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Background for compactification:
6d manifold X
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Resulting 4d N=1 theory:
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Given        , how is the 4-dim. theory obtained? (X,V )

a) 4d gauge group: Choose structure group               for  SU(5) ⇢ E8 V

b) 4d matter multiplets: 
In this work, we focus on SU(5) principal bundles breaking E8 to an SU(5) GUT symmetry in 4-dimensions

via,

248E8
→ [(1,24)⊕ (5,10)⊕ (5,10)⊕ (10,5) ⊕ (10,5)⊕ (24,1)]SU(5)×SU(5) (A.3)

Thus, we must construct the associated vector bundles with fiber-dimensions corresponding the 5,5,10,10,24

representations (see Table 2).

Beginning with the fundamental 5-representation, for the vector bundles constructed in this work, we will

check here that there are no obstructions, such as the one described above, which would prevent the sum of five

line bundles,
⊕

a La, from having structure group S
(
U(1)⊗5

)
.

We will outline in the following paragraphs a set of tools for determining the structure groups of rank n

holomorphic vector bundles with structure group H ⊂ U(n) and c1(V ) = 0. We will focus on distinguishing

the groups SU(n), Sp(2n) and SO(n). The exceptional sub-groups of E8 will not arise in the dimensions of

representation in consideration here and we will omit them from this discussion.

A.2 Chern Classes and Structure Groups

The first and most important ingredient we have in determining the structure group of a vector bundle is its

topology. As a simple example, consider the following direct sums of two line bundles on a threefold X

V L1 ⊕ L2 L⊕ L L⊕ L∗

H U(1)× U(1) U(1)× U(1) or U(1) S[U(1) × U(1)] = U(1)
(A.4)

For the first sum of line bundles, c1(L1) ̸= c1(L2) implies that for all possible connections on this sum, the

structure group is U(1)×U(1). However, for the sum of two identical line bundles with the same first Chern class,

L⊕ L, there is some flexibility in the choice of connection. For generic, independent, U(1)-valued connections,

the structure group likewise is generic, that is, U(1) × U(1). For this topology, however, a non-generic choice

is also available, and by choosing the two connections ∇1 = ∇2, the structure group is simply U(1). Finally, in

the last example, the sum of a line bundle and its dual, the only structure group compatible with the reducible

connection and vanishing trace condition is the diagonal U(1) ⊂ SU(2).

For phenomenology we require that the low energy GUT symmetry in 4-dimensions is SU(5) times possible

U(1) factors. So long as the commutant of H is of this form, SU(5) × S(U(1)5) ⊂ E8, the Green-Schwarz

Mechanism will guarantee that the U(1) symmetries are generically massive (see [37,38]). Just as in the case of

two line bundles described above, here we must guarantee that the topology of our sum does not force a smaller

sub-group than S
(
U(1)⊗5

)
in such a way that the commutant contains other non-Abelian factors beyond SU(5).

For example, if the sum of 5 line bundles satisfies

c1(L1) + c1(L2) + c1(L3) = 0 , c1(L4) + c1(L5) = 0 (A.5)

then structure group is H = S
(
U(1)⊗3

)
× S

(
U(1)⊗2

)
≃ U(1)⊗3, but its commutant in E8 is SU(6) × U(1)⊗3

which would not be suitable for model-building. Thus, in the scans outlined in the main body of the text, we
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Breaks    to low-energy gauge group

(commutant of        within    )   

E8

SU(5) E8 SU(5)

gauge unification=)



Given        , how is the 4-dim. theory obtained? (X,V )

a) 4d gauge group: Choose structure group               for  SU(5) ⇢ E8 V

4d gauge

fields

(Q, u, e)

b) 4d matter multiplets: 
In this work, we focus on SU(5) principal bundles breaking E8 to an SU(5) GUT symmetry in 4-dimensions

via,

248E8
→ [(1,24)⊕ (5,10)⊕ (5,10)⊕ (10,5) ⊕ (10,5)⊕ (24,1)]SU(5)×SU(5) (A.3)

Thus, we must construct the associated vector bundles with fiber-dimensions corresponding the 5,5,10,10,24

representations (see Table 2).

