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Introduction 
Geometric Ingredients of F-theory

• Elliptically fibered Calabi-Yau manifold  
· Fibration of elliptic curves (“genus-one fibration”)  
· Existence of a (rational) section  
 
 
 
 
 

• Weierstrass form  
·   
· Every elliptic fibration is birational to a Weierstrass model

y

2 = x

3 + fxz

4 + gz

6
y

2 = x

3 + f(ui)xz
4 + g(ui)z

6�!

⇡ : Yn+1 ! Bn

Figure 1: An illustration of multiple genus-one fibrations in a single Calabi-Yau n-fold: ⇡ : X ! B
and ⇡0 : X ! B0

.

physics associated to F-theory in various dimensions. From the point of view of F-theory, Weierstrass
models correspond to a minimal, irreducible form of the torus fiber that can be directly linked to the
axio-dilaton. In addition, in the study of F-theory e↵ective field theories, Weierstrass models are useful
in that they can correspond to generically singular geometries (“non-Higgsable” e↵ective theories [7,8])
and as their moduli are tuned, give rise to many di↵erent singularity types and hence, CY resolutions.
Taking this point of view, a Weierstrass model at a suitable singular point in its moduli space can
often be resolved to produce a smooth CY n-fold. This provides a method of constructing elliptically
fibered CY manifolds with distinct Hodge numbers, Chern classes, etc. which must be counted in the
current “zoo” of known CY manifolds.

With these observations in mind, here we will take the reverse viewpoint and begin with F-theory
on a given elliptically/genus one fibered CY manifold of a more general form. We will work towards
Weierstrass models and F-theory EFTs by starting from resolved geometries and more generally with
the known datasets of CY manifolds. The goal will be to observe whether or not there are global
features of the CY total space that are “hidden” from the Weierstrass description?

We will note that there is at least one significant feature which is di�cult to observe from the
Weierstrass-focused approach described above. This is the possibility of multiple fibrations within a
single CY total space. We will refer to a CY n-fold as multiply elliptically fibered (or genus one fibered

in the case without section) when it admits multiple descriptions of the form ⇡i : Xn �! B(i)
n�1

with

elliptic fiber E
(i)b = ⇡�1(b 2 B(i)

n�1

) (denoted succinctly by ⇡i : Xn

E(i)�! B(i)
n�1

). That is,
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✏✏

E(i)

$$

B(1)

n�1

B(2)

n�1

. . . B(i)
n�1

(1.1)

For each fibration, the structure of the singular fibers, discriminant locus, fibral divisors and Mordell-

Weil group can be di↵erent, as can the topology of the base manifolds B(i)
n�1

. This is illustrated in
Figure 1. According to Nakayama’s theorem [6], a Weierstrass model can be formed for each of the
fibrations above1 and the resulting F-theory vacua explicitly determined.

The goal of this work is to study such multiple fibrations in explicit CY geometries and to
enumerate the F-theory vacua they lead to, as well their relationship to string dualities. In this work
we focus primarily on correspondences between F-theory and M-theory vacua in 5- and 6-dimensions

1
More specifically, a Weierstrass model can be found for each fibration which admits a section and in the case of

genus one fibrations without section, the Jacobian can be found [9].
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With these observations in mind, here we will take the reverse viewpoint and begin with F-theory
on a given elliptically/genus one fibered CY manifold of a more general form. We will work towards
Weierstrass models and F-theory EFTs by starting from resolved geometries and more generally with
the known datasets of CY manifolds. The goal will be to observe whether or not there are global
features of the CY total space that are “hidden” from the Weierstrass description?

We will note that there is at least one significant feature which is di�cult to observe from the
Weierstrass-focused approach described above. This is the possibility of multiple fibrations within a
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Weil group can be di↵erent, as can the topology of the base manifolds B(i)
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. This is illustrated in
Figure 1. According to Nakayama’s theorem [6], a Weierstrass model can be formed for each of the
fibrations above1 and the resulting F-theory vacua explicitly determined.

The goal of this work is to study such multiple fibrations in explicit CY geometries and to
enumerate the F-theory vacua they lead to, as well their relationship to string dualities. In this work
we focus primarily on correspondences between F-theory and M-theory vacua in 5- and 6-dimensions
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· Fibers [Klevers, Mayorga Pena, Oehlmann, Piragua, Reuter] 

• Not every feature of fibrations is apparent from the above 
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A Reverse Approach

• A reverse approach: start with a given total space CY 
· Genus-one fibered (ignore if not)?  
· Is the fibration flat?  
· Does a section exist (ignore if not)? How many (i.e. the Mordell-Weil group)?  
· Can you have the Weierstrass model explicitly written?  
· All of the above for all possible genus-one fibrations?

• Structural features in a known class of CYs

• Embedding of CYs in an ambient space  
· Toric varieties — hypersurfaces [Kreuzer, Skarke], cf. [Altman, Gray, He, Jejjala, Nelson]  

· Product of projective spaces — CICYs [Candelas, Dale, Lutken, Schimmrigk] [Green, Hubsch]  

· Product of projective spaces — gCICYs [Anderson, Apruzzi, Gao, Gray, SJL]
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A Calabi-Yau Dataset: CICYs  
Complete Intersection Calabi-Yau (CICY) Manifolds

• The Quintic 
· Zero locus in      of a quintic polynomial,  

• CICY 3-folds 
· Common zero locus of homogeneous polynomials in 

  

· Another E.g.  
 
 
· 7890 such CY3’s (finite!)

