGKQKooEAJ9UgB8z0JNa9/PfZrD6C0CIN7HEbg+qwbiI7gDI3UyuWbCANMyne3FAZcYCqP6DGd6MiEHJmUXbBT0HniTEmeTFFq5b6a7ZDHPgTIJdO64dgRuglTKLiEUbYZa4gY77MuNAwNmA/aTdJjRvTQKG3aCZV5AdJU/T2RMF/roe+ZpM+wp2e9sfif14ixc+kmIohihIBPFnViSTGk42ZoWyjgKIeGMK6E+SvlPaYYR9Nf1pTgzJ48T6onBee8cFY+zRevpnVkyD45IEfEIRekSG5IiVQIJ4/kmbySN+vJerHerY9JdMGazuyRP7A+fwAD85ue</latexit>

QNM excitation + tail

<latexit sha1_base64="tdwzikzDtlNDd245v1TzPWLuIG0=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFRKxr13RjcsW7APaUCbTm3bsZBJmJkIJ/QI3LhRx6ye582+cthFU9MCFwzn3cu89fsyZ0o7zYeXW1jc2t/LbhZ3dvf2D4uFRR0WJpNCmEY9kzycKOBPQ1kxz6MUSSOhz6PrT64XfvQepWCRu9SwGLyRjwQJGiTZSSw+LJceuO269XMUrUrvMSKWOXdtZooQyNIfF98EookkIQlNOlOq7Tqy9lEjNKId5YZAoiAmdkjH0DRUkBOWly0Pn+MwoIxxE0pTQeKl+n0hJqNQs9E1nSPRE/fYW4l9eP9FBzUuZiBMNgq4WBQnHOsKLr/GISaCazwwhVDJzK6YTIgnVJpuCCeHrU/w/6VzYbsUuty5Ljassjjw6QafoHLmoihroBjVRG1EE6AE9oWfrznq0XqzXVWvOymaO0Q9Yb59uNo1i</latexit>

t

<latexit sha1_base64="AXijnU/xQHLieE3YDuh59178EvM=">AAAB8HicdVDLSsNAFL2pr1pfVZduBovgKiRiX7uiG5cV+pI2lMl00g6dScLMRCihX+HGhSJu/Rx3/o3TNoKKHrhwOOde7r3HjzlT2nE+rNza+sbmVn67sLO7t39QPDzqqCiRhLZJxCPZ87GinIW0rZnmtBdLioXPadefXi/87j2VikVhS89i6gk8DlnACNZGupsM04EUqDUfFkuOXXfcermKVqR2mZFKHbm2s0QJMjSHxffBKCKJoKEmHCvVd51YeymWmhFO54VBomiMyRSPad/QEAuqvHR58BydGWWEgkiaCjVaqt8nUiyUmgnfdAqsJ+q3txD/8vqJDmpeysI40TQkq0VBwpGO0OJ7NGKSEs1nhmAimbkVkQmWmGiTUcGE8PUp+p90Lmy3YpdvL0uNqyyOPJzAKZyDC1VowA00oQ0EBDzAEzxb0nq0XqzXVWvOymaO4Qest08m+pCs</latexit>

hT

<latexit sha1_base64="uRz4SYFB3NnOfg8xEedoPKCs7dc=">AAAB+XicdVDLSgNBEJyNrxhfqx69DAbBU9gV8zoIQS8eIxgVkhBmJ504ZGZ3mekNhCV/4sWDIl79E2/+jZNkBRUtaCiquunuCmIpDHreh5NbWl5ZXcuvFzY2t7Z33N29GxMlmkOLRzLSdwEzIEUILRQo4S7WwFQg4TYYXcz82zFoI6LwGicxdBUbhmIgOEMr9VwXz7CXdrSiCvQQ9LTnFr1S3fPr5SpdkNppRip16pe8OYokQ7Pnvnf6EU8UhMglM6btezF2U6ZRcAnTQicxEDM+YkNoWxoyBaabzi+f0iOr9Okg0rZCpHP1+0TKlDETFdhOxfDe/PZm4l9eO8FBrZuKME4QQr5YNEgkxYjOYqB9oYGjnFjCuBb2VsrvmWYcbVgFG8LXp/R/cnNS8iul8tVpsXGexZEnB+SQHBOfVEmDXJImaRFOxuSBPJFnJ3UenRfnddGac7KZffIDztsnLmWUDg==</latexit>

t = tmerger



Systematically define 
<latexit sha1_base64="AXijnU/xQHLieE3YDuh59178EvM=">AAAB8HicdVDLSsNAFL2pr1pfVZduBovgKiRiX7uiG5cV+pI2lMl00g6dScLMRCihX+HGhSJu/Rx3/o3TNoKKHrhwOOde7r3HjzlT2nE+rNza+sbmVn67sLO7t39QPDzqqCiRhLZJxCPZ87GinIW0rZnmtBdLioXPadefXi/87j2VikVhS89i6gk8DlnACNZGupsM04EUqDUfFkuOXXfcermKVqR2mZFKHbm2s0QJMjSHxffBKCKJoKEmHCvVd51YeymWmhFO54VBomiMyRSPad/QEAuqvHR58BydGWWEgkiaCjVaqt8nUiyUmgnfdAqsJ+q3txD/8vqJDmpeysI40TQkq0VBwpGO0OJ7NGKSEs1nhmAimbkVkQmWmGiTUcGE8PUp+p90Lmy3YpdvL0uNqyyOPJzAKZyDC1VowA00oQ0EBDzAEzxb0nq0XqzXVWvOymaO4Qest08m+pCs</latexit>

hT for non-linear systems.

<latexit sha1_base64="tdwzikzDtlNDd245v1TzPWLuIG0=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFRKxr13RjcsW7APaUCbTm3bsZBJmJkIJ/QI3LhRx6ye582+cthFU9MCFwzn3cu89fsyZ0o7zYeXW1jc2t/LbhZ3dvf2D4uFRR0WJpNCmEY9kzycKOBPQ1kxz6MUSSOhz6PrT64XfvQepWCRu9SwGLyRjwQJGiTZSSw+LJceuO269XMUrUrvMSKWOXdtZooQyNIfF98EookkIQlNOlOq7Tqy9lEjNKId5YZAoiAmdkjH0DRUkBOWly0Pn+MwoIxxE0pTQeKl+n0hJqNQs9E1nSPRE/fYW4l9eP9FBzUuZiBMNgq4WBQnHOsKLr/GISaCazwwhVDJzK6YTIgnVJpuCCeHrU/w/6VzYbsUuty5Ljassjjw6QafoHLmoihroBjVRG1EE6AE9oWfrznq0XqzXVWvOymaO0Q9Yb59uNo1i</latexit>

t

<latexit sha1_base64="AXijnU/xQHLieE3YDuh59178EvM=">AAAB8HicdVDLSsNAFL2pr1pfVZduBovgKiRiX7uiG5cV+pI2lMl00g6dScLMRCihX+HGhSJu/Rx3/o3TNoKKHrhwOOde7r3HjzlT2nE+rNza+sbmVn67sLO7t39QPDzqqCiRhLZJxCPZ87GinIW0rZnmtBdLioXPadefXi/87j2VikVhS89i6gk8DlnACNZGupsM04EUqDUfFkuOXXfcermKVqR2mZFKHbm2s0QJMjSHxffBKCKJoKEmHCvVd51YeymWmhFO54VBomiMyRSPad/QEAuqvHR58BydGWWEgkiaCjVaqt8nUiyUmgnfdAqsJ+q3txD/8vqJDmpeysI40TQkq0VBwpGO0OJ7NGKSEs1nhmAimbkVkQmWmGiTUcGE8PUp+p90Lmy3YpdvL0uNqyyOPJzAKZyDC1VowA00oQ0EBDzAEzxb0nq0XqzXVWvOymaO4Qest08m+pCs</latexit>

hT

<latexit sha1_base64="uRz4SYFB3NnOfg8xEedoPKCs7dc=">AAAB+XicdVDLSgNBEJyNrxhfqx69DAbBU9gV8zoIQS8eIxgVkhBmJ504ZGZ3mekNhCV/4sWDIl79E2/+jZNkBRUtaCiquunuCmIpDHreh5NbWl5ZXcuvFzY2t7Z33N29GxMlmkOLRzLSdwEzIEUILRQo4S7WwFQg4TYYXcz82zFoI6LwGicxdBUbhmIgOEMr9VwXz7CXdrSiCvQQ9LTnFr1S3fPr5SpdkNppRip16pe8OYokQ7Pnvnf6EU8UhMglM6btezF2U6ZRcAnTQicxEDM+YkNoWxoyBaabzi+f0iOr9Okg0rZCpHP1+0TKlDETFdhOxfDe/PZm4l9eO8FBrZuKME4QQr5YNEgkxYjOYqB9oYGjnFjCuBb2VsrvmWYcbVgFG8LXp/R/cnNS8iul8tVpsXGexZEnB+SQHBOfVEmDXJImaRFOxuSBPJFnJ3UenRfnddGac7KZffIDztsnLmWUDg==</latexit>

t = tmerger

<latexit sha1_base64="Je5jTyjnlj9u/BWuHRj7j6Cq0/s="></latexit>

hT(t) =

∫
dω

[
h̃(ω)/h̃G(ω)

]
e→iωt

SXS spectrum BH S-matrix
source

ringdown starting time?

Non-linear and linear QNMs overlap.



Oshita in prep.
Instantaneous source at the merger of BBHs

<latexit sha1_base64="Je5jTyjnlj9u/BWuHRj7j6Cq0/s="></latexit>

hT(t) =

∫
dω

[
h̃(ω)/h̃G(ω)

]
e→iωt

SXS spectrum BH S-matrix
source
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<latexit sha1_base64="Oys2WhuEbQuWTwZeypfirRJ9R0Y=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgadkNeR6EoBcvQgQ3CSQhzE5mkyGzs8vMrBCWfIMXD4p49YO8+TdOHoKKFjQUVd10d/kxZ0o7zoeVWVvf2NzKbud2dvf2D/KHRy0VJZJQj0Q8kh0fK8qZoJ5mmtNOLCkOfU7b/uRq7rfvqVQsEnd6GtN+iEeCBYxgbSSveIMu3EG+4Nh1x62Xq2hJaqUVqdSRazsLFGCF5iD/3htGJAmp0IRjpbquE+t+iqVmhNNZrpcoGmMywSPaNVTgkKp+ujh2hs6MMkRBJE0JjRbq94kUh0pNQ990hliP1W9vLv7ldRMd1PopE3GiqSDLRUHCkY7Q/HM0ZJISzaeGYCKZuRWRMZaYaJNPzoTw9Sn6n7SKtluxy7elQuNyFUcWTuAUzsGFKjTgGprgAQEGD/AEz5awHq0X63XZmrFWM8fwA9bbJ+vxjiM=</latexit>

2M = 1

Preliminary



Relation between QNM 
and greybody factor



Ringdown reconstruction

Full waveform

S-matrix (greybody factor)

<latexit sha1_base64="TOzGhzhlpmZDg2uX2rUlI4O1YPU="></latexit>

ω(t) =
1

2ε

∫
dϑ

Aout(ϑ)

Ain(ϑ)
e→iωt

NO, Cardoso (2024)