Beginning with the fundamental 5-representation, for the vector bundles constructed in this work, we will

check here that there are no obstructions, such as the one described above, which would prevent the sum of five

line bundles,
⊕

a La, from having structure group S
(
U(1)⊗5

)
.

We will outline in the following paragraphs a set of tools for determining the structure groups of rank n

holomorphic vector bundles with structure group H ⊂ U(n) and c1(V ) = 0. We will focus on distinguishing

the groups SU(n), Sp(2n) and SO(n). The exceptional sub-groups of E8 will not arise in the dimensions of

representation in consideration here and we will omit them from this discussion.

A.2 Chern Classes and Structure Groups

The first and most important ingredient we have in determining the structure group of a vector bundle is its

topology. As a simple example, consider the following direct sums of two line bundles on a threefold X

V L1 ⊕ L2 L⊕ L L⊕ L∗

H U(1)× U(1) U(1)× U(1) or U(1) S[U(1) × U(1)] = U(1)
(A.4)

For the first sum of line bundles, c1(L1) ̸= c1(L2) implies that for all possible connections on this sum, the

structure group is U(1)×U(1). However, for the sum of two identical line bundles with the same first Chern class,

L⊕ L, there is some flexibility in the choice of connection. For generic, independent, U(1)-valued connections,

the structure group likewise is generic, that is, U(1) × U(1). For this topology, however, a non-generic choice

is also available, and by choosing the two connections ∇1 = ∇2, the structure group is simply U(1). Finally, in

the last example, the sum of a line bundle and its dual, the only structure group compatible with the reducible

connection and vanishing trace condition is the diagonal U(1) ⊂ SU(2).

For phenomenology we require that the low energy GUT symmetry in 4-dimensions is SU(5) times possible

U(1) factors. So long as the commutant of H is of this form, SU(5) × S(U(1)5) ⊂ E8, the Green-Schwarz

Mechanism will guarantee that the U(1) symmetries are generically massive (see [37,38]). Just as in the case of

two line bundles described above, here we must guarantee that the topology of our sum does not force a smaller

sub-group than S
(
U(1)⊗5

)
in such a way that the commutant contains other non-Abelian factors beyond SU(5).

For example, if the sum of 5 line bundles satisfies

c1(L1) + c1(L2) + c1(L3) = 0 , c1(L4) + c1(L5) = 0 (A.5)

then structure group is H = S
(
U(1)⊗3

)
× S

(
U(1)⊗2

)
≃ U(1)⊗3, but its commutant in E8 is SU(6) × U(1)⊗3

which would not be suitable for model-building. Thus, in the scans outlined in the main body of the text, we

23

(Q̃, ũ, ẽ)
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Given        , how is the 4-dim. theory obtained? (X,V )

a) 4d gauge group: Choose structure group               for  SU(5) ⇢ E8 V

4d gauge

fields

(d, L)(Q, u, e)

b) 4d matter multiplets: 
In this work, we focus on SU(5) principal bundles breaking E8 to an SU(5) GUT symmetry in 4-dimensions

via,

248E8
→ [(1,24)⊕ (5,10)⊕ (5,10)⊕ (10,5) ⊕ (10,5)⊕ (24,1)]SU(5)×SU(5) (A.3)

Thus, we must construct the associated vector bundles with fiber-dimensions corresponding the 5,5,10,10,24

representations (see Table 2).

Beginning with the fundamental 5-representation, for the vector bundles constructed in this work, we will

check here that there are no obstructions, such as the one described above, which would prevent the sum of five

line bundles,
⊕

a La, from having structure group S
(
U(1)⊗5

)
.

We will outline in the following paragraphs a set of tools for determining the structure groups of rank n

holomorphic vector bundles with structure group H ⊂ U(n) and c1(V ) = 0. We will focus on distinguishing

the groups SU(n), Sp(2n) and SO(n). The exceptional sub-groups of E8 will not arise in the dimensions of

representation in consideration here and we will omit them from this discussion.