• CICY configurations may be generalized to have negative entries 

P4 X = {[x] | p(5)(x) = 0} � P4
x

m�

r=1

Pnr

[Candelas, Dale, Lutken, Schimmrigk] [Green, Hubsch]
cf. CICY 4-folds [Gray, Haupt, Lukas]  

X = {[x,y] | p(2,2)
1 (x,y) = 0 = p(1,2)

2 (x,y)} � P2
x � P3
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Generalized CICYs: gCICYs 
An Illustrative Example
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• Sequential Section Construction  
· Divisor of zeros and of poles   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· Work in the coordinate ring of      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Generalized CICYs: gCICYs 
An Illustrative Example

• Sequential Section Construction  
· Divisor of zeros and of poles  [cf. Gao’s talk] 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Genus-one Fibrations in CICYs  
Genericity and Multiplicity

• Statistics of genus-one fibrations in CICY 3-folds  
· 99.3% of CICY 3-folds are (obviously) genus-one fibered: 7,837 of the 7,890  
· Average # of (obvious) genus-one fibrations is 10.   

• Illustration: a 3-fold with  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P2 1 0 1 1
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775Y E1
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(h1,1, h2,1) = (4, 47)
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A Systematic Program 
Physics of multiple fibrations

• Recall: fibration structures are the key to F-theory duality 
· F-theory …… M-theory:  via elliptic fibrations  
· F-theory …… Heterotic theory:  via K3/elliptic fibrations 

• Implications of multiple fibrations — Duality Cartography!

• Can we systematically construct and analyze such gometries? 

• Analyze CICYs with the following goals:    
· Classify all the (obvious) genus-one fibrations in a given CICY  
· Analyze all those fibrations and compare the corresponding EFTs



A Systematic Program 
A useful fact

• Decomposition of the divisors [Tate-Shioda-Wazir]  
· If                     is elliptically fibered, its divisors are generated by the following 4 types:  
   a) base divisors (                                            )  
   b) fibral divisors 
   c) zero section  
   d) non-zero rational sections 
·  

• Strategy 
1: Find a section (to confirm the existence of a section)  
2: Analyze the singular fibers 
3: Obtain rk MW and construct a MW basis

⇡⇤(D↵),↵ = 1, · · · , h1,1(B2)

⇡ : Y3 ! B2

h1,1(Y3) = h1,1(B2) +
X

A

rkGA + 1 + rkMW (⇡)
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The Tools 
Key ideas

• Impose necessary conditions for a div.             to be a section  
·                          ;  
·                                   [Oguiso];  
·                                                                                [Morrison, Park],  

and find a true section from the putative sections (rational map)

• Three ways to analyze singular fibers 
1: Deligne/Nakayama 
2: Jacobian 
3: Resolved manifold

S · Fp = 1 8p 2 B2

S ⇠ OY3(S)

h0(OY3(S)) = 1

S · S ·D↵ = �[c1(B2)] · S ·D↵ 8↵ = 1, · · · , h1,1(B2)



The Tools 
Key ideas

• Impose necessary conditions for a div.             to be a section  
·                          ;  
·                                   [Oguiso];  
·                                                                                [Morrison, Park],  

and find a true section from the putative sections (rational map)

• Three ways to analyze singular fibers 
1: Deligne/Nakayama 
2: Jacobian 
3: Resolved manifold

S · Fp = 1 8p 2 B2

S ⇠ OY3(S)

h0(OY3(S)) = 1

S · S ·D↵ = �[c1(B2)] · S ·D↵ 8↵ = 1, · · · , h1,1(B2)

explicit Weierstrass model



The Tools 
Key ideas

• Impose necessary conditions for a div.             to be a section  
·                          ;  
·                                   [Oguiso];  
·                                                                                [Morrison, Park],  

and find a true section from the putative sections (rational map)

• Three ways to analyze singular fibers 
1: Deligne/Nakayama 
2: Jacobian 
3: Resolved manifold

S · Fp = 1 8p 2 B2

S ⇠ OY3(S)

h0(OY3(S)) = 1

S · S ·D↵ = �[c1(B2)] · S ·D↵ 8↵ = 1, · · · , h1,1(B2)

explicit Weierstrass model
via finding the explicit expressions for x, y, and z,  
and then finding the relationship amongst them. 



The Tools 
Illustration with K3:  section

• Family of putative sections,                :  
·                                                                     ;  pick one,                      , with k=0

• Find the global hol. section  
·                                                   the zero section,                        
· Solve                                     for    and    in terms of     and obtain the rational map!  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(b1, b2, b3) = (�1� 3k, 1 + 2k, 1 + 11k + 14k2) OY (�1, 1, 1)
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P = x0p1(y, z) + x1p2(y, z) ! z :=
N (0,1,1)

D(1,0,0)
z =

p2

x0
⇠

z = 0 ; P = 0 ; Q = 0
x y z
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� 14x1y1z1 + 6x0y2z1 � 12x1y2z1
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2
0z0 � 5x1y

2
0z0 � 11x0y0y1z0 + 5x1y0y1z0

+ 7x0y
2
1z0 + 16x1y

2
1z0 � 13x0y0y2z0 + x1y0y2z0
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2
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2
0z1 + 6x1y
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2
1z1 � 16x0y0y2z1 + 19x1y0y2z1

+ 9x0y1y2z1 + 13x1y1y2z1 � 13x0y
2
2z1 + 15x1y

2
2z1
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z = 0 ; P = 0 ; Q = 0
x y z

A generic choice of complex structure
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Illustration with K3:  section
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x1(z) = 152844z50 � 1296506z40z1 + 3553577z30z
2
1 � 8289055z20z

3
1 + 11322255z0z

4
1 � 5290227z51

x0(z) = 241226z50 � 2444409z40z1 + 6970327z30z
2
1 � 4889388z20z

3
1 � 2858859z0z

4
1 + 992331z51

y0(z) = 77z20 � 447z0z1 + 144z21

y1(z) = �82z20 � 12z0z1 + 306z21

y2(z) = �99z20 + 428z0z1 � 561z21

No solutions to x0(z) = x1(z) = 0

No solutions to y0(z) = y1(z) = y2(z) = 0

Holomorphic section! 