<latexit sha1_base64="p30obzFZ1P2M551Uiy7cxqTXFjw=">AAAB83icdVDLSgMxFM3UV62vqks3wSLUzTAjfe6KLnRZwT6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8xbUdQ0QMXDufcy733BDGjSjvOh5VbW9/Y3MpvF3Z29/YPiodHXRUlEpMOjlgk+wFShFFBOppqRvqxJIgHjPSC6dXC790TqWgk7vQsJj5HY0FDipE2kjcZpp7k8Hpe1ufDYsmxm47brNbhijQqGak1oWs7S5RAhvaw+O6NIpxwIjRmSKmB68TaT5HUFDMyL3iJIjHCUzQmA0MF4kT56fLmOTwzygiGkTQlNFyq3ydSxJWa8cB0cqQn6re3EP/yBokOG35KRZxoIvBqUZgwqCO4CACOqCRYs5khCEtqboV4giTC2sRUMCF8fQr/J90L263Z1dtKqXWZxZEHJ+AUlIEL6qAFbkAbdAAGMXgAT+DZSqxH68V6XbXmrGzmGPyA9fYJt6WRgg==</latexit>

hG(t)

QNM excitation factor
QNM decomposition

<latexit sha1_base64="sIVeXonWlzUGq6THS+zvo+Fjduk="></latexit>∑

n

→i
Aout(ωn)

A→
in(ωn)

e↑iωnt =
∑

n

Ene
↑iωnt

<latexit sha1_base64="Q5QfDs0M0tjl0O/p7ROreBMpLus=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0Wom5BInwuhKILLCvYBbQiT6aQdOpmEmYlQQ7/EjQtF3Pop7vwbp20EFT1w4XDOvdx7jx8zKpVtfxgrq2vrG5u5rfz2zu5ewdw/6MgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXn1zO/e4dEZJG/FZNY+KGaMRpQDFSWvLMwthLByKEV7OSOoXn0DOLttWwnUalBpekXs5ItQEdy16gCDK0PPN9MIxwEhKuMENS9h07Vm6KhKKYkVl+kEgSIzxBI9LXlKOQSDddHD6DJ1oZwiASuriCC/X7RIpCKaehrztDpMbytzcX//L6iQrqbkp5nCjC8XJRkDCoIjhPAQ6pIFixqSYIC6pvhXiMBMJKZ5XXIXx9Cv8nnTPLqVqVm3KxeZHFkQNH4BiUgANqoAmuQQu0AQYJeABP4Nm4Nx6NF+N12bpiZDOH4AeMt09luZJM</latexit>

hE(t) =

e�i!r⇤
<latexit sha1_base64="ImUn9lTEa0IAtP3ga0kbB4izawg=">AAAB/3icdVDJSgNBEO2JW4zbqODFS2MQvDjMiKi5Bb14jGAWyExCT6cmadKz0N0jhHEO/ooXD4p49Te8+Td2FsH1QcHjvSqq6vkJZ1LZ9rtRmJtfWFwqLpdWVtfWN8zNrYaMU0GhTmMei5ZPJHAWQV0xxaGVCCChz6HpDy/GfvMGhGRxdK1GCXgh6UcsYJQoLXXNHehkhwy7cQh9gkUnc4lUed41y7ZVsZ3KiYN/E8eyJyijGWpd883txTQNIVKUEynbjp0oLyNCMcohL7mphITQIelDW9OIhCC9bHJ/jve10sNBLHRFCk/UrxMZCaUchb7uDIkayJ/eWPzLa6cqOPMyFiWpgohOFwUpxyrG4zBwjwmgio80IVQwfSumAyIIVTqykg7h81P8P2kcWY5tOVfH5er5LI4i2kV76AA56BRV0SWqoTqi6Bbdo0f0ZNwZD8az8TJtLRizmW30DcbrByrHljc=</latexit><latexit sha1_base64="ImUn9lTEa0IAtP3ga0kbB4izawg=">AAAB/3icdVDJSgNBEO2JW4zbqODFS2MQvDjMiKi5Bb14jGAWyExCT6cmadKz0N0jhHEO/ooXD4p49Te8+Td2FsH1QcHjvSqq6vkJZ1LZ9rtRmJtfWFwqLpdWVtfWN8zNrYaMU0GhTmMei5ZPJHAWQV0xxaGVCCChz6HpDy/GfvMGhGRxdK1GCXgh6UcsYJQoLXXNHehkhwy7cQh9gkUnc4lUed41y7ZVsZ3KiYN/E8eyJyijGWpd883txTQNIVKUEynbjp0oLyNCMcohL7mphITQIelDW9OIhCC9bHJ/jve10sNBLHRFCk/UrxMZCaUchb7uDIkayJ/eWPzLa6cqOPMyFiWpgohOFwUpxyrG4zBwjwmgio80IVQwfSumAyIIVTqykg7h81P8P2kcWY5tOVfH5er5LI4i2kV76AA56BRV0SWqoTqi6Bbdo0f0ZNwZD8az8TJtLRizmW30DcbrByrHljc=</latexit><latexit sha1_base64="ImUn9lTEa0IAtP3ga0kbB4izawg=">AAAB/3icdVDJSgNBEO2JW4zbqODFS2MQvDjMiKi5Bb14jGAWyExCT6cmadKz0N0jhHEO/ooXD4p49Te8+Td2FsH1QcHjvSqq6vkJZ1LZ9rtRmJtfWFwqLpdWVtfWN8zNrYaMU0GhTmMei5ZPJHAWQV0xxaGVCCChz6HpDy/GfvMGhGRxdK1GCXgh6UcsYJQoLXXNHehkhwy7cQh9gkUnc4lUed41y7ZVsZ3KiYN/E8eyJyijGWpd883txTQNIVKUEynbjp0oLyNCMcohL7mphITQIelDW9OIhCC9bHJ/jve10sNBLHRFCk/UrxMZCaUchb7uDIkayJ/eWPzLa6cqOPMyFiWpgohOFwUpxyrG4zBwjwmgio80IVQwfSumAyIIVTqykg7h81P8P2kcWY5tOVfH5er5LI4i2kV76AA56BRV0SWqoTqi6Bbdo0f0ZNwZD8az8TJtLRizmW30DcbrByrHljc=</latexit><latexit sha1_base64="ImUn9lTEa0IAtP3ga0kbB4izawg=">AAAB/3icdVDJSgNBEO2JW4zbqODFS2MQvDjMiKi5Bb14jGAWyExCT6cmadKz0N0jhHEO/ooXD4p49Te8+Td2FsH1QcHjvSqq6vkJZ1LZ9rtRmJtfWFwqLpdWVtfWN8zNrYaMU0GhTmMei5ZPJHAWQV0xxaGVCCChz6HpDy/GfvMGhGRxdK1GCXgh6UcsYJQoLXXNHehkhwy7cQh9gkUnc4lUed41y7ZVsZ3KiYN/E8eyJyijGWpd883txTQNIVKUEynbjp0oLyNCMcohL7mphITQIelDW9OIhCC9bHJ/jve10sNBLHRFCk/UrxMZCaUchb7uDIkayJ/eWPzLa6cqOPMyFiWpgohOFwUpxyrG4zBwjwmgio80IVQwfSumAyIIVTqykg7h81P8P2kcWY5tOVfH5er5LI4i2kV76AA56BRV0SWqoTqi6Bbdo0f0ZNwZD8az8TJtLRizmW30DcbrByrHljc=</latexit>

V (r⇤)
<latexit sha1_base64="TPHcQLfIZXGEM2frCLK0qSN4z3o=">AAAB8nicdVDJSgNBEO1xjXGLevTSGIR4GWZE1NyCXjxGMAtMxtDT6Uma9HQP3TVCGPIZXjwo4tWv8ebf2FkE1wcFj/eqqKoXpYIb8Lx3Z2FxaXlltbBWXN/Y3Nou7ew2jco0ZQ2qhNLtiBgmuGQN4CBYO9WMJJFgrWh4OfFbd0wbruQNjFIWJqQvecwpASsFzYq+zTvEwPioWyp7btXzq6c+/k1815uijOaod0tvnZ6iWcIkUEGMCXwvhTAnGjgVbFzsZIalhA5JnwWWSpIwE+bTk8f40Co9HCttSwKeql8ncpIYM0oi25kQGJif3kT8ywsyiM/DnMs0AybpbFGcCQwKT/7HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9I8dn3P9a9PyrWLeRwFtI8OUAX56AzV0BWqowaiSKF79IieHHAenGfnZda64Mxn9tA3OK8fU62RSQ==</latexit><latexit sha1_base64="TPHcQLfIZXGEM2frCLK0qSN4z3o=">AAAB8nicdVDJSgNBEO1xjXGLevTSGIR4GWZE1NyCXjxGMAtMxtDT6Uma9HQP3TVCGPIZXjwo4tWv8ebf2FkE1wcFj/eqqKoXpYIb8Lx3Z2FxaXlltbBWXN/Y3Nou7ew2jco0ZQ2qhNLtiBgmuGQN4CBYO9WMJJFgrWh4OfFbd0wbruQNjFIWJqQvecwpASsFzYq+zTvEwPioWyp7btXzq6c+/k1815uijOaod0tvnZ6iWcIkUEGMCXwvhTAnGjgVbFzsZIalhA5JnwWWSpIwE+bTk8f40Co9HCttSwKeql8ncpIYM0oi25kQGJif3kT8ywsyiM/DnMs0AybpbFGcCQwKT/7HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9I8dn3P9a9PyrWLeRwFtI8OUAX56AzV0BWqowaiSKF79IieHHAenGfnZda64Mxn9tA3OK8fU62RSQ==</latexit><latexit sha1_base64="TPHcQLfIZXGEM2frCLK0qSN4z3o=">AAAB8nicdVDJSgNBEO1xjXGLevTSGIR4GWZE1NyCXjxGMAtMxtDT6Uma9HQP3TVCGPIZXjwo4tWv8ebf2FkE1wcFj/eqqKoXpYIb8Lx3Z2FxaXlltbBWXN/Y3Nou7ew2jco0ZQ2qhNLtiBgmuGQN4CBYO9WMJJFgrWh4OfFbd0wbruQNjFIWJqQvecwpASsFzYq+zTvEwPioWyp7btXzq6c+/k1815uijOaod0tvnZ6iWcIkUEGMCXwvhTAnGjgVbFzsZIalhA5JnwWWSpIwE+bTk8f40Co9HCttSwKeql8ncpIYM0oi25kQGJif3kT8ywsyiM/DnMs0AybpbFGcCQwKT/7HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9I8dn3P9a9PyrWLeRwFtI8OUAX56AzV0BWqowaiSKF79IieHHAenGfnZda64Mxn9tA3OK8fU62RSQ==</latexit><latexit sha1_base64="TPHcQLfIZXGEM2frCLK0qSN4z3o=">AAAB8nicdVDJSgNBEO1xjXGLevTSGIR4GWZE1NyCXjxGMAtMxtDT6Uma9HQP3TVCGPIZXjwo4tWv8ebf2FkE1wcFj/eqqKoXpYIb8Lx3Z2FxaXlltbBWXN/Y3Nou7ew2jco0ZQ2qhNLtiBgmuGQN4CBYO9WMJJFgrWh4OfFbd0wbruQNjFIWJqQvecwpASsFzYq+zTvEwPioWyp7btXzq6c+/k1815uijOaod0tvnZ6iWcIkUEGMCXwvhTAnGjgVbFzsZIalhA5JnwWWSpIwE+bTk8f40Co9HCttSwKeql8ncpIYM0oi25kQGJif3kT8ywsyiM/DnMs0AybpbFGcCQwKT/7HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9I8dn3P9a9PyrWLeRwFtI8OUAX56AzV0BWqowaiSKF79IieHHAenGfnZda64Mxn9tA3OK8fU62RSQ==</latexit>