A.2 Chern Classes and Structure Groups

The first and most important ingredient we have in determining the structure group of a vector bundle is its

topology. As a simple example, consider the following direct sums of two line bundles on a threefold X

V L1 ⊕ L2 L⊕ L L⊕ L∗

H U(1)× U(1) U(1)× U(1) or U(1) S[U(1) × U(1)] = U(1)
(A.4)

For the first sum of line bundles, c1(L1) ̸= c1(L2) implies that for all possible connections on this sum, the

structure group is U(1)×U(1). However, for the sum of two identical line bundles with the same first Chern class,

L⊕ L, there is some flexibility in the choice of connection. For generic, independent, U(1)-valued connections,

the structure group likewise is generic, that is, U(1) × U(1). For this topology, however, a non-generic choice

is also available, and by choosing the two connections ∇1 = ∇2, the structure group is simply U(1). Finally, in

the last example, the sum of a line bundle and its dual, the only structure group compatible with the reducible

connection and vanishing trace condition is the diagonal U(1) ⊂ SU(2).

For phenomenology we require that the low energy GUT symmetry in 4-dimensions is SU(5) times possible

U(1) factors. So long as the commutant of H is of this form, SU(5) × S(U(1)5) ⊂ E8, the Green-Schwarz

Mechanism will guarantee that the U(1) symmetries are generically massive (see [37,38]). Just as in the case of

two line bundles described above, here we must guarantee that the topology of our sum does not force a smaller
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(
U(1)⊗5

)
in such a way that the commutant contains other non-Abelian factors beyond SU(5).

For example, if the sum of 5 line bundles satisfies
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U(1)⊗2

)
≃ U(1)⊗3, but its commutant in E8 is SU(6) × U(1)⊗3

which would not be suitable for model-building. Thus, in the scans outlined in the main body of the text, we
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Full spectrum from bundle cohomology, e.g.:

#10 = h1(X,V ) , #10 = h1(X,V ⇤)

d) Breaking of GUT group to standard model group:

Wilson-line (flat bundle) in hyper-charge direction

Preserves index (chiral asymmetry) for matter fields,

but allows for vector-like pairs and split multiplets (Higgs)
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For many years is was difficult to construct models, due

to technical problems with vector bundles on CY manifolds.

How can (quasi-realistic) models be constructed?
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Line bundle standard models
Focus on bundles with Abelian structure group. 

In practice use structure group                      so thatS(U(1)5) ⇢ SU(5)

is a sum of five line bundles, specified by integer vectors    .ka

V =
5M

a=1

La

Line bundles are classified by their first Chern class: 

c1(La) = kiaJi , La = OX(ka)

X

V
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. . . results in GUT models with gauge group

SU(5)⇥ S(U(1)5)
typically

anomalous

. . . and matter multiplets

10a, 10a, 5a,b, 5̄a,b, 1a,b = Sa,b

multiplet S(U(1)5) charge associated line bundle L contained in

10ea
ea La V

1̄0−ea
−ea L∗

a V ∗

5̄ea+eb
ea + eb La ⊗ Lb ∧2V

5−ea−eb
−ea − eb L∗

a ⊗ L∗

b ∧2V ∗

1ea−eb
ea − eb La ⊗ L∗

b V ⊗ V ∗

1−ea+eb
−ea + eb L∗

a ⊗ Lb

Table 1: Multiplet content, charges and associated line bundles of the SU(5) × S(U(1)5) GUT

theory. The indices a, b, . . . are in the range 1, . . . , 5 and ea denotes the standard five-dimensional

unit vector in the ath direction. The number of each type of multiplet is obtained from the first

cohomology, H1(X,L), of the associated line bundle L.

The further breaking of the GUT theory to the standard model proceeds in the standard way via Wilson

lines. For the bundle V to descend to the quotient Calabi-Yau manifold, X/Γ, it has to be equivariant under

the symmetry Γ [39], a property which can be explicitly checked for line bundles using the methods described in

Ref. [12]. Note that for an equivariant line bundle, L, the cohomology groups Hi(X,L) form representations

under the group Γ. A Wilson line on the quotient, pointing into the standard hypercharge direction then

breaks the GUT group into the standard model group times the massive S(U(1)5) symmetry. Let us consider

a standard model multiplet with Wilson line representation RW which originates from a GUT multiplet with

associated line bundle, L. The number of these multiplets can be computed from the Γ invariant part of

H1(X,L)⊗RW . In essence, once the GUT multiplet content is known, computing the particle content after

Wilson line breaking is a matter of applying representation theory of the finite group Γ.