The Section as an explicit rational map



The Tools 
Illustration with K3:  singular fibers

• Deligne’s procedure 
· Weierstrass coordinates:  
 
· Relation lies in:  
· c.f. Weierstrass model                           : Calabi-Yau condition is equiv. to

• Dimension count  
· Recall:                                                                             with  
· First construct the Weierstrass-coordinate sections explicitly in terms of    
· Rel. bundle: 

• Weierstrass model:  
· Discriminant,
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P(O � L2 � L3) L ⇠ �K

2

4
P1
x

1 1
P2
y

1 2
P1
z

1 1

3

5

QP

Y2 =

S ⇠ OY (�1, 1, 1) 6S � 6K ⇠ OY (�6, 6, 18)! h0 = 38

(am 2 H0(Y,OY (�mK)))y

2
, a1xyz, a3yz

3
, a0x

3
, a2x

2
z

2
, a4z

4
, a6z

6
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String Dualities  
in Multiple Fibrations



M-/F-theory Correspondence  
6d F-theory EFTs sharing a limit

• M-theory on     … F-theory on   
· Different F-theory EFTs share a common M-theory limit  
· Multiple windows into the Coulomb branch of the theory

• A simple 3-fold example, revisited.  

 

 

 
· G= SU(2)xU(1);  

· nH=277 (22 x 2’s, 185 on I1, 48 moduli); nV=2;  nT=0.

Y3 Y3 ⇥ S1
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P2 1 0 1 1
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775Y E1
3 := =: Y E2
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(h1,1, h2,1) = (4, 47)
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• · G= SU(2)xU(1);  
· nH=277 (22 x 2’s, 185 on I1, 48 moduli);  
  nV=4;  nT=0.
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• · G= SU(2)xU(1);  
· nH=277 (22 x 2’s, 185 on I1, 48 moduli);  
  nV=4;  nT=0.
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Upon circle reduction, in the Coulomb branch: 
• · nH=48;  nV=3.



M-/F-theory Correspondence  
6d F-theory EFTs sharing a 5d limit

• Another example   
 
 
 
 
 
 
 
 

- admits 9 (obvious) genus-one fibrations  

-  
· G= SU(2)xU(1)  

· nH=277 (22 x 2’s, 185 on I1, 48 moduli); nV=2;  nT=0.
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P2 1 0 0 1 0 0 1 0 0

3

777777775

(h1,1, h2,1) = (7, 26)

Y3 =



M-/F-theory Correspondence  
6d F-theory EFTs sharing a 5d limit



Heterotic/F-theory Duality 
Multiple nested fibrations

• Heterotic on                     …  F on  

· Heterotic side will include yet another data: slope-stable bundle   

• Nested K3/elliptic fibration in the F-theory geometry 

 

 

• What are the possibilities for multiple nested-fibration 

structures and what are the physical consequences?  

⇡h : Xn
E�! Bn�1 ⇡f : Yn+1

K3��! Bn�1

unique (n + 1, 0)-form which is holomorphic on M\D and has at most logarithmic poles along D,
whose residue is the holomorphic n-form on D. In general the fiber product in (4.2) is a singular
variety which can be deformed back into a CY manifold by the smoothing theorem of [74].

The canonical example of such a degeneration is the well-known stable degeneration limit [29,30,33]
of heterotic/F-theory duality in which the F-theory geometry Yn+1

in (4.1) degenerates as in (4.2).
In this limit the log-CY “halves” of Yn+1

take the form of fibered (n + 1)-folds, ⇡i : Mi ! Bn�1

with fibers given by rationally elliptically fibered surfaces (commonly referred to as a dP
9

surface in
the physics literature). Here the (n+ 1)-folds Mi are not themselves Calabi-Yau manifolds, but the
divisor upon which they are glued (as in (4.2)) is Calabi-Yau. In fact, here D is simply the CY n-fold,
Xn – the heterotic compactification geometry in (4.1). Moreover, in the stable degeneration limit,
the geometric moduli of M

1

,M
2

correspond to the moduli of the pair of slope-stable, holomorphic
bundles (with structure group embedded into E

8

⇥ E
8

) appearing in the heterotic compactification
(see [33,75,76] for reviews). To understand the results of the following sections, it will be useful to
briefly review here some of aspects of this standard correspondence to remind the reader of several
key geometric features of this duality.

First, the fibration structures in (4.1) can be written even more explicitly. The paired heterotic/F-
theory geometries given in (4.1) involves both elliptic and K3 fibered manifolds. In particular, the
F-theory geometry, Yn+1

must be compatibly K3 and elliptically fibered. The requirement of these
two fibration structures implies further that Yn+1

be elliptically fibered over a complex n-dimensional
base, Bn which is in turn rationally fibered:

Yn+1

E���! Bn

K3
?

?

y

?