<latexit sha1_base64="a3/WJgFn19zs7CxlpzBLGhFdRXw=">AAACBXicdVDJSgNBEO2JW4zbqEc9NAZBPIQZSdTcXC4eI5gFstHTqSRNuqeH7h4hDLl48Ve8eFDEq//gzb+xswgq+qDg8V4VVfWCiDNtPO/DSc3NLywupZczK6tr6xvu5lZFy1hRKFPJpaoFRANnIZQNMxxqkQIiAg7VYHA59qu3oDST4Y0ZRtAUpBeyLqPEWKnt7p63k4YSWMZmhKGVMNyQAnoEq9bhqO1mvVzR84uFEzwlp/kZOS5iP+dNkEUzlNrue6MjaSwgNJQTreu+F5lmQpRhlMMo04g1RIQOSA/qloZEgG4mky9GeN8qHdyVylZo8ET9PpEQofVQBLZTENPXv72x+JdXj033tJmwMIoNhHS6qBtzbCQeR4I7TAE1fGgJoYrZWzHtE0WoscFlbAhfn+L/SeUo5x/nCtf57NnFLI402kF76AD56ASdoStUQmVE0R16QE/o2bl3Hp0X53XamnJmM9voB5y3TxjbmFs=</latexit>

Aoute
i!r⇤

<latexit sha1_base64="3N6cTP7Z3mxmcGF2VMOwZ6djw2M=">AAACBXicdVDJSgNBEO2Je9xGPeqhMQgiGGYki7m5XDwqmBjIRk+nkjTp7hm6e4Qw5OLFX/HiQRGv/oM3/8bOIqjog4LHe1VU1QsizrTxvA8nNTM7N7+wuJReXlldW3c3Nis6jBWFMg15qKoB0cCZhLJhhkM1UkBEwOEm6J+P/JtbUJqF8toMImgI0pWswygxVmq5O6etpK4EZnKIoZkcMlwPBXQJVs2DYcvNeNmS55fyRTwhx7kpKZSwn/XGyKApLlvue70d0liANJQTrWu+F5lGQpRhlMMwXY81RIT2SRdqlkoiQDeS8RdDvGeVNu6EypY0eKx+n0iI0HogAtspiOnp395I/MurxaZz3EiYjGIDkk4WdWKOTYhHkeA2U0ANH1hCqGL2Vkx7RBFqbHBpG8LXp/h/UjnK+oVs/iqXOTmbxrGIttEu2kc+KqITdIEuURlRdIce0BN6du6dR+fFeZ20ppzpzBb6AeftE5R7mAc=</latexit>

Aine
�i!r⇤



QNM convergence and causality

QNM convergence t > 0

Expansion fails t < 0

(Prohibited by causality)

<latexit sha1_base64="6UgLGKU+1M6h3Inkkz18HBVBR6k=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQgx4jmAdsljA7mU2GzM4sM71C2OQzvHhQxKtf482/cZLsQRMLGoqqbrq7wkRwA6777RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqHt1O/9cS04Uo+wihhQUz6kkecErCSPx50s46O8d1k3C1X3Ko7A14mXk4qKEe9W/7q9BRNYyaBCmKM77kJBBnRwKlgk1InNSwhdEj6zLdUkpiZIJudPMEnVunhSGlbEvBM/T2RkdiYURzazpjAwCx6U/E/z08hug4yLpMUmKTzRVEqMCg8/R/3uGYUxMgSQjW3t2I6IJpQsCmVbAje4svLpHlW9S6rFw/nldpNHkcRHaFjdIo8dIVq6B7VUQNRpNAzekVvDjgvzrvzMW8tOPnMIfoD5/MHUo2RSw==</latexit>

|hG|

<latexit sha1_base64="DE3JslQt6bDXspNR3B54uI4QBX8=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxAiQpgRt2NQBI8RzAJJGHo6PUmTnp6hu0YMkxy8+CtePCji1Y/w5t/YWQ6a+KDg8V4VVfX8WHANjvNtLSwuLa+sZtay6xubW9v2zm5VR4mirEIjEam6TzQTXLIKcBCsHitGQl+wmt+7Gvm1e6Y0j+Qd9GPWCklH8oBTAkby7Nyg66VNFeLrIT7CTWAPkBaAcHE4HHh23ik6Y+B54k5JHk1R9uyvZjuiScgkUEG0brhODK2UKOBUsGG2mWgWE9ojHdYwVJKQ6VY6fmKID4zSxkGkTEnAY/X3REpCrfuhbzpDAl09643E/7xGAsFFK+UyToBJOlkUJAJDhEeJ4DZXjILoG0Ko4uZWTLtEEQomt6wJwZ19eZ5Uj4vuWfH09iRfupzGkUE5tI8KyEXnqIRuUBlVEEWP6Bm9ojfryXqx3q2PSeuCNZ3ZQ39gff4A1quXmQ==</latexit>

|hE + (tail)|

Caution: No QNM fit!

<latexit sha1_base64="sIVeXonWlzUGq6THS+zvo+Fjduk="></latexit>∑

n

→i
Aout(ωn)

A→
in(ωn)

e↑iωnt =
∑

n

Ene
↑iωnt

<latexit sha1_base64="Q5QfDs0M0tjl0O/p7ROreBMpLus=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0Wom5BInwuhKILLCvYBbQiT6aQdOpmEmYlQQ7/EjQtF3Pop7vwbp20EFT1w4XDOvdx7jx8zKpVtfxgrq2vrG5u5rfz2zu5ewdw/6MgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXn1zO/e4dEZJG/FZNY+KGaMRpQDFSWvLMwthLByKEV7OSOoXn0DOLttWwnUalBpekXs5ItQEdy16gCDK0PPN9MIxwEhKuMENS9h07Vm6KhKKYkVl+kEgSIzxBI9LXlKOQSDddHD6DJ1oZwiASuriCC/X7RIpCKaehrztDpMbytzcX//L6iQrqbkp5nCjC8XJRkDCoIjhPAQ6pIFixqSYIC6pvhXiMBMJKZ5XXIXx9Cv8nnTPLqVqVm3KxeZHFkQNH4BiUgANqoAmuQQu0AQYJeABP4Nm4Nx6NF+N12bpiZDOH4AeMt09luZJM</latexit>

hE(t) =

NO, Cardoso (2024)

NO, Berti, Cardoso (2025)



BH S-matrix / greybody factor


- universal interference among many overtones

- causality in QNM excitation (sudden transition from prompt to ringdown)

- tail

Rich information.
Compact characterization of QNM excitation.
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<latexit sha1_base64="afBnIJ1cwobe2o/McFaGXPYVuxg=">AAAB/3icbVDLSgNBEJz1GeMrKnjxMhgET2FXfB2DXjwqmAckIcxOOmbI7Mww0yuGNQd/xYsHRbz6G978GycxB40WNBRV3XR3xUYKh2H4GczMzs0vLOaW8ssrq2vrhY3NqtOp5VDhWmpbj5kDKRRUUKCEurHAklhCLe6fj/zaLVgntLrGgYFWwm6U6ArO0EvtwnYT4Q4zY3VikFpwRisHw3ahGJbCMehfEk1IkUxw2S58NDuapwko5JI514hCg62MWRRcwjDfTB0YxvvsBhqeKpaAa2Xj+4d0zysd2tXWl0I6Vn9OZCxxbpDEvjNh2HPT3kj8z2uk2D1tZUKZFEHx70XdVFLUdBQG7QgLHOXAE8at8LdS3mOWcfSR5X0I0fTLf0n1oBQdl46uDovls0kcObJDdsk+icgJKZMLckkqhJN78kieyUvwEDwFr8Hbd+tMMJnZIr8QvH8BKy2W2w==</latexit>

prompt response
<latexit sha1_base64="PMTLj3f1L+ZdBHQMI2Ffuq+9uSo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvXiMaB6QLGF2MpsMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSKFQdf9cgpLyyura8X10sbm1vZOeXevaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAccJ9yM6UCIUjKKV7vHK7ZUrbtWdgfwlXk4qkKPeK392+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oQcWaVPwljbUkhm6s+JjEbGjKPAdkYUh2bRm4r/eZ0Uw0s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3z5L2meVL3z6tndaaV2ncdRhAM4hGPw4AJqcAt1aACDATzBC7w60nl23pz3eWvByWf24Recj2/VII2E</latexit>

t > 0
<latexit sha1_base64="Mq+s0gqZc/g2yrDcVGjusIXXbrg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00j1eub1yxa26M5C/xMtJBXLUe+XPbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QI6v0SRhrWwrJTP05kdHImHEU2M6I4tAselPxP6+TYnjpZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsv/yXNk6p3Xj27O63UrvM4inAAh3AMHlxADW6hDg1gMIAneIFXRzrPzpvzPm8tOPnMPvyC8/EN0haNgg==</latexit>

t < 0

<latexit sha1_base64="oZ1F3SwBof1I+g8votObrjT8GWo=">AAACDHicbVDJSgNBFOxxjXGLevTSGARBCDPidgx68aIkYBZIhtDTeUma9Cx0v5GEIR/gxV/x4kERr36AN//GziQHTSxoKKrq8fqVF0mh0ba/rYXFpeWV1cxadn1jc2s7t7Nb1WGsOFR4KENV95gGKQKooEAJ9UgB8z0JNa9/PfZrD6C0CIN7HEbg+qwbiI7gDI3UyuWbCANMyne3FAZcYCqP6DGd6MiEHJmUXbBT0HniTEmeTFFq5b6a7ZDHPgTIJdO64dgRuglTKLiEUbYZa4gY77MuNAwNmA/aTdJjRvTQKG3aCZV5AdJU/T2RMF/roe+ZpM+wp2e9sfif14ixc+kmIohihIBPFnViSTGk42ZoWyjgKIeGMK6E+SvlPaYYR9Nf1pTgzJ48T6onBee8cFY+zRevpnVkyD45IEfEIRekSG5IiVQIJ4/kmbySN+vJerHerY9JdMGazuyRP7A+fwAD85ue</latexit>

QNM excitation + tail



Time-domain analysis is important.
QNM model is precise as all source information comes into the fitting parameters.

However, 


- QNM basis is NOT complete


- Q-value is smaller


- Many parameters

e.g., QNM amplitude, phase

Of course,



Credit: ESA

e.g. R. Kiefer et al. (2018)

<latexit sha1_base64="cY8L0yKdsApX/51FUOSvLdcam1Q=">AAACAXicdVDJSgNBEO1xjXGLehG8NAbBU5hxi7mJXjwmYBbIxNDTqSSNPQvdNcEwxIu/4sWDIl79C2/+jZ1kBBV9UPB4r4qqel4khUbb/rBmZufmFxYzS9nlldW19dzGZk2HseJQ5aEMVcNjGqQIoIoCJTQiBcz3JNS9m4uxXx+A0iIMrnAYQctnvUB0BWdopHZu20W4xaRCB0zGMKKuFj517OvDdi5vF0q2Uzou0ik5PUrJSYk6BXuCPElRbufe3U7IYx8C5JJp3XTsCFsJUyi4hFHWjTVEjN+wHjQNDZgPupVMPhjRPaN0aDdUpgKkE/X7RMJ8rYe+Zzp9hn392xuLf3nNGLunrUQEUYwQ8OmibiwphnQcB+0IBRzl0BDGlTC3Ut5ninE0oWVNCF+f0v9J7aDgnBSOK0f5s/M0jgzZIbtknzikSM7IJSmTKuHkjjyQJ/Js3VuP1ov1Om2dsdKZLfID1tsn1A6Wgw==</latexit>