3 Additional U(1) symmetries and Green-Schwarz mechanism

We turn now to the fate of the four additional U(1) symmetries in S(U(1)5) ∼= U(1)4 which arise in our

models. The Green-Schwarz mechanism in heterotic theories has been understood for many years (see [40]

and [26,41–43] for some recent papers on the subject). It is known that Abelian factors in the bundle structure

group give rise to a gauging of certain axion shift symmetries in the four dimensional effective theory. In our

context, for each line bundle, La, in V , the Kähler axions, χi, the supersymmetric partners of the Kähler

moduli, ti, acquire the following transformation4

δχi = −ci1(La)ηa , (3.5)

with transformation parameter ηa. Note that, from Eq. (2.2), only four of these transformation, corresponding

to the four U(1) symmetries, are independent. Each such transformation leads to a D-term which schematically

reads

Da =
µ(La)

κ
−
∑

I

QaI |CI |
2 . (3.6)

Here, κ = dijktitjtk is the Kähler moduli space pre-potential with the triple intersection numbers dijk of X

and CI are matter fields and bundle moduli with charges QaI under S(U(1)5). The slope, µ(La), of the line

bundle La is defined as

µ(La) = ci1(La)κi with κi = dijkt
jtk . (3.7)

4The equations below receive a one loop correction due to a non-trivial shift of the dilatonic and M5-brane axions. This has been

explicitly studied in Ref. [26,42] but will be neglected in the present context as it does not affect our discussion.

5
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and [26,41–43] for some recent papers on the subject). It is known that Abelian factors in the bundle structure

group give rise to a gauging of certain axion shift symmetries in the four dimensional effective theory. In our
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H1(X,L)⊗RW . In essence, once the GUT multiplet content is known, computing the particle content after

Wilson line breaking is a matter of applying representation theory of the finite group Γ.
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We turn now to the fate of the four additional U(1) symmetries in S(U(1)5) ∼= U(1)4 which arise in our

models. The Green-Schwarz mechanism in heterotic theories has been understood for many years (see [40]

and [26,41–43] for some recent papers on the subject). It is known that Abelian factors in the bundle structure

group give rise to a gauging of certain axion shift symmetries in the four dimensional effective theory. In our

context, for each line bundle, La, in V , the Kähler axions, χi, the supersymmetric partners of the Kähler

moduli, ti, acquire the following transformation4

δχi = −ci1(La)ηa , (3.5)

with transformation parameter ηa. Note that, from Eq. (2.2), only four of these transformation, corresponding
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Wilson line breaking is a matter of applying representation theory of the finite group Γ.

3 Additional U(1) symmetries and Green-Schwarz mechanism

We turn now to the fate of the four additional U(1) symmetries in S(U(1)5) ∼= U(1)4 which arise in our

models. The Green-Schwarz mechanism in heterotic theories has been understood for many years (see [40]

and [26,41–43] for some recent papers on the subject). It is known that Abelian factors in the bundle structure

group give rise to a gauging of certain axion shift symmetries in the four dimensional effective theory. In our

context, for each line bundle, La, in V , the Kähler axions, χi, the supersymmetric partners of the Kähler

moduli, ti, acquire the following transformation4
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with transformation parameter ηa. Note that, from Eq. (2.2), only four of these transformation, corresponding
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The additional U(1) symmetries are relevant in a number of ways:

•  They constrain the low-energy theory, in particular:  

•  Together with bundle moduli singlets, they generate 
 Yukawa-textures (Frogatt-Nielsen)  

•  They can forbid dim. 4/5 operators inducing proton decay 

•  They can help to solve the   - problem  

•  Line bundles can help stabilise moduli

µ
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Roughly, a factor 10 more models per CY for each
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1̄0 5� 5̄After demanding absence of     and presence of         pair:  

34989 SU(5) GUT models

http://www-thphys.physics.ox.ac.uk/projects/CalabiYau/linebundlemodels/index.html

Available at:

So far we have further analyzed of those:

     GUT models leading to         standard models*⇠ 2000⇠ 200

*standard model: SM gauge group times (anomalous) U(1)s, exact MSSM

matter spectrum, one or more pairs of Higgs doublets, no exotics charged

under standard model group. 