?

y

P1

Bn�1

= ��! Bn�1

(4.3)

The existence of a section in any two of the non-trivial fibrations above is enough to guarantee the

existence of a section in the third fibration (i.e. if Bn
P1

�! Bn�1

and Yn+1

E�! Bn both admit sections

then so does the fibration Yn+1

K3�! Bn�1

).
For heterotic/F-theory duality then, there are three possibilities that are immediately relevant in

the context of multiple fibrations in the F-theory CY geometry, Yn+1

:

1. Case 1 : Yn+1

admits multiple K3 fibrations which share an elliptic fibration. In order for this
to occur the nested fibration structure in (4.3) implies that Bn, must admit multiple rational
(i.e. P1) fibrations:

Bn

⇢
P1

||

P1

⇢0 ""

Bn�1

B0
n�1

(4.4)

with ⇢ : Bn ! Bn�1

and ⇢0 : Bn ! B0
n�1

. Since the e↵ective physics of F-theory depends only
on the structure of the elliptic fibration ⇡f : Yn+1

! Bn it is clear that the theory does not
change depending on “which way up” the base Bn is oriented in (4.4). However, clearly the
construction of the dual heterotic theory is markedly di↵erent (i.e., di↵erent base manifolds Bn�1

in (4.1) and di↵erent semi-stable degenerations as in (4.2)). In this case we see that in order for
heterotic/F-theory duality to hold there must exist a further heterotic/heterotic correspondence
between compactifications on two di↵erent CY geometries (with vector bundles over them),

⇡h : Xn ! Bn�1

and ⇡0
h : X 0

n ! B0
n�1

, (4.5)

which yield the same e↵ective theory. In this case we see that the multiple fibration structure of
Yn+1

yields a true string duality in the usual sense.

24

V ! Xn



Heterotic/F-theory Duality 
Possibilities for multiple nested fibrations

• Case 1: we’ve looked at this; F-theory EFTs are dual upon circle reduction

• Case 2: the base of the elliptic fibration has multiple      fibrations;  
                Het on different geometries give the same EFTs  
 
                                          

• Case 3: multiple elliptic fibrations within a K3 fibration;  
                Het EFTs on the same CY geometry

Case K3 Fibration Elliptic Fibration
1 distinct shared
2 distinct distinct
3 shared distinct

Table 1: Three di↵erent Cases for the multiple nested-fibration structures of the K3 and elliptic
fibrations that can be found within a Calabi-Yau manifold. Such multiple fibrations lead to novel links
between various e↵ective theories via either heterotic/F-theory duality or F-/M-theory correspondence.

2. Case 2 : Yn+1

admits multiple K3 fibrations with distinct elliptic fibrations. In this case we
are once again led to multiple heterotic geometries as in (4.5), but if the condition of a shared
elliptic fiber to the two K3 surfaces is dropped, the e↵ective physics for each choice of fibration
can be di↵erent. This is similar to the examples encountered in F-/M-theory correspondence in
Section 3. As in those examples, the expectation is that the related heterotic geometries (as in
(4.5)) and the F-theory vacua (corresponding to the two choices of elliptic fibration) will all lead
to the same e↵ective physics upon a circle reduction and Higgsing in one dimension lower. In
this case, we see not a duality of theories, but a correspondence leading to a shared Coulomb
branch in a lower dimensional theory. This correspondence includes a shared region of moduli
space and the structure of the common lower dimensional theory can yield important insights
into the distinct higher dimensional theories. See [44,77–79] for useful tools in such uplifts of
M-/F-theory in 5(6)- and 3(4)-dimensions.

At the level of the e↵ective theory, the dimensional reduction and shared Coulomb branch of
these theories is the same as that analyzed in Section 3. As a result, we will not further explore
such correspondences in this Section.

3. Case 3 : Yn+1

admits only one K3 fibration with multiple elliptic fibrations. In this case the
geometry takes the form

Yn+1

⇡
E

||

E
⇡0

""

Bn

P1

⇢
""

B0
n

⇢0
P1

||

Bn�1

(4.6)

The dual heterotic geometry must be a Calabi-Yau n-fold which is elliptically fibered over Bn�1

but in general the two “orientations” of the elliptic fibration (and hence the two di↵erent P1

bases to that elliptic fibration) correspond to distinct weakly coupled limits of the F-theory
geometry. As a result, the dual heterotic theories will be di↵erent, but clearly connected in a
broader moduli space. In addition, it is important to note that these di↵erent heterotic theories
will be defined over the same compactification CY geometry, ⇡h : X ! Bn�1

.

See Table 1 for a summary of the fibration structures in the above three cases.
In the following Subsections we will explore each of the possibilities above in various dimensions. In

each it is important to realize that in determining the heterotic/F-theory dual theories, the notion of
a weak coupling limit implicit in a semi-stable degeneration is characterized by two limits in the dual
geometries. In the heterotic theory, we require the limit of large volume of Xn and weak coupling and
in the F-theory geometry this corresponds to a limit in which semi-stable degeneration occurs as in
(4.2) and the volume of the P1 fiber in ⇢ : Bn ! Bn�1

(which is related to the heterotic dilaton under
the duality [29,30]) is also taken to the appropriate limit. In the situation where the CY geometry
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unique (n + 1, 0)-form which is holomorphic on M\D and has at most logarithmic poles along D,
whose residue is the holomorphic n-form on D. In general the fiber product in (4.2) is a singular
variety which can be deformed back into a CY manifold by the smoothing theorem of [74].