Q value → 103

<latexit sha1_base64="2tG6nrLvZKQ47PCWuZww5xbWjG8="></latexit>

Q value =
frequency

damping rateSun

https://pmc.ncbi.nlm.nih.gov/articles/PMC6394752/?utm_source=chatgpt.com


<latexit sha1_base64="ti6jMSPvep2lCGKUJPmz/cSPDmg=">AAACDHicdVDJSgNBFOxxN25Rj14agxAvw4xkvYlevKlgEiETQk/njTb2LHS/CYYhH+DFX/HiQRGvfoA3/8bOIqhoQUNRVY/Xr/xECo2O82HNzM7NLywuLedWVtfWN/KbW00dp4pDg8cyVpc+0yBFBA0UKOEyUcBCX0LLvzke+a0+KC3i6AIHCXRCdhWJQHCGRurmCx7CLWbntM9kCkPqSdBai5BmHmeSng6L7r5JOXbdcevlKp2QWmlKKnXq2s4YBTLFWTf/7vVinoYQIZdM67brJNjJmELBJQxzXqohYfyGXUHb0IiFoDvZ+Jgh3TNKjwaxMi9COla/T2Qs1HoQ+iYZMrzWv72R+JfXTjGodTIRJSlCxCeLglRSjOmoGdoTCjjKgSGMK2H+Svk1U4yj6S9nSvi6lP5Pmge2W7HL56XC4dG0jiWyQ3ZJkbikSg7JCTkjDcLJHXkgT+TZurcerRfrdRKdsaYz2+QHrLdPUnSbKw==</latexit>

Q value ↭ O(1)

<latexit sha1_base64="qKP7WgfUh0wxqFNWc0mN3WdHSSM=">AAACB3icdVDLSgMxFM3Ud31VXQoSLIKCDDOlD7sQRDcuFWwrtKVkMhkbm8kMyR2xDN258VfcuFDErb/gzr8xfQgqeuDCyTn3knuPFwuuwXE+rMzU9Mzs3PxCdnFpeWU1t7Ze11GiKKvRSETq0iOaCS5ZDTgIdhkrRkJPsIbXOxn6jRumNI/kBfRj1g7JleQBpwSM1Mlt7Rb2C/tyD7dwC9gtpET6A/O4xofYsSudXN6xq45bLVXwmBwUJ6Rcxa7tjJBHE5x1cu8tP6JJyCRQQbRuuk4M7ZQo4FSwQbaVaBYT2iNXrGmoJCHT7XR0xwDvGMXHQaRMScAj9ftESkKt+6FnOkMCXf3bG4p/ec0EgoN2ymWcAJN0/FGQCAwRHoaCfa4YBdE3hFDFza6YdokiFEx0WRPC16X4f1Iv2G7ZLp0X80fHkzjm0SbaRrvIRRV0hE7RGaohiu7QA3pCz9a99Wi9WK/j1ow1mdlAP2C9fQK+/pa8</latexit>

(2, 2, n) and j = 0.7

<latexit sha1_base64="QMa1oX8naGYYtkT84Jye7ZwPx7s=">AAACDXicdVDLSgMxFM3UV62vUZduglVwUcJMaaftrujGZQXbCu1QMmnahmYeJBmhlP6AG3/FjQtF3Lp359+YzoygogfCPTn3XJJ7vIgzqSzrw8itrK6tb+Q3C1vbO7t75v5BR4axILRNQh6KGw9LyllA24opTm8iQbHvcdr1phfLfveWCsnC4FrNIur6eBywESNYaWlgnjjIKcE+LCN7WWxUTktys1C1BBFCA7NooYZlN6o1mJJ6JSNOQ5utBEWQoTUw3/vDkMQ+DRThWMqebUXKnWOhGOF0UejHkkaYTPGY9jQNsE+lO0+2WcBTrQzhKBT6BAom6veJOfalnPmedvpYTeTv3lL8q9eL1ajuzlkQxYoGJH1oFHOoQriMBg6ZoETxmSaYCKb/CskEC0yUDrCgQ/jaFP5POjpIB1WvKsXmeRZHHhyBY3AGbFADTXAJWqANCLgDD+AJPBv3xqPxYrym1pyRzRyCHzDePgEd9pVS</latexit>

6.6, 2.1, 1.2, 1.1, 0.5, ...

<latexit sha1_base64="dydSGYZi4tCKNGgAAeQ01xyZop4=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFRLpc1d047KCfUAbymQ6aYdOMmHmRiyhn+HGhSJu/Rp3/o3TNoKKHrhwOOde7r3HjwXX4DgfVm5tfWNzK79d2Nnd2z8oHh51tEwUZW0qhVQ9n2gmeMTawEGwXqwYCX3Buv70auF375jSXEa3MIuZF5JxxANOCRip7+ABsHtIYTIfFkuO3XDcRqWGV6Rezki1gV3bWaKEMrSGxffBSNIkZBFQQbTuu04MXkoUcCrYvDBINIsJnZIx6xsakZBpL12ePMdnRhnhQCpTEeCl+n0iJaHWs9A3nSGBif7tLcS/vH4CQd1LeRQnwCK6WhQkAoPEi//xiCtGQcwMIVRxcyumE6IIBZNSwYTw9Sn+n3QubLdqV27KpeZlFkcenaBTdI5cVENNdI1aqI0okugBPaFnC6xH68V6XbXmrGzmGP2A9fYJuviRlw==</latexit>

0th
<latexit sha1_base64="xAl3IEHX20atyo54DUh3qpNc9lI=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFRLpc1d047KCfUAbymQ6aYdOJmHmRiyhn+HGhSJu/Rp3/o3TNoKKHrhwOOde7r3HjwXX4DgfVm5tfWNzK79d2Nnd2z8oHh51dJQoyto0EpHq+UQzwSVrAwfBerFiJPQF6/rTq4XfvWNK80jewixmXkjGkgecEjBS38UDYPeQapgPiyXHbjhuo1LDK1IvZ6TawK7tLFFCGVrD4vtgFNEkZBKoIFr3XScGLyUKOBVsXhgkmsWETsmY9Q2VJGTaS5cnz/GZUUY4iJQpCXipfp9ISaj1LPRNZ0hgon97C/Evr59AUPdSLuMEmKSrRUEiMER48T8eccUoiJkhhCpubsV0QhShYFIqmBC+PsX/k86F7Vbtyk251LzM4sijE3SKzpGLaqiJrlELtRFFEXpAT+jZAuvRerFeV605K5s5Rj9gvX0CzTyRow==</latexit>

1st
<latexit sha1_base64="du9s9EfRmJwUkz/UHJbiOzCO2d8=">AAAB8nicdVDLSgNBEJz1GeMr6tHLYBA8hd2Q5y3oxWME84BkCbOTSTJkdmaZ6RXDks/w4kERr36NN//GSbKCihY0FFXddHcFkeAGXPfDWVvf2Nzazuxkd/f2Dw5zR8dto2JNWYsqoXQ3IIYJLlkLOAjWjTQjYSBYJ5heLfzOHdOGK3kLs4j5IRlLPuKUgJV6RdwHdg+JHM4HubxbqLtevVzFK1IrpaRSx17BXSKPUjQHuff+UNE4ZBKoIMb0PDcCPyEaOBVsnu3HhkWETsmY9SyVJGTGT5Ynz/G5VYZ4pLQtCXipfp9ISGjMLAxsZ0hgYn57C/EvrxfDqOYnXEYxMElXi0axwKDw4n885JpREDNLCNXc3orphGhCwaaUtSF8fYr/J+1iwasUyjelfOMyjSODTtEZukAeqqIGukZN1EIUKfSAntCzA86j8+K8rlrXnHTmBP2A8/YJrtyRjw==</latexit>

2nd
<latexit sha1_base64="PAvkzGcr1j+j3zpTQIgmaU5jMmo=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1d047KCbYU0lMlk0g6dPJi5EUvoZ7hxoYhbv8adf+O0jaCiBy4czrmXe+/xEsEVWNaHUVhZXVvfKG6WtrZ3dvfK+wc9FaeSsi6NRSxvPaKY4BHrAgfBbhPJSOgJ1vcml3O/f8ek4nF0A9OEuSEZRTzglICWnHM8AHYPmfRnw3LFMluW3ao18JI0qzmpt7BtWgtUUI7OsPw+8GOahiwCKohSjm0l4GZEAqeCzUqDVLGE0AkZMUfTiIRMudni5Bk+0YqPg1jqigAv1O8TGQmVmoae7gwJjNVvby7+5TkpBE0341GSAovoclGQCgwxnv+PfS4ZBTHVhFDJ9a2YjokkFHRKJR3C16f4f9I7M+26WbuuVtoXeRxFdISO0SmyUQO10RXqoC6iKEYP6Ak9G2A8Gi/G67K1YOQzh+gHjLdPtoKRlA==</latexit>

3rd
<latexit sha1_base64="LpWw+fkX8EhwHVuCJJJQ9bKny6Q=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFRLpc1d047KCfUAbymQ6aYdOMmHmRiyhn+HGhSJu/Rp3/o3TNoKKHrhwOOde7r3HjwXX4DgfVm5tfWNzK79d2Nnd2z8oHh51tEwUZW0qhVQ9n2gmeMTawEGwXqwYCX3Buv70auF375jSXEa3MIuZF5JxxANOCRipX8YDYPeQwmQ+LJYcu+G4jUoNr0i9nJFqA7u2s0QJZWgNi++DkaRJyCKggmjdd50YvJQo4FSweWGQaBYTOiVj1jc0IiHTXro8eY7PjDLCgVSmIsBL9ftESkKtZ6FvOkMCE/3bW4h/ef0EgrqX8ihOgEV0tShIBAaJF//jEVeMgpgZQqji5lZMJ0QRCialggnh61P8P+lc2G7VrtyUS83LLI48OkGn6By5qIaa6Bq1UBtRJNEDekLPFliP1ov1umrNWdnMMfoB6+0TwTCRmw==</latexit>

4th

Black holes



- QNM basis is NOT complete


- Q-value is smaller


- Many parameters

Alternative basis?



Destabilized QNMs
Nollert (1996); Barausse + (2014); Jaramillo (2021); Cheung+ (2022); Berti + (2022)

Cheung et al. (2022)

<latexit sha1_base64="xTeYlY3AM7nNhJOJUDgaZI8plak=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFRKxr13RjcsW7APaUCbTm3bsZBJmJkIJ/QI3LhRx6ye582+cthFU9MCFwzn3cu89fsyZ0o7zYeXW1jc2t/LbhZ3dvf2D4uFRR0WJpNCmEY9kzycKOBPQ1kxz6MUSSOhz6PrT64XfvQepWCRu9SwGLyRjwQJGiTZSiwyLJceuO269XMUrUrvMSKWOXdtZooQyNIfF98EookkIQlNOlOq7Tqy9lEjNKId5YZAoiAmdkjH0DRUkBOWly0Pn+MwoIxxE0pTQeKl+n0hJqNQs9E1nSPRE/fYW4l9eP9FBzUuZiBMNgq4WBQnHOsKLr/GISaCazwwhVDJzK6YTIgnVJpuCCeHrU/w/6VzYbsUuty5Ljassjjw6QafoHLmoihroBjVRG1EE6AE9oWfrznq0XqzXVWvOymaO0Q9Yb59Rao1P</latexit>a

<latexit sha1_base64="oyp2hWyj4brmn2zpXYHJ4URhBoo=">AAAB73icdVDLSsNAFL2pr1pfVZduBovgKiTS567oxmUF+4A2lMl00g6dTOLMRCihP+HGhSJu/R13/o3TNoKKHrhwOOde7r3HjzlT2nE+rNza+sbmVn67sLO7t39QPDzqqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadefXi387j2VikXiVs9i6oV4LFjACNZG6g1orBiPxLBYcuyG4zYqNbQi9XJGqg3k2s4SJcjQGhbfB6OIJCEVmnCsVN91Yu2lWGpGOJ0XBomiMSZTPKZ9QwUOqfLS5b1zdGaUEQoiaUpotFS/T6Q4VGoW+qYzxHqifnsL8S+vn+ig7qVMxImmgqwWBQlHOkKL59GISUo0nxmCiWTmVkQmWGKiTUQFE8LXp+h/0rmw3apduSmXmpdZHHk4gVM4Bxdq0IRraEEbCHB4gCd4tu6sR+vFel215qxs5hh+wHr7BNrPkIo=</latexit>ω