CY data: ü Cicy 7862,  Symmetry 3

X =

2
2
2
2

hHXL = -128 h1,1HXL = 4 h2,1HXL = 68 c2HTXL = 824, 24, 24, 24<

k = 12 t1 t2 t3+12 t1 t2 t4+12 t1 t3 t4+12 t2 t3 t4

symmetry: 3 order: 4

Abelian: True block diagonal: True factors: 82, 2<

Action on coordinates: :

1 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 -1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 -1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 -1

,

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

>

Action on polynomials: 8H 1 L, H 1 L<

The standard model example



CY data: ü Cicy 7862,  Symmetry 3

X =

2
2
2
2

hHXL = -128 h1,1HXL = 4 h2,1HXL = 68 c2HTXL = 824, 24, 24, 24<

k = 12 t1 t2 t3+12 t1 t2 t4+12 t1 t3 t4+12 t2 t3 t4

symmetry: 3 order: 4

Abelian: True block diagonal: True factors: 82, 2<

Action on coordinates: :

1 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 -1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 -1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 -1

,

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

>

Action on polynomials: 8H 1 L, H 1 L<

CY: tetra-quadric in P1 ⇥ P1 ⇥ P1 ⇥ P1

The standard model example



CY data: ü Cicy 7862,  Symmetry 3

X =

2
2
2
2

hHXL = -128 h1,1HXL = 4 h2,1HXL = 68 c2HTXL = 824, 24, 24, 24<

k = 12 t1 t2 t3+12 t1 t2 t4+12 t1 t3 t4+12 t2 t3 t4

symmetry: 3 order: 4

Abelian: True block diagonal: True factors: 82, 2<

Action on coordinates: :

1 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 -1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 -1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 -1

,

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

>

Action on polynomials: 8H 1 L, H 1 L<

CY: tetra-quadric in P1 ⇥ P1 ⇥ P1 ⇥ P1

topological data

The standard model example



CY data: ü Cicy 7862,  Symmetry 3

X =

2
2
2
2

hHXL = -128 h1,1HXL = 4 h2,1HXL = 68 c2HTXL = 824, 24, 24, 24<

k = 12 t1 t2 t3+12 t1 t2 t4+12 t1 t3 t4+12 t2 t3 t4

symmetry: 3 order: 4

Abelian: True block diagonal: True factors: 82, 2<

Action on coordinates: :

1 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 -1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 -1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 -1

,

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

>

Action on polynomials: 8H 1 L, H 1 L<

CY: tetra-quadric in P1 ⇥ P1 ⇥ P1 ⇥ P1

topological data
volume

The standard model example



CY data: ü Cicy 7862,  Symmetry 3

X =

2
2
2
2

hHXL = -128 h1,1HXL = 4 h2,1HXL = 68 c2HTXL = 824, 24, 24, 24<

k = 12 t1 t2 t3+12 t1 t2 t4+12 t1 t3 t4+12 t2 t3 t4

symmetry: 3 order: 4

Abelian: True block diagonal: True factors: 82, 2<

Action on coordinates: :

1 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 -1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 -1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 -1

,

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

>

Action on polynomials: 8H 1 L, H 1 L<

CY: tetra-quadric in P1 ⇥ P1 ⇥ P1 ⇥ P1

topological data
volume

Z2 ⇥ Z2 generators

The standard model example



bundle data: 

Z2 xZ2 models with non-zero up Yukawa rank and dim 4 proton decay operators forbidden at Abelian locus
In[52]:= l4sel = Quiet@Select@l4models, HYuRank ê. ÒL@@2DD > 0 && HDim4ProtonQ ê. ÒL@@1DD ã True &DD;