The canonical example of such a degeneration is the well-known stable degeneration limit [29,30,33]
of heterotic/F-theory duality in which the F-theory geometry Yn+1

in (4.1) degenerates as in (4.2).
In this limit the log-CY “halves” of Yn+1

take the form of fibered (n + 1)-folds, ⇡i : Mi ! Bn�1

with fibers given by rationally elliptically fibered surfaces (commonly referred to as a dP
9

surface in
the physics literature). Here the (n+ 1)-folds Mi are not themselves Calabi-Yau manifolds, but the
divisor upon which they are glued (as in (4.2)) is Calabi-Yau. In fact, here D is simply the CY n-fold,
Xn – the heterotic compactification geometry in (4.1). Moreover, in the stable degeneration limit,
the geometric moduli of M

1

,M
2

correspond to the moduli of the pair of slope-stable, holomorphic
bundles (with structure group embedded into E

8

⇥ E
8

) appearing in the heterotic compactification
(see [33,75,76] for reviews). To understand the results of the following sections, it will be useful to
briefly review here some of aspects of this standard correspondence to remind the reader of several
key geometric features of this duality.

First, the fibration structures in (4.1) can be written even more explicitly. The paired heterotic/F-
theory geometries given in (4.1) involves both elliptic and K3 fibered manifolds. In particular, the
F-theory geometry, Yn+1

must be compatibly K3 and elliptically fibered. The requirement of these
two fibration structures implies further that Yn+1

be elliptically fibered over a complex n-dimensional
base, Bn which is in turn rationally fibered:
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The existence of a section in any two of the non-trivial fibrations above is enough to guarantee the

existence of a section in the third fibration (i.e. if Bn
P1

�! Bn�1

and Yn+1

E�! Bn both admit sections

then so does the fibration Yn+1

K3�! Bn�1

).
For heterotic/F-theory duality then, there are three possibilities that are immediately relevant in

the context of multiple fibrations in the F-theory CY geometry, Yn+1

:

1. Case 1 : Yn+1

admits multiple K3 fibrations which share an elliptic fibration. In order for this
to occur the nested fibration structure in (4.3) implies that Bn, must admit multiple rational
(i.e. P1) fibrations:

Bn

⇢
P1
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⇢0 ""

Bn�1

B0
n�1

(4.4)

with ⇢ : Bn ! Bn�1

and ⇢0 : Bn ! B0
n�1

. Since the e↵ective physics of F-theory depends only
on the structure of the elliptic fibration ⇡f : Yn+1

! Bn it is clear that the theory does not
change depending on “which way up” the base Bn is oriented in (4.4). However, clearly the
construction of the dual heterotic theory is markedly di↵erent (i.e., di↵erent base manifolds Bn�1

in (4.1) and di↵erent semi-stable degenerations as in (4.2)). In this case we see that in order for
heterotic/F-theory duality to hold there must exist a further heterotic/heterotic correspondence
between compactifications on two di↵erent CY geometries (with vector bundles over them),

⇡h : Xn ! Bn�1

and ⇡0
h : X 0

n ! B0
n�1

, (4.5)

which yield the same e↵ective theory. In this case we see that the multiple fibration structure of
Yn+1

yields a true string duality in the usual sense.
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Case K3 Fibration Elliptic Fibration
1 distinct shared
2 distinct distinct
3 shared distinct

Table 1: Three di↵erent Cases for the multiple nested-fibration structures of the K3 and elliptic
fibrations that can be found within a Calabi-Yau manifold. Such multiple fibrations lead to novel links
between various e↵ective theories via either heterotic/F-theory duality or F-/M-theory correspondence.

2. Case 2 : Yn+1

admits multiple K3 fibrations with distinct elliptic fibrations. In this case we
are once again led to multiple heterotic geometries as in (4.5), but if the condition of a shared
elliptic fiber to the two K3 surfaces is dropped, the e↵ective physics for each choice of fibration
can be di↵erent. This is similar to the examples encountered in F-/M-theory correspondence in
Section 3. As in those examples, the expectation is that the related heterotic geometries (as in
(4.5)) and the F-theory vacua (corresponding to the two choices of elliptic fibration) will all lead
to the same e↵ective physics upon a circle reduction and Higgsing in one dimension lower. In
this case, we see not a duality of theories, but a correspondence leading to a shared Coulomb
branch in a lower dimensional theory. This correspondence includes a shared region of moduli
space and the structure of the common lower dimensional theory can yield important insights
into the distinct higher dimensional theories. See [44,77–79] for useful tools in such uplifts of
M-/F-theory in 5(6)- and 3(4)-dimensions.

At the level of the e↵ective theory, the dimensional reduction and shared Coulomb branch of
these theories is the same as that analyzed in Section 3. As a result, we will not further explore
such correspondences in this Section.

3. Case 3 : Yn+1

admits only one K3 fibration with multiple elliptic fibrations. In this case the
geometry takes the form
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The dual heterotic geometry must be a Calabi-Yau n-fold which is elliptically fibered over Bn�1

but in general the two “orientations” of the elliptic fibration (and hence the two di↵erent P1

bases to that elliptic fibration) correspond to distinct weakly coupled limits of the F-theory
geometry. As a result, the dual heterotic theories will be di↵erent, but clearly connected in a
broader moduli space. In addition, it is important to note that these di↵erent heterotic theories
will be defined over the same compactification CY geometry, ⇡h : X ! Bn�1

.