<latexit sha1_base64="laKVDVDDQ3Uw2U3envthnPWjNdk=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgxpBInwuh6MZlBfuANpbJdNIOnUzCzEQsIb/ixoUibv0Rd/6N0zaCih64cDjnXu69x4sYlcq2P4zcyura+kZ+s7C1vbO7Z+4XOzKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1ppdzv3tHhKQhv1GziLgBGnPqU4yUloZmcUAiSVnI4Tl07NvktJoOzZJtNWynUanBJamXM1JtQMeyFyiBDK2h+T4YhTgOCFeYISn7jh0pN0FCUcxIWhjEkkQIT9GY9DXlKCDSTRa3p/BYKyPoh0IXV3Chfp9IUCDlLPB0Z4DURP725uJfXj9Wft1NKI9iRTheLvJjBlUI50HAERUEKzbTBGFB9a0QT5BAWOm4CjqEr0/h/6RzZjlVq3JdLjUvsjjy4BAcgRPggBpogivQAm2AwT14AE/g2UiNR+PFeF225oxs5gD8gPH2Cdy4k7Y=</latexit>

ω = 10→6
<latexit sha1_base64="sCAREGsrllpSiXyuX531HqPr7sM=">AAACEHicdVC7SgNBFJ2N7/hatbQZDKKNy66oSTrRxlLFmEASwuzkbjI4+3DmrhiWfIKNv2JjoYitpZ1/4+QhqOiBgcM553LnHj+RQqPrfli5icmp6ZnZufz8wuLSsr2yeqnjVHGo8FjGquYzDVJEUEGBEmqJAhb6Eqr+1fHAr96A0iKOLrCXQDNknUgEgjM0UsveaiDcYpaAwlT50Kbn0OnATrULIEFRuE6HwX7LLrhO2fXK+0U6IqW9MTkoU89xhyiQMU5b9nujHfM0hAi5ZFrXPTfBZsYUCi6hn2+kGhLGr1gH6oZGLATdzIYH9emmUdo0iJV5EdKh+n0iY6HWvdA3yZBhV//2BuJfXj3FoNTMRJSkCBEfLQpSSTGmg3ZoWyjgKHuGMK6E+SvlXaYYR9Nh3pTwdSn9n1zuOt6Bs3+2Vzg8GtcxS9bJBtkmHimSQ3JCTkmFcHJHHsgTebburUfrxXodRXPWeGaN/ID19glFwJ4K</latexit>

perturbed Regge-Wheeler equation

https://arxiv.org/pdf/2111.05415


Destabilized (trapped) QNMs: 

- high Q value of overtones

- capture a broader structure of the potential barrier

NO, E. Berti and V. Cardoso (2025)

A ringing black hole in an “echo room”

https://arxiv.org/pdf/2503.21276


Ringdown reconstruction
V (r⇤)

<latexit sha1_base64="TPHcQLfIZXGEM2frCLK0qSN4z3o=">AAAB8nicdVDJSgNBEO1xjXGLevTSGIR4GWZE1NyCXjxGMAtMxtDT6Uma9HQP3TVCGPIZXjwo4tWv8ebf2FkE1wcFj/eqqKoXpYIb8Lx3Z2FxaXlltbBWXN/Y3Nou7ew2jco0ZQ2qhNLtiBgmuGQN4CBYO9WMJJFgrWh4OfFbd0wbruQNjFIWJqQvecwpASsFzYq+zTvEwPioWyp7btXzq6c+/k1815uijOaod0tvnZ6iWcIkUEGMCXwvhTAnGjgVbFzsZIalhA5JnwWWSpIwE+bTk8f40Co9HCttSwKeql8ncpIYM0oi25kQGJif3kT8ywsyiM/DnMs0AybpbFGcCQwKT/7HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9I8dn3P9a9PyrWLeRwFtI8OUAX56AzV0BWqowaiSKF79IieHHAenGfnZda64Mxn9tA3OK8fU62RSQ==</latexit><latexit sha1_base64="TPHcQLfIZXGEM2frCLK0qSN4z3o=">AAAB8nicdVDJSgNBEO1xjXGLevTSGIR4GWZE1NyCXjxGMAtMxtDT6Uma9HQP3TVCGPIZXjwo4tWv8ebf2FkE1wcFj/eqqKoXpYIb8Lx3Z2FxaXlltbBWXN/Y3Nou7ew2jco0ZQ2qhNLtiBgmuGQN4CBYO9WMJJFgrWh4OfFbd0wbruQNjFIWJqQvecwpASsFzYq+zTvEwPioWyp7btXzq6c+/k1815uijOaod0tvnZ6iWcIkUEGMCXwvhTAnGjgVbFzsZIalhA5JnwWWSpIwE+bTk8f40Co9HCttSwKeql8ncpIYM0oi25kQGJif3kT8ywsyiM/DnMs0AybpbFGcCQwKT/7HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9I8dn3P9a9PyrWLeRwFtI8OUAX56AzV0BWqowaiSKF79IieHHAenGfnZda64Mxn9tA3OK8fU62RSQ==</latexit><latexit sha1_base64="TPHcQLfIZXGEM2frCLK0qSN4z3o=">AAAB8nicdVDJSgNBEO1xjXGLevTSGIR4GWZE1NyCXjxGMAtMxtDT6Uma9HQP3TVCGPIZXjwo4tWv8ebf2FkE1wcFj/eqqKoXpYIb8Lx3Z2FxaXlltbBWXN/Y3Nou7ew2jco0ZQ2qhNLtiBgmuGQN4CBYO9WMJJFgrWh4OfFbd0wbruQNjFIWJqQvecwpASsFzYq+zTvEwPioWyp7btXzq6c+/k1815uijOaod0tvnZ6iWcIkUEGMCXwvhTAnGjgVbFzsZIalhA5JnwWWSpIwE+bTk8f40Co9HCttSwKeql8ncpIYM0oi25kQGJif3kT8ywsyiM/DnMs0AybpbFGcCQwKT/7HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9I8dn3P9a9PyrWLeRwFtI8OUAX56AzV0BWqowaiSKF79IieHHAenGfnZda64Mxn9tA3OK8fU62RSQ==</latexit><latexit sha1_base64="TPHcQLfIZXGEM2frCLK0qSN4z3o=">AAAB8nicdVDJSgNBEO1xjXGLevTSGIR4GWZE1NyCXjxGMAtMxtDT6Uma9HQP3TVCGPIZXjwo4tWv8ebf2FkE1wcFj/eqqKoXpYIb8Lx3Z2FxaXlltbBWXN/Y3Nou7ew2jco0ZQ2qhNLtiBgmuGQN4CBYO9WMJJFgrWh4OfFbd0wbruQNjFIWJqQvecwpASsFzYq+zTvEwPioWyp7btXzq6c+/k1815uijOaod0tvnZ6iWcIkUEGMCXwvhTAnGjgVbFzsZIalhA5JnwWWSpIwE+bTk8f40Co9HCttSwKeql8ncpIYM0oi25kQGJif3kT8ywsyiM/DnMs0AybpbFGcCQwKT/7HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9I8dn3P9a9PyrWLeRwFtI8OUAX56AzV0BWqowaiSKF79IieHHAenGfnZda64Mxn9tA3OK8fU62RSQ==</latexit>

<latexit sha1_base64="a3/WJgFn19zs7CxlpzBLGhFdRXw=">AAACBXicdVDJSgNBEO2JW4zbqEc9NAZBPIQZSdTcXC4eI5gFstHTqSRNuqeH7h4hDLl48Ve8eFDEq//gzb+xswgq+qDg8V4VVfWCiDNtPO/DSc3NLywupZczK6tr6xvu5lZFy1hRKFPJpaoFRANnIZQNMxxqkQIiAg7VYHA59qu3oDST4Y0ZRtAUpBeyLqPEWKnt7p63k4YSWMZmhKGVMNyQAnoEq9bhqO1mvVzR84uFEzwlp/kZOS5iP+dNkEUzlNrue6MjaSwgNJQTreu+F5lmQpRhlMMo04g1RIQOSA/qloZEgG4mky9GeN8qHdyVylZo8ET9PpEQofVQBLZTENPXv72x+JdXj033tJmwMIoNhHS6qBtzbCQeR4I7TAE1fGgJoYrZWzHtE0WoscFlbAhfn+L/SeUo5x/nCtf57NnFLI402kF76AD56ASdoStUQmVE0R16QE/o2bl3Hp0X53XamnJmM9voB5y3TxjbmFs=</latexit>

Aoute
i!r⇤

<latexit sha1_base64="3N6cTP7Z3mxmcGF2VMOwZ6djw2M=">AAACBXicdVDJSgNBEO2Je9xGPeqhMQgiGGYki7m5XDwqmBjIRk+nkjTp7hm6e4Qw5OLFX/HiQRGv/oM3/8bOIqjog4LHe1VU1QsizrTxvA8nNTM7N7+wuJReXlldW3c3Nis6jBWFMg15qKoB0cCZhLJhhkM1UkBEwOEm6J+P/JtbUJqF8toMImgI0pWswygxVmq5O6etpK4EZnKIoZkcMlwPBXQJVs2DYcvNeNmS55fyRTwhx7kpKZSwn/XGyKApLlvue70d0liANJQTrWu+F5lGQpRhlMMwXY81RIT2SRdqlkoiQDeS8RdDvGeVNu6EypY0eKx+n0iI0HogAtspiOnp395I/MurxaZz3EiYjGIDkk4WdWKOTYhHkeA2U0ANH1hCqGL2Vkx7RBFqbHBpG8LXp/h/UjnK+oVs/iqXOTmbxrGIttEu2kc+KqITdIEuURlRdIce0BN6du6dR+fFeZ20ppzpzBb6AeftE5R7mAc=</latexit>

Aine
�i!r⇤

Full waveform (prompt + QNM + tail)

QNM excitation
<latexit sha1_base64="8L1imrz7AHeNeFoLBPIqrDA24a0="></latexit>

hE =
∑

n

→i
Aout(ωn)

A→
in(ωn)

e↑iωnt =
∑

n

Ene
↑iωnt

<latexit sha1_base64="pB2i8mAx86wplvg0eugUHiYuf0g="></latexit>

hG =
1

2ω

∫
dε

Aout(ε)

Ain(ε)
e→iωt

<latexit sha1_base64="H0ze6oXjTpCxzuObdVYSG9ukDWo=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQwZBIn7uimy4r2Ae0aZhMJ+3QyYOZiVBD8FfcuFDErf/hzr9x2kZQ0QMXDufcy733uBGjQprmh7a0vLK6tp7byG9ube/s6nv7bRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxJ1czv3NLuKBhcCOnEbF9NAqoRzGSSnL0QzJIzimcOEmf+7CRQj44Sx29YBo106qVKnBBqsWMlGvQMsw5CiBD09Hf+8MQxz4JJGZIiJ5lRtJOEJcUM5Lm+7EgEcITNCI9RQPkE2En8+tTeKKUIfRCriqQcK5+n0iQL8TUd1Wnj+RY/PZm4l9eL5Ze1U5oEMWSBHixyIsZlCGcRQGHlBMs2VQRhDlVt0I8RhxhqQLLqxC+PoX/k/aFYZWN0nWxUL/M4siBI3AMToEFKqAOGqAJWgCDO/AAnsCzdq89ai/a66J1SctmDsAPaG+fvGOUzQ==</latexit>

e→ikHr→
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NO, E. Berti and V. Cardoso (2025)
Destabilized QNM chords

https://arxiv.org/pdf/2503.21276


Reconstruction of the tail and prompt part with QNMs 
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Caution: No QNM fit!

Destabilized QNMs improves the convergence of QNM expansion.


Reproduce the tail contribution and  effectively complete basis.

NO, E. Berti and V. Cardoso (2025)

https://arxiv.org/pdf/2503.21276


Enhanced excitation factors

BH spin
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Oshita (2021)

H. Motohashi (2024)

Avoided crossing / Exceptional point

excitation factor for (2,2,5) and (2,2,6)

NO, E. Berti and V. Cardoso (2025) Y. Yang, E. Berti and N. Franchini (2025)R. K. L. Lo, L. Sabani, V. Cardoso (2025)

H. Motohashi (2024)

Eigenstates of a non-Hermitian two-level system

<latexit sha1_base64="whCvFvH9js4WBtjYvC2MZWB1Y+M=">AAAB8HicdVDLSgMxFL3js9ZX1aWbYBEEYZiRPndFNy4r2Ie0Q8lkMm1oMjMkGaEM/Qo3LhRx6+e4829MH4KKHggczjmX3Hv8hDOlHefDWlldW9/YzG3lt3d29/YLB4dtFaeS0BaJeSy7PlaUs4i2NNOcdhNJsfA57fjjq5nfuadSsTi61ZOEegIPIxYygrWR7vrcRAM8OB8Uio5dd9x6uYoWpFZakkodubYzRxGWaA4K7/0gJqmgkSYcK9VznUR7GZaaEU6n+X6qaILJGA9pz9AIC6q8bL7wFJ0aJUBhLM2LNJqr3ycyLJSaCN8kBdYj9dubiX95vVSHNS9jUZJqGpHFR2HKkY7R7HoUMEmJ5hNDMJHM7IrICEtMtOkob0r4uhT9T9oXtluxyzelYuNyWUcOjuEEzsCFKjTgGprQAgICHuAJni1pPVov1usiumItZ47gB6y3T+u1kIU=</latexit>

ω+

<latexit sha1_base64="x/BOZWJuuXNPTiaAzyAJv3tClg4=">AAAB8HicdVDLSgMxFL3js9ZX1aWbYBHcOMxIn7uiG5cV7EPaoWQymTY0mRmSjFCGfoUbF4q49XPc+TemD0FFDwQO55xL7j1+wpnSjvNhrayurW9s5rby2zu7e/uFg8O2ilNJaIvEPJZdHyvKWURbmmlOu4mkWPicdvzx1czv3FOpWBzd6klCPYGHEQsZwdpId31uogEenA8KRceuO269XEULUistSaWOXNuZowhLNAeF934Qk1TQSBOOleq5TqK9DEvNCKfTfD9VNMFkjIe0Z2iEBVVeNl94ik6NEqAwluZFGs3V7xMZFkpNhG+SAuuR+u3NxL+8XqrDmpexKEk1jcjiozDlSMdodj0KmKRE84khmEhmdkVkhCUm2nSUNyV8XYr+J+0L263Y5ZtSsXG5rCMHx3ACZ+BCFRpwDU1oAQEBD/AEz5a0Hq0X63URXbGWM0fwA9bbJ+69kIc=</latexit>

ω→

avoided crossing

Hamiltonian

Eigenvalues
<latexit sha1_base64="OPa2wE1sKcYApYyQDLucGeaa4NE="></latexit>

ω = ±
√

1 + (ε1 + iε2)2

<latexit sha1_base64="Jjcykk7gaI3iaoxpBurEZHFr/ic="></latexit>

Hω =

(
ω1 + iω2 1

1 →ω1 → iω2

)
<latexit sha1_base64="2u4pvIEnqMTJjAVnXC0SGWOEKx8=">AAACB3icdZDLSsNAFIYnXmu9VV0KMlgEFxKS0uuu6MZlFXuBJpTJdNIOnUzCzEQoITs3voobF4q49RXc+TZO2goq+sPAx3/OYc75vYhRqSzrw1haXlldW89t5De3tnd2C3v7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k4us3r0lQtKQ36hpRNwAjTj1KUZKW4PCkUMiSZnGxD4rpdChHCZOgNTY8+B1OigULbNh2Y1KDc6hXl5AtQFt05qpCBZqDQrvzjDEcUC4wgxJ2betSLkJEopiRtK8E0sSITxBI9LXyFFApJvM7kjhiXaG0A+FflzBmft9IkGBlNPA053ZhvJ3LTP/qvVj5dfdhPIoVoTj+Ud+zKAKYRYKHFJBsGJTDQgLqneFeIwEwkpHl9chfF0K/4dOybSrZuWqXGyeL+LIgUNwDE6BDWqgCS5BC7QBBnfgATyBZ+PeeDRejNd565KxmDkAP2S8fQKLGZkk</latexit>

ω1,2 → R

https://arxiv.org/abs/2109.09757
https://arxiv.org/abs/2407.15191
https://arxiv.org/pdf/2503.21276
https://arxiv.org/abs/2504.06072
https://arxiv.org/abs/2504.00084
https://arxiv.org/abs/2407.15191


NO, E. Berti and V. Cardoso (2025)
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Divergent excitation factors at exceptional point
Kerr + cosmological constant

Hamiltonian

Eigenvalues

<latexit sha1_base64="whCvFvH9js4WBtjYvC2MZWB1Y+M=">AAAB8HicdVDLSgMxFL3js9ZX1aWbYBEEYZiRPndFNy4r2Ie0Q8lkMm1oMjMkGaEM/Qo3LhRx6+e4829MH4KKHggczjmX3Hv8hDOlHefDWlldW9/YzG3lt3d29/YLB4dtFaeS0BaJeSy7PlaUs4i2NNOcdhNJsfA57fjjq5nfuadSsTi61ZOEegIPIxYygrWR7vrcRAM8OB8Uio5dd9x6uYoWpFZakkodubYzRxGWaA4K7/0gJqmgkSYcK9VznUR7GZaaEU6n+X6qaILJGA9pz9AIC6q8bL7wFJ0aJUBhLM2LNJqr3ycyLJSaCN8kBdYj9dubiX95vVSHNS9jUZJqGpHFR2HKkY7R7HoUMEmJ5hNDMJHM7IrICEtMtOkob0r4uhT9T9oXtluxyzelYuNyWUcOjuEEzsCFKjTgGprQAgICHuAJni1pPVov1usiumItZ47gB6y3T+u1kIU=</latexit>

ω+

<latexit sha1_base64="x/BOZWJuuXNPTiaAzyAJv3tClg4=">AAAB8HicdVDLSgMxFL3js9ZX1aWbYBHcOMxIn7uiG5cV7EPaoWQymTY0mRmSjFCGfoUbF4q49XPc+TemD0FFDwQO55xL7j1+wpnSjvNhrayurW9s5rby2zu7e/uFg8O2ilNJaIvEPJZdHyvKWURbmmlOu4mkWPicdvzx1czv3FOpWBzd6klCPYGHEQsZwdpId31uogEenA8KRceuO269XEULUistSaWOXNuZowhLNAeF934Qk1TQSBOOleq5TqK9DEvNCKfTfD9VNMFkjIe0Z2iEBVVeNl94ik6NEqAwluZFGs3V7xMZFkpNhG+SAuuR+u3NxL+8XqrDmpexKEk1jcjiozDlSMdodj0KmKRE84khmEhmdkVkhCUm2nSUNyV8XYr+J+0L263Y5ZtSsXG5rCMHx3ACZ+BCFRpwDU1oAQEBD/AEz5a0Hq0X63URXbGWM0fwA9bbJ+69kIc=</latexit>

ω→

exceptional point

<latexit sha1_base64="OPa2wE1sKcYApYyQDLucGeaa4NE="></latexit>

ω = ±
√

1 + (ε1 + iε2)2

<latexit sha1_base64="Jjcykk7gaI3iaoxpBurEZHFr/ic="></latexit>

Hω =

(
ω1 + iω2 1

1 →ω1 → iω2

)
<latexit sha1_base64="2u4pvIEnqMTJjAVnXC0SGWOEKx8=">AAACB3icdZDLSsNAFIYnXmu9VV0KMlgEFxKS0uuu6MZlFXuBJpTJdNIOnUzCzEQoITs3voobF4q49RXc+TZO2goq+sPAx3/OYc75vYhRqSzrw1haXlldW89t5De3tnd2C3v7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k4us3r0lQtKQ36hpRNwAjTj1KUZKW4PCkUMiSZnGxD4rpdChHCZOgNTY8+B1OigULbNh2Y1KDc6hXl5AtQFt05qpCBZqDQrvzjDEcUC4wgxJ2betSLkJEopiRtK8E0sSITxBI9LXyFFApJvM7kjhiXaG0A+FflzBmft9IkGBlNPA053ZhvJ3LTP/qvVj5dfdhPIoVoTj+Ud+zKAKYRYKHFJBsGJTDQgLqneFeIwEwkpHl9chfF0K/4dOybSrZuWqXGyeL+LIgUNwDE6BDWqgCS5BC7QBBnfgATyBZ+PeeDRejNd565KxmDkAP2S8fQKLGZkk</latexit>

ω1,2 → R

Adding another parameter

<latexit sha1_base64="Qsf2OI0mZmO3sSy2kMkiglI+1cI=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadmVPA9C0IvHCOYByRpmJ73JkNnZZWZWCSH/4cWDIl79F2/+jZNkBRUtaCiquunu8mPOlHacDyuzsrq2vpHdzG1t7+zu5fcPWipKJIUmjXgkOz5RwJmApmaaQyeWQEKfQ9sfX8799h1IxSJxoycxeCEZChYwSrSRbnsQK8Yj0XfxOXb6+YJj1xy3VqrgJakWU1KuYdd2FiigFI1+/r03iGgSgtCUE6W6rhNrb0qkZpTDLNdLFMSEjskQuoYKEoLypourZ/jEKAMcRNKU0Hihfp+YklCpSeibzpDokfrtzcW/vG6ig6o3ZSJONAi6XBQkHOsIzyPAAyaBaj4xhFDJzK2YjogkVJugciaEr0/x/6R1Zrtlu3RdLNQv0jiy6Agdo1PkogqqoyvUQE1EkUQP6Ak9W/fWo/VivS5bM1Y6c4h+wHr7BLDXkgM=</latexit>

ω1 = 0
<latexit sha1_base64="SZHPLLA2Tjy5FL/ye7RmkcdH4Bc=">AAAB+nicdZDLSsNAFIYn9VbrLdWlm8EiuApJ6XUhFN24rGAv0IQymU7aoTNJmJkoJfZR3LhQxK1P4s63cdpGUNEfBj7+cw7nzO/HjEpl2x9Gbm19Y3Mrv13Y2d3bPzCLh10ZJQKTDo5YJPo+koTRkHQUVYz0Y0EQ9xnp+dPLRb13S4SkUXijZjHxOBqHNKAYKW0NzaJLYkmZxjI8h27MnaFZsq2m7TSrdbiCRiWDWhM6lr1UCWRqD813dxThhJNQYYakHDh2rLwUCUUxI/OCm0gSIzxFYzLQGCJOpJcuT5/DU+2MYBAJ/UIFl+73iRRxKWfc150cqYn8XVuYf9UGiQoaXkrDOFEkxKtFQcKgiuAiBziigmDFZhoQFlTfCvEECYSVTqugQ/j6KfwfumXLqVnV60qpdZHFkQfH4AScAQfUQQtcgTboAAzuwAN4As/GvfFovBivq9ackc0cgR8y3j4BhPSTjQ==</latexit>

ω2 = ±1

https://arxiv.org/pdf/2503.21276


Destructive resonant excitation of QNMs 
NO, E. Berti and V. Cardoso (2025)

Does the avoided crossing or exceptional point impact the ringdown waveform?