See Table 1 for a summary of the fibration structures in the above three cases.
In the following Subsections we will explore each of the possibilities above in various dimensions. In

each it is important to realize that in determining the heterotic/F-theory dual theories, the notion of
a weak coupling limit implicit in a semi-stable degeneration is characterized by two limits in the dual
geometries. In the heterotic theory, we require the limit of large volume of Xn and weak coupling and
in the F-theory geometry this corresponds to a limit in which semi-stable degeneration occurs as in
(4.2) and the volume of the P1 fiber in ⇢ : Bn ! Bn�1

(which is related to the heterotic dilaton under
the duality [29,30]) is also taken to the appropriate limit. In the situation where the CY geometry
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Heterotic/F-theory Duality 
Possibilities for multiple nested fibrations

• Case 1: we’ve looked at this; F-theory EFTs are dual upon circle reduction

• Case 2: the base of the elliptic fibration has multiple      fibrations;  
                Het on different geometries give the same EFTs  
                                           

• Case 3: multiple elliptic fibrations within a K3 fibration;  
                Het EFTs on the same CY geometry
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.
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unique (n + 1, 0)-form which is holomorphic on M\D and has at most logarithmic poles along D,
whose residue is the holomorphic n-form on D. In general the fiber product in (4.2) is a singular
variety which can be deformed back into a CY manifold by the smoothing theorem of [74].

The canonical example of such a degeneration is the well-known stable degeneration limit [29,30,33]
of heterotic/F-theory duality in which the F-theory geometry Yn+1

in (4.1) degenerates as in (4.2).
In this limit the log-CY “halves” of Yn+1

take the form of fibered (n + 1)-folds, ⇡i : Mi ! Bn�1

with fibers given by rationally elliptically fibered surfaces (commonly referred to as a dP
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surface in
the physics literature). Here the (n+ 1)-folds Mi are not themselves Calabi-Yau manifolds, but the
divisor upon which they are glued (as in (4.2)) is Calabi-Yau. In fact, here D is simply the CY n-fold,
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in (4.1) and di↵erent semi-stable degenerations as in (4.2)). In this case we see that in order for
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in (4.1) degenerates as in (4.2).
In this limit the log-CY “halves” of Yn+1

take the form of fibered (n + 1)-folds, ⇡i : Mi ! Bn�1

with fibers given by rationally elliptically fibered surfaces (commonly referred to as a dP
9

surface in
the physics literature). Here the (n+ 1)-folds Mi are not themselves Calabi-Yau manifolds, but the
divisor upon which they are glued (as in (4.2)) is Calabi-Yau. In fact, here D is simply the CY n-fold,
Xn – the heterotic compactification geometry in (4.1). Moreover, in the stable degeneration limit,
the geometric moduli of M

1

,M
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correspond to the moduli of the pair of slope-stable, holomorphic
bundles (with structure group embedded into E

8

⇥ E
8

) appearing in the heterotic compactification
(see [33,75,76] for reviews). To understand the results of the following sections, it will be useful to
briefly review here some of aspects of this standard correspondence to remind the reader of several
key geometric features of this duality.

First, the fibration structures in (4.1) can be written even more explicitly. The paired heterotic/F-
theory geometries given in (4.1) involves both elliptic and K3 fibered manifolds. In particular, the
F-theory geometry, Yn+1

must be compatibly K3 and elliptically fibered. The requirement of these
two fibration structures implies further that Yn+1

be elliptically fibered over a complex n-dimensional
base, Bn which is in turn rationally fibered:

Yn+1

E���! Bn

K3
?

?

y
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y

P1

Bn�1

= ��! Bn�1

(4.3)

The existence of a section in any two of the non-trivial fibrations above is enough to guarantee the

existence of a section in the third fibration (i.e. if Bn
P1

�! Bn�1

and Yn+1

E�! Bn both admit sections

then so does the fibration Yn+1

K3�! Bn�1

).
For heterotic/F-theory duality then, there are three possibilities that are immediately relevant in

the context of multiple fibrations in the F-theory CY geometry, Yn+1

:

1. Case 1 : Yn+1

admits multiple K3 fibrations which share an elliptic fibration. In order for this
to occur the nested fibration structure in (4.3) implies that Bn, must admit multiple rational
(i.e. P1) fibrations:

Bn

⇢
P1

||

P1

⇢0 ""

Bn�1

B0
n�1

(4.4)

with ⇢ : Bn ! Bn�1

and ⇢0 : Bn ! B0
n�1

. Since the e↵ective physics of F-theory depends only
on the structure of the elliptic fibration ⇡f : Yn+1

! Bn it is clear that the theory does not
change depending on “which way up” the base Bn is oriented in (4.4). However, clearly the
construction of the dual heterotic theory is markedly di↵erent (i.e., di↵erent base manifolds Bn�1

in (4.1) and di↵erent semi-stable degenerations as in (4.2)). In this case we see that in order for
heterotic/F-theory duality to hold there must exist a further heterotic/heterotic correspondence
between compactifications on two di↵erent CY geometries (with vector bundles over them),

⇡h : Xn ! Bn�1

and ⇡0
h : X 0

n ! B0
n�1

, (4.5)

which yield the same e↵ective theory. In this case we see that the multiple fibration structure of
Yn+1

yields a true string duality in the usual sense.
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Case K3 Fibration Elliptic Fibration
1 distinct shared
2 distinct distinct
3 shared distinct

Table 1: Three di↵erent Cases for the multiple nested-fibration structures of the K3 and elliptic
fibrations that can be found within a Calabi-Yau manifold. Such multiple fibrations lead to novel links
between various e↵ective theories via either heterotic/F-theory duality or F-/M-theory correspondence.

2. Case 2 : Yn+1

admits multiple K3 fibrations with distinct elliptic fibrations. In this case we
are once again led to multiple heterotic geometries as in (4.5), but if the condition of a shared
elliptic fiber to the two K3 surfaces is dropped, the e↵ective physics for each choice of fibration
can be di↵erent. This is similar to the examples encountered in F-/M-theory correspondence in
Section 3. As in those examples, the expectation is that the related heterotic geometries (as in
(4.5)) and the F-theory vacua (corresponding to the two choices of elliptic fibration) will all lead
to the same e↵ective physics upon a circle reduction and Higgsing in one dimension lower. In
this case, we see not a duality of theories, but a correspondence leading to a shared Coulomb
branch in a lower dimensional theory. This correspondence includes a shared region of moduli
space and the structure of the common lower dimensional theory can yield important insights
into the distinct higher dimensional theories. See [44,77–79] for useful tools in such uplifts of
M-/F-theory in 5(6)- and 3(4)-dimensions.

At the level of the e↵ective theory, the dimensional reduction and shared Coulomb branch of
these theories is the same as that analyzed in Section 3. As a result, we will not further explore
such correspondences in this Section.

3. Case 3 : Yn+1

admits only one K3 fibration with multiple elliptic fibrations. In this case the
geometry takes the form

Yn+1

⇡
E

||

E
⇡0

""

Bn

P1

⇢
""

B0
n

⇢0
P1

||

Bn�1

(4.6)

The dual heterotic geometry must be a Calabi-Yau n-fold which is elliptically fibered over Bn�1

but in general the two “orientations” of the elliptic fibration (and hence the two di↵erent P1

bases to that elliptic fibration) correspond to distinct weakly coupled limits of the F-theory
geometry. As a result, the dual heterotic theories will be di↵erent, but clearly connected in a
broader moduli space. In addition, it is important to note that these di↵erent heterotic theories
will be defined over the same compactification CY geometry, ⇡h : X ! Bn�1

.

See Table 1 for a summary of the fibration structures in the above three cases.
In the following Subsections we will explore each of the possibilities above in various dimensions. In

each it is important to realize that in determining the heterotic/F-theory dual theories, the notion of
a weak coupling limit implicit in a semi-stable degeneration is characterized by two limits in the dual
geometries. In the heterotic theory, we require the limit of large volume of Xn and weak coupling and
in the F-theory geometry this corresponds to a limit in which semi-stable degeneration occurs as in
(4.2) and the volume of the P1 fiber in ⇢ : Bn ! Bn�1

(which is related to the heterotic dilaton under
the duality [29,30]) is also taken to the appropriate limit. In the situation where the CY geometry
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Heterotic/F-theory Duality 
Yet another angle: Multiple elliptic fibrations for the Heterotic

• Het EFTs only sees the total space CY 
· Given two elliptic fibrations for the heterotic CY 3-fold,  
 
 
 
  
  the F-theory duals                       and                         on two distinct 4-folds with  
  G-fluxes should lead to the same EFTs.  

• Interesting routes for studying 4d F-theory compactifications 

Examples of such bases are easy to observe in all known constructions of CY 4-folds.

As in the previous Subsection, it is useful to begin with the heterotic theory in the absence of
5-branes. This class of bases will correspond to the Hirzebruch surfaces in 6-dimensions and the
multiple fibration structure in this case will be the analog of the heterotic/heterotic duality of
Du↵, Minasian and Witten [35].

A class of 3-(complex) dimensional bases that are of this form are the “generalized Hirzebruch”
manifolds, sometimes denoted Fnmk in the literature (see [104]). These are P1 bundles of the
form described in (4.36) where the subscript denotes a twist of T = nS+mE over the Hirzebruch
surface Fk (with S2 = �k, S · E = 1 and E2 = 0).

In this case, the analog of [35] and the base F
0

= P1⇥P1 explored in Section 4.2.2 is the threefold
defined by the (m, 0) twist over F

0

or equivalently, the zero-twist over Fm. This 3-fold can be
denoted:

F
0,0,m ' F

0,m,0 ' Fm,0,0 (4.42)

An inspection of the toric description of such a manifold yields immediately that

B
3

⇢
P1

~~

P1

⇢0 !!

F
0

Fm

(4.43)

both with section. As pointed out in [104], it is clear that as in the 6-dimensional correspondence,
these pairs will generically correspond to a perturbative/non-perturbative interchange of gauge
fields in a 4-dimensional heterotic/heterotic duality. The heterotic CY 3-fold Weierstrass models
over F

0

are generically smooth, while those over Fm for m > 2 are generically singular [30].
Thus, a symmetry group realized by a smooth bundle V ! X

3

and CY 3-fold, ⇡h : X
3

! F
0

for one heterotic theory (i.e., one K3-fibration) will correspond to gauge fields associated to
singularities in X 0

3

! Fm in the other (i.e., the second K3-fibration). As in Section 4.2.3, the
inclusion of 5-branes in the heterotic theory will vastly extend the possible geometry of the
threefold bases B

3

in (4.40) (see for example [107]).