Destructive interference of the enhanced QNMs.
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<latexit sha1_base64="PIhm2UA4PZ0nTku6JA+tuuE2t0I=">AAACAXicdVDLSgMxFM3UV62vqhvBTbAIroYZ6XNXdOOygn1AW0omzbShmcyQ3FHLUDf+ihsXirj1L9z5N6YPQUUPBA7n3MvNOV4kuAbH+bBSS8srq2vp9czG5tb2TnZ3r6HDWFFWp6EIVcsjmgkuWR04CNaKFCOBJ1jTG51P/eY1U5qH8grGEesGZCC5zykBI/WyBx1gt5AoLgf98EZiHTEKKg4mvWzOsSuOWymU8JyU8wtSrGDXdmbIoQVqvex7px/SOGASqCBat10ngm5CFHAq2CTTiTWLCB2RAWsbKknAdDeZJZjgY6P0sR8q8yTgmfp9IyGB1uPAM5MBgaH+7U3Fv7x2DH65m3AZxcAknR/yY4EhxNM6cJ8rE1iMDSFUcfNXTIdEEQqmtIwp4Ssp/p80Tm23aBcu87nq2aKONDpER+gEuaiEqugC1VAdUXSHHtATerburUfrxXqdj6asxc4++gHr7RNEtZgZ</latexit>

ringdown spectrum

<latexit sha1_base64="2gw4bJQzgLRkbxOng/sZwV/dBL8=">AAACEXicdVBNSwMxEM36WetX1aOXYBE8SNmVttpb0YtHBWsLbSnZdGqD2WRJZsWy9C948a948aCIV2/e/DemH4KKPhh4vDeTzLwwlsKi7394M7Nz8wuLmaXs8srq2npuY/PS6sRwqHEttWmEzIIUCmooUEIjNsCiUEI9vD4Z+fUbMFZodYGDGNoRu1KiJzhDJ3Vyey2EW0wn7+1TG/fBaNFlkvaZibQS3O5TQD7s5PJ+oeIHldIhnZCj4pSUKzQo+GPkyRRnndx7q6t5EoFCLpm1zcCPsZ0yg4JLGGZbiYWY8Wt2BU1HFYvAttPxRUO665Qu7WnjSiEdq98nUhZZO4hC1xkx7Nvf3kj8y2sm2Dtqp0LFCYLik496iaSo6Sge2hUGOMqBI4wb4Xal3CXBOLoQsy6Er0vp/+TyoBCUC6XzYr56PI0jQ7bJDtkjATkkVXJKzkiNcHJHHsgTefbuvUfvxXudtM5405kt8gPe2yenbp4y</latexit>

source, spheroidal harmonics, etc

<latexit sha1_base64="w5pm+fr9c8sNFMyOYDCIHSjnQEU=">AAACCHicdVDLSgNBEJz1GeNr1aMHB4PgxbArapJb0IsXJaIxgSSE2UnHDM4+mOnVhCVHL/6KFw+KePUTvPk3Th6CihY0FFXddHd5kRQaHefDmpicmp6ZTc2l5xcWl5btldVLHcaKQ5mHMlRVj2mQIoAyCpRQjRQw35NQ8a6PBn7lBpQWYXCBvQgaPrsKRFtwhkZq2ht1hC4m5zs+QyW69FZgh56dntAolKD7tGlnnGzBcQv7OToi+b0xOShQN+sMkSFjlJr2e70V8tiHALlkWtdcJ8JGwhQKLqGfrscaIsav2RXUDA2YD7qRDB/p0y2jtGg7VKYCpEP1+0TCfK17vmc6zb0d/dsbiH95tRjb+UYigihGCPhoUTuWFEM6SIW2hAKOsmcI40qYWynvMMU4muzSJoSvT+n/5HI36x5k98/2MsXDcRwpsk42yTZxSY4UyTEpkTLh5I48kCfybN1bj9aL9TpqnbDGM2vkB6y3T6VgmcQ=</latexit>

S-matrix with QNM poles

<latexit sha1_base64="vJMaam/eAvwX/BNKJ+YwRT1QaRo="></latexit>

f(ω)

Ain(ω)
e→iωt

<latexit sha1_base64="o5hZOohwh/x9dcOjTAyIR+lXDIM=">AAAB/HicdVDLSgMxFM3UV62vapdugkWom2FG+txV3bisYB/QKSWTZtrQJDMkGaEM9VfcuFDErR/izr8xbUdQ0QMXDufcy733+BGjSjvOh5VZW9/Y3Mpu53Z29/YP8odHHRXGEpM2Dlkoez5ShFFB2ppqRnqRJIj7jHT96dXC794RqWgobvUsIgOOxoIGFCNtpGG+cDFMPMkhFXNY8kJOxuhsmC86dsNxG5UaXJF6OSXVBnRtZ4kiSNEa5t+9UYhjToTGDCnVd51IDxIkNcWMzHNerEiE8BSNSd9QgThRg2R5/ByeGmUEg1CaEhou1e8TCeJKzbhvOjnSE/XbW4h/ef1YB/VBQkUUayLwalEQM6hDuEgCjqgkWLOZIQhLam6FeIIkwtrklTMhfH0K/yedc9ut2pWbcrF5mcaRBcfgBJSAC2qgCa5BC7QBBjPwAJ7As3VvPVov1uuqNWOlMwXwA9bbJxf/lHM=</latexit>

Ain(ω)

<latexit sha1_base64="BjRnLIUIt4+9gj4QVVtFvRc9DdQ=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmYk6y3oxWMEs0AyhJ5OT9Kml6G7RwhD/sGLB0W8+j/e/Bs7yQgq+qDg8V4VVfXCmFFtPO/Dya2tb2xu5bcLO7t7+wfFw6OOlonCpI0lk6oXIk0YFaRtqGGkFyuCeMhIN5xeLfzuPVGaSnFrZjEJOBoLGlGMjJU6A8nJGA2LJc9teH6jUoMrUi9npNqAvustUQIZWsPi+2AkccKJMJghrfu+F5sgRcpQzMi8MEg0iRGeojHpWyoQJzpIl9fO4ZlVRjCSypYwcKl+n0gR13rGQ9vJkZno395C/MvrJyaqBykVcWKIwKtFUcKgkXDxOhxRRbBhM0sQVtTeCvEEKYSNDahgQ/j6FP5POheuX3UrN+VS8zKLIw9OwCk4Bz6ogSa4Bi3QBhjcgQfwBJ4d6Tw6L87rqjXnZDPH4Aect08ePo+F</latexit>ω
<latexit sha1_base64="9+lsZNmTI19LwfcpbunWSIFe1Go=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GmamT3dFNy4r2Ae0Q8mkmTY0yYxJRihDf8KNC0Xc+jvu/BszbQUVPXDhcM693HtPEDOqtON8WLm19Y3Nrfx2YWd3b/+geHjUUVEiMWnjiEWyFyBFGBWkralmpBdLgnjASDeYXmV+955IRSNxq2cx8TkaCxpSjLSReoOIkzEausNiybEvGjWv6kHHdpy6V65lxKtXvDJ0jZKhBFZoDYvvg1GEE06Exgwp1XedWPspkppiRuaFQaJIjPAUjUnfUIE4UX66uHcOz4wygmEkTQkNF+r3iRRxpWY8MJ0c6Yn67WXiX14/0WHDT6mIE00EXi4KEwZ1BLPn4YhKgjWbGYKwpOZWiCdIIqxNRAUTwten8H/S8Wy3ZldvKqXm5SqOPDgBp+AcuKAOmuAatEAbYMDAA3gCz9ad9Wi9WK/L1py1mjkGP2C9fQIfv5AN</latexit>ω1

<latexit sha1_base64="btfxaEAV2aMDvRHqu8VPpp33FWA=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjJ1pu3sim5cVrAPaIeSSTNtaCYzJhmhlP6EGxeKuPV33Pk3pg9BRQ9cOJxzL/feE6acKY3Qh5VbW9/Y3MpvF3Z29/YPiodHLZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2H46u5376nUrFE3OpJSoMYDwWLGMHaSJ1eEtMh7pf7xRKykee71TJEtocc370wxPdrbsWDjo0WKIEVGv3ie2+QkCymQhOOleo6KNXBFEvNCKezQi9TNMVkjIe0a6jAMVXBdHHvDJ4ZZQCjRJoSGi7U7xNTHCs1iUPTGWM9Ur+9ufiX1810VAumTKSZpoIsF0UZhzqB8+fhgElKNJ8Ygolk5lZIRlhiok1EBRPC16fwf9Iq207F9m7cUv1yFUcenIBTcA4cUAV1cA0aoAkI4OABPIFn6856tF6s12VrzlrNHIMfsN4+AUAjkCQ=</latexit>ω2

<latexit sha1_base64="eGdIxBqwfRU1GgSBreqvZDjKCZc=">AAAB/3icdVDLSsQwFE19O76qghs3wUHUzdB2nu58bFwqOA+YlpJmMmMwSUuSCkOdhb/ixoUibv0Nd/6NqTOCih64cDjnXu69J0oYVdpx3q2p6ZnZufmFxcLS8srqmr2+0VJxKjFp4pjFshMhRRgVpKmpZqSTSIJ4xEg7uj7N/fYNkYrG4lIPExJwNBC0TzHSRgrtreMw8yWHVIz24L4fczJAoXsQ2kWndNioeVUPOiXHqXvlWk68esUrQ9coOYpggvPQfvN7MU45ERozpFTXdRIdZEhqihkZFfxUkQThazQgXUMF4kQF2ef9I7hrlB7sx9KU0PBT/T6RIa7UkEemkyN9pX57ufiX1011vxFkVCSpJgKPF/VTBnUM8zBgj0qCNRsagrCk5laIr5BEWJvICiaEr0/h/6TlldxaqXpRKR6dTOJYANtgB+wDF9TBETgD56AJMLgF9+ARPFl31oP1bL2MW6esycwm+AHr9QOIZJUs</latexit>

A→
in(ω1)

<latexit sha1_base64="4ieiigK46Gk9mjJoQlz9tz9MBtQ=">AAAB/3icdVDLSgMxFM3UV62vquDGTbCIdTPM1D53VTcuK9gHtGXIpGkbmmSGJCOUsQt/xY0LRdz6G+78G9OHoKIHLhzOuZd77/FDRpV2nA8rsbS8srqWXE9tbG5t76R39xoqiCQmdRywQLZ8pAijgtQ11Yy0QkkQ9xlp+qPLqd+8JVLRQNzocUi6HA0E7VOMtJG89MG5F3ckh1RMTmC2E3AyQF7u1EtnHNspVPKlHHTsguNW8meGVCrlfLEAXduZIQMWqHnp904vwBEnQmOGlGq7Tqi7MZKaYkYmqU6kSIjwCA1I21CBOFHdeHb/BB4bpQf7gTQlNJyp3ydixJUac990cqSH6rc3Ff/y2pHul7sxFWGkicDzRf2IQR3AaRiwRyXBmo0NQVhScyvEQyQR1iaylAnh61P4P2nkbLdoF67zmerFIo4kOARHIAtcUAJVcAVqoA4wuAMP4Ak8W/fWo/Vivc5bE9ZiZh/8gPX2CajJlUM=</latexit>

A→
in(ω2)

<latexit sha1_base64="5Ed6k2k5U46gUJEzlsfB4bnp9xM="></latexit>

Ain(ω) = (ω → ω1)(ω → ω2)g(ω)

<latexit sha1_base64="PtEXhypoVYkGv5WHCGNWJoN5DXE="></latexit>

regular around ω → ω1(→ ω2)