4.3.2 Multiple elliptic fibrations in 4-dimensional heterotic compactifications

In N = 1 compactifications to 4-dimensions, not only can we adiabatically fiber the Heteterotic/F-
theory dualities from previous sections over shared base manifolds, we also have a quantitatively new set
of string dualities at our disposal. Perhaps the most interesting of these involves the study of multiply-
fibered Calabi-Yau threefolds as the base manifolds of 4-dimensional heterotic compactifications. In
particular, suppose that X is a CY 3-fold with the following form

X
3

⇡
E

~~

E
⇡0

  

B
2

B0
2

(4.44)

That is, it is genus-one fibered over two di↵erent base manifolds, ⇡ : X
3

! B
2

and ⇡0 : X
3

! B0
2

.
Several important observations must be made about the heterotic theory in this case. First, the
structure of the heterotic theory is completely independent of the ‘orientation’ of the heterotic fibration.
That is, the massless states of the theory, the gauge symmetry and couplings, a priori do not depend
on the fibration structure of X

3

!
However, it is clear that under the heterotic/F-theory dictionary [33] described above, the F-theory

duals of the two possibillites in (4.44) can look very di↵erent. That is, in the case that both fibrations
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⇢ : ⇢0 :

in (4.44) admit a section, we have in principle two well-understood F-theory duals, consisting of CY
4-folds with K3 fibers over the distinct base manifolds B

2

and B0
2

⌧ : Y
4

K3�! B
2

, ⌧ 0 : Y 0
4

K3�! B0
2

(4.45)

These 4-folds will be potentially topologically distinct, with di↵erent G-flux backgrounds. However,
by the observation above, they must give rise to truly identical 4-dimensional dual theories. This
then, is a new example of string duality appearing in 4-dimensions and it will be our goal here to
briefly sketch some of the possible structure of Y

4

and Y 0
4

. It should be noted as well that for known
datasets of CY 3-folds, the number of such inequivalent genus-one fibrations can number in the dozens
– implying that there can exist vast networks of dual CY 4-folds whose e↵ective theories can be linked.
We will illustrate this phenomenon for a pair of fibrations below.

In order to apply the standard maps of heterotic/F-theory duality [33], we will focus here on
the case where X

3

is smooth and has no fibral divisors (i.e no blow-ups in the fiber). In this case,
h1,1(X

3

) = h1,1(B) + rkMW + 1 for each of its fibrations. Having chosen a given fibration, say, ⇡ in
(4.44), we can divide the divisors into “horizontal” and “vertical” types with respect to this choice:

�m : sections to fibration ⇡ : X ! B (m = 0 . . . rkMW ) ,

Db

↵ : divisors pulled back from base B, as ⇡⇤(D̂b

↵) (↵ = 1 . . . h1,1(B)) .
(4.46)

The fact that a single threefold X
3

is multiply elliptically fibered as in (4.44) means that its topology
can be expanded in a basis of forms dual to (4.46) in distinct ways. Focusing, in particular, on cases
with rkMW = 0, the second Chern class of a bundle in the E

8

⇥ E
8

theory, as described in (4.37),
takes the form:

c
2

(V ) = ⌘ ^ !
ˆ

0

+ ⇣ = ⌘0 ^ !
ˆ

0

+ ⇣ 0 . (4.47)

This leads naturally to the twists over B
2

and B0
2

,

⌘ = 6c
1

(B
2

) + T and ⌘0 = 6c
1

(B0
2

) + T 0 , (4.48)

and a natural question arises as to how T and T 0 are related. The divisors (equivalently (1, 1)-forms)
on X

3

are fixed and must be expanded as in (4.46) in two di↵erent ways, related by an integral basis
change. This schematically takes the form

✓

�0
m0

D0
↵0

◆

= M
⇤⌃

✓

�m
D↵

◆

(4.49)

where M
⇤⌃

is an invertible matrix and ⇤,⌃ run over the full range of h1,1(X
3

). Note that although
the length of the vectors is fixed by h1,1(X

3

) the fiber/base division in (4.46) can be very di↵erent in
B

2

and B0
2

.
For a given example, this correspondence can be determined explicitly. Moreover, in general the

basis change M
⇤⌃

will be constrained by the topology of X
3

itself. For simply connected manifolds,
Wall’s theorem [108] says that the di↵eomorphism class of X

3

is determined by the collection of
numbers,

{d
⇤⌃ 

, c
1

(X
3

) , c
2

(X
3

) , c
3

(X
3

) , h1,1(X
3

) , h2,1(X
3

)} , (4.50)

where d
⇤⌃ 

for ⇤,⌃, = 1, . . . h1,1(X) are the triple intersection numbers of X
3

. But for an elliptically
fibered manifold with section (and no fibral divisors), the Chern class and triple intersection numbers
take a constrained form. See Appendix B for a collection of such useful results. In general these can
be used to determine the relationship between T and T 0 for any given example.

To illustrate this, for simplicity, we will consider an example in which there is a single section �
0

to
each fibration. In this case, h1,1(X

3

) = 1+h1,1(B) (with h1,1(B) = h1,1(B
2

) = h1,1(B0
2

)). Furthermore,
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Summary and Outlook

• Most known CY manifolds are elliptically fibered. In fact, it is generically the 
case that a CY n-fold is a nested fibration of CY k-folds (k=1,.,n-1). 

• Generically, there can be found multiple such fibration structures.  

• Geometry of multiple fibrations naturally lead to an interesting web of string 
dualities involving F-theory. 

• We have developed a geometry toolkit to explicitly and systematically 
analyze such dualities — scans underway to complete the duality map within 
the dataset of CICY 3- and 4-folds. 

• By systematically surveying a dataset of elliptically fibered CYs (F-theory EFTs), 
we easily find geometries with a higher-rank MW (multiple U(1) factors) 
and/or with non-flat fibers (SCFT structure), etc. 
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