<latexit sha1_base64="Z1vIxO8aQiypp8VvGKp7Pf+JV8c=">AAAB+3icdVDJSgNBEO2JW4zbGI9eGoPgKcyI2W5BL16UBMwCyRB6Oj1Jk56F7hpJGPIrXjwo4tUf8ebf2ElGUNEHBY/3qqiq50aCK7CsDyOztr6xuZXdzu3s7u0fmIf5tgpjSVmLhiKUXZcoJnjAWsBBsG4kGfFdwTru5Grhd+6ZVDwM7mAWMccno4B7nBLQ0sDM94FNIVGxj0MPN29v1HxgFqxizbJrpQpekepFSso1bBetJQooRWNgvveHIY19FgAVRKmebUXgJEQCp4LNc/1YsYjQCRmxnqYB8ZlykuXtc3yqlSH2QqkrALxUv08kxFdq5ru60ycwVr+9hfiX14vBqzoJD6IYWEBXi7xYYAjxIgg85JJREDNNCJVc34rpmEhCQceV0yF8fYr/J+3zol0ulpoXhfplGkcWHaMTdIZsVEF1dI0aqIUomqIH9ISejbnxaLwYr6vWjJHOHKEfMN4+AVcWlKs=</latexit>

sum of QNMs
<latexit sha1_base64="cFPQvZ/zvZJ7jQ+z3cZpPJvqufA="></latexit>

f(ω1)

A→
in(ω1)

e↑iω1t +
f(ω2)

A→
in(ω2)

e↑iω2t =
d(f/g)

dω

∣∣∣∣
ω=ω1↓ω2

+O(εω)

<latexit sha1_base64="5m0toDIGA4dv7ORq7i/ka8mdKuU=">AAACC3icdZC7SgNBFIZn4y3G26qlzZAg2LjshlwLIWhjGcFcIAlhdnI2GTJ7YWZWCCG9ja9iY6GIrS9g59s4STagoj8MfPznHM6c3404k8q2P43U2vrG5lZ6O7Ozu7d/YB4eNWUYCwoNGvJQtF0igbMAGoopDu1IAPFdDi13fDWvt+5ASBYGt2oSQc8nw4B5jBKlrb6Z7YY+DEk/j89xgs4F7g6AK7IyzJxtVW2nWizjJVQKCZSq2LHshXIoUb1vfnQHIY19CBTlRMqOY0eqNyVCMcphlunGEiJCx2QIHY0B8UH2potbZvhUOwPshUK/QOGF+31iSnwpJ76rO32iRvJ3bW7+VevEyqv0piyIYgUBXS7yYo5ViOfB4AETQBWfaCBUMP1XTEdEEKp0fBkdwupS/D8085ZTsoo3hVztMokjjU5QFp0hB5VRDV2jOmogiu7RI3pGL8aD8WS8Gm/L1pSRzByjHzLevwBZ/ZoJ</latexit>

ω2 → ω1 = εω
<latexit sha1_base64="qDK+qir5xtIBNKIgQEDsdkVh65Y=">AAACB3icdVDLSgMxFM3UV62vqktBgkVwVWakz13RjcsK9gGdUjLpbRuazAxJRihtd278FTcuFHHrL7jzb0w7I6jogQsn59xL7j1eyJnStv1hpVZW19Y30puZre2d3b3s/kFTBZGk0KABD2TbIwo486GhmebQDiUQ4XFoeePLhd+6BalY4N/oSQhdQYY+GzBKtJF62eOZ2weuCXYDAUMywy7neBY/es6sl83Z+artVItlHJNKISGlKnby9hI5lKDey767/YBGAnxNOVGq49ih7k6J1IxymGfcSEFI6JgMoWOoTwSo7nR5xxyfGqWPB4E05Wu8VL9PTIlQaiI80ymIHqnf3kL8y+tEelDpTpkfRhp8Gn80iDjWAV6EgvtMAtV8YgihkpldMR0RSag20WVMCF+X4v9J8zzvlPLF60KudpHEkUZH6ASdIQeVUQ1doTpqIIru0AN6Qs/WvfVovVivcWvKSmYO0Q9Yb58igZmF</latexit>

|ωε| → |ε1|

<latexit sha1_base64="kVT1bBMGH+z+9QkGgekU3yU7rQI=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcDXO1L5mV3TjsoJ9QKeUTHrbhmYmQ5IRSunGX3HjQhG3foY7/8b0IajogcDhnHu5OSeIOVPacT6s1Mrq2vpGejOztb2zu5fdP2gokUgKdSq4kK2AKOAsgrpmmkMrlkDCgEMzGF3N/OYdSMVEdKvHMXRCMohYn1GijdTNHvmxFLEW2D33e8A1wb4IYUC62ZxjO0WvUM5jxy46rle4MMTzKoVSEbu2M0cOLVHrZt/9nqBJCJGmnCjVdp1YdyZEakY5TDN+oiAmdEQG0DY0IiGozmQeYIpPjdLDfSHNizSeq983JiRUahwGZjIkeqh+ezPxL6+d6H6lM2FRnGiI6OJQP+HYBJ61gXtMAtV8bAihkpm/YjokklBtOsuYEr6S4v9JI2+7Jbt4U8hVL5d1pNExOkFnyEVlVEXXqIbqiKIpekBP6Nm6tx6tF+t1MZqyljuH6Aest097s5Zg</latexit>

→ 1/ωε
<latexit sha1_base64="+bfFT+Z6hh08lTf9FnUfRGXz4Ew=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcFVnpk93RTcuK9gHdErJpLdtaGYyJBmhlG78FTcuFHHrZ7jzb8y0FVT0QOBwzr3cnONHnClt2x9WamV1bX0jvZnZ2t7Z3cvuHzSViCWFBhVcyLZPFHAWQkMzzaEdSSCBz6Hlj68Sv3UHUjER3upJBN2ADEM2YJRoI/WyR14kRaQFds69PnBNsCcCGJJeNmfnL6plt+RiO2/bFbdQTohbKboF7BglQQ4tUe9l372+oHEAoaacKNVx7Eh3p0RqRjnMMl6sICJ0TIbQMTQkAajudB5ghk+N0scDIc0LNZ6r3zemJFBqEvhmMiB6pH57ifiX14n1oNqdsjCKNYR0cWgQc2wCJ23gPpNANZ8YQqhk5q+YjogkVJvOMqaEr6T4f9J08045X7op5mqXyzrS6BidoDPkoAqqoWtURw1E0Qw9oCf0bN1bj9aL9boYTVnLnUP0A9bbJ1zTlko=</latexit>

→ 1/ωε
<latexit sha1_base64="Xo6BpKaRMmFeP27A8U4Yh+Z1s/Y=">AAACAnicdVDLSgMxFM34rPVVdSVugkWom2FG26q7ohuXFewDOmPJpLdtaGYyJBmhlOLGX3HjQhG3foU7/8ZMW0FFDwQO59zLzTlBzJnSjvNhzc0vLC4tZ1ayq2vrG5u5re26EomkUKOCC9kMiALOIqhppjk0YwkkDDg0gsFF6jduQSomoms9jMEPSS9iXUaJNlI7t+vFUsRa4ILXAa4J9kQIPXJ447Rzecc+S3GMp6ScEqfoOm4Ju7YzQR7NUG3n3r2OoEkIkaacKNVynVj7IyI1oxzGWS9REBM6ID1oGRqREJQ/mkQY4wOjdHBXSPMijSfq940RCZUahoGZDInuq99eKv7ltRLdPfVHLIoTDRGdHuomHJvIaR+4wyRQzYeGECqZ+SumfSIJ1aa1rCnhKyn+n9SPbLdsl66K+cr5rI4M2kP7qIBcdIIq6BJVUQ1RdIce0BN6tu6tR+vFep2OzlmznR30A9bbJ6/hlwE=</latexit>

→ (ωε)0

<latexit sha1_base64="KUZC+RA05LDtI22zq1WccUo6ej8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egCB4jmIckS5idzCZDZmaXmVkhbPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQcyZNq777eRWVtfWN/Kbha3tnd294v5BQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geDP1m09UaRbJBzOKqS9wX7KQEWys9Di+7aaVipyMu8WSW3ZnQMvEy0gJMtS6xa9OLyKJoNIQjrVue25s/BQrwwink0In0TTGZIj7tG2pxIJqP50dPEEnVumhMFK2pEEz9fdEioXWIxHYToHNQC96U/E/r52Y8MpPmYwTQyWZLwoTjkyEpt+jHlOUGD6yBBPF7K2IDLDCxNiMCjYEb/HlZdKolL2L8vn9Wal6ncWRhyM4hlPw4BKqcAc1qAMBAc/wCm+Ocl6cd+dj3ppzsplD+APn8weO/pBE</latexit> |E
2
2
n
|

<latexit sha1_base64="KUZC+RA05LDtI22zq1WccUo6ej8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egCB4jmIckS5idzCZDZmaXmVkhbPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQcyZNq777eRWVtfWN/Kbha3tnd294v5BQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geDP1m09UaRbJBzOKqS9wX7KQEWys9Di+7aaVipyMu8WSW3ZnQMvEy0gJMtS6xa9OLyKJoNIQjrVue25s/BQrwwink0In0TTGZIj7tG2pxIJqP50dPEEnVumhMFK2pEEz9fdEioXWIxHYToHNQC96U/E/r52Y8MpPmYwTQyWZLwoTjkyEpt+jHlOUGD6yBBPF7K2IDLDCxNiMCjYEb/HlZdKolL2L8vn9Wal6ncWRhyM4hlPw4BKqcAc1qAMBAc/wCm+Ocl6cd+dj3ppzsplD+APn8weO/pBE</latexit> |E
2
2
n
|

<latexit sha1_base64="KUZC+RA05LDtI22zq1WccUo6ej8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egCB4jmIckS5idzCZDZmaXmVkhbPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQcyZNq777eRWVtfWN/Kbha3tnd294v5BQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geDP1m09UaRbJBzOKqS9wX7KQEWys9Di+7aaVipyMu8WSW3ZnQMvEy0gJMtS6xa9OLyKJoNIQjrVue25s/BQrwwink0In0TTGZIj7tG2pxIJqP50dPEEnVumhMFK2pEEz9fdEioXWIxHYToHNQC96U/E/r52Y8MpPmYwTQyWZLwoTjkyEpt+jHlOUGD6yBBPF7K2IDLDCxNiMCjYEb/HlZdKolL2L8vn9Wal6ncWRhyM4hlPw4BKqcAc1qAMBAc/wCm+Ocl6cd+dj3ppzsplD+APn8weO/pBE</latexit> |E
2
2
n
|

<latexit sha1_base64="KUZC+RA05LDtI22zq1WccUo6ej8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egCB4jmIckS5idzCZDZmaXmVkhbPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQcyZNq777eRWVtfWN/Kbha3tnd294v5BQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81geDP1m09UaRbJBzOKqS9wX7KQEWys9Di+7aaVipyMu8WSW3ZnQMvEy0gJMtS6xa9OLyKJoNIQjrVue25s/BQrwwink0In0TTGZIj7tG2pxIJqP50dPEEnVumhMFK2pEEz9fdEioXWIxHYToHNQC96U/E/r52Y8MpPmYwTQyWZLwoTjkyEpt+jHlOUGD6yBBPF7K2IDLDCxNiMCjYEb/HlZdKolL2L8vn9Wal6ncWRhyM4hlPw4BKqcAc1qAMBAc/wCm+Ocl6cd+dj3ppzsplD+APn8weO/pBE</latexit> |E
2
2
n
|

Is this really advantageous in GW observations?

https://arxiv.org/pdf/2503.21276


Conclusions

“Instantaneous excitation” of QNMs at the merger of BBHs


- universal interference among QNM overtones                           
- instantaneous excitation of QNMs                                          
→ ringdown efficiently modeled by the greybody factor


Set of destabilized QNMs exhibit its better convergence, high Q 
values, and captures the prompt part and late-time tail                  
→ A better QNM basis.


QNMs in the avoided crossing or near the exceptional point are 
“destructively” excited. Is this really advantageous in GW 
observations? Rather, another evidence of the time-domain 
ringdown stability. 