In[53]:= Length@l4selD

Out[53]= 4

In[54]:= For@i = 1, i § Length@l4selD, i++, PrintLineModel@l4sel@@iDD, OutFormat Ø "full"DD

ü Model number 1,   Identifier {7862, 4, 3}
ü Basic properties

standard model? True massless UH1L: 1 number of 5 5 pairs: 3 c2HVL = 824, 8, 20, 12<

V: HkiaL =

-1 -1 0 1 1
0 -3 1 1 1
0 2 -1 -1 0
1 2 0 -1 -2

Cohomology of V:

L2 = 8-1, -3, 2, 2< h@L2D = 80, 8, 0, 0< h@L2,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L5 = 81, 1, 0, -2< h@L5D = 80, 4, 0, 0< h@L5,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4 = 80, -2, 1, 1< h@L2µL4D = 80, 4, 0, 0< h@L2µL4,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL5 = 80, -2, 2, 0< h@L2µL5D = 80, 3, 3, 0< h@L2µL5,RD = 880, 0, 0, 0<, 80, 1, 1, 1<, 80, 1, 1, 1<, 80, 0, 0, 0<<
L4µL5 = 82, 2, -1, -3< h@L4µL5D = 80, 8, 0, 0< h@L4µL5,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L1µL2* = 80, 3, -2, -1< h@L1µL2*D = 80, 0, 12, 0< h@L1µL2*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L1µL5* = 8-2, -1, 0, 3< h@L1µL5*D = 80, 0, 12, 0< h@L1µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L2µL3* = 8-1, -4, 3, 2< h@L2µL3*D = 80, 20, 0, 0< h@L2µL3*,RD = 880, 0, 0, 0<, 85, 5, 5, 5<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4* = 8-2, -4, 3, 3< h@L2µL4*D = 80, 12, 0, 0< h@L2µL4*,RD = 880, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L3µL5* = 8-1, 0, -1, 2< h@L3µL5*D = 80, 0, 4, 0< h@L3µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<<

Wilson line: 880, 0<, 80, 1<< Equivariant structure: 880, 0<, 80, 0<, 80, 0<, 80, 0<, 80, 0<< Higgs pairs: 1

Downstairs spectrum: :2 102, 105, 52,4, 2 54,5, H2,5, H2,5, 3 S2,1, 3 S5,1, 5 S2,3, 3 S2,4, S5,3> Phys. Higgs: :H2,5, H2,5>

Transfer format: 886, 1, 1, 4, 6, 5, 9, 9, 8, 10, 1, 7, 17<, 86, 6, -1, -1, -1, -1<<

rkHYHuLL = 82, 2< rkHYHdLLL = 80, 0< dim. 4 operators absent: 8True, True< dim. 5 operators absent: 8True, True<

ü Operators
basic superpotential terms:

H10p10q: YHuL =
H 0 L H 0 L H 1 L

H 0 L H 0 L H 1 L

H 1 L H 1 L H 0 L

H5p10q: YHdL =
H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

HH: m = 81<

Wsing = 80<

R-parity violating terms in superpotential:

HLp: r =

0
S2,4
S2,4

10p5q5r: l = 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<

Dimension 5 operators in superpotential:

5p10q10r10s: l' = 888880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<,
88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<, 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<<

D-terms:

FI-terms: kiaki =

4 t1 t2 + 4 t1 t3 - 4 t2 t4 - 4 t3 t4
16 t1 t2 - 4 t1 t3 + 4 t2 t3 - 4 t1 t4 + 4 t2 t4 - 16 t3 t4

-4 t1 t2 + 4 t1 t3 - 4 t2 t4 + 4 t3 t4
-8 t1 t2 + 8 t3 t4

-8 t1 t2 - 4 t1 t3 - 4 t2 t3 + 4 t1 t4 + 4 t2 t4 + 8 t3 t4

singlet D-terms: qaaSaS
b
=

-S2,1 S†2,1 -S5,1 S†5,1
S2,1 S†2,1 +S2,3 S†2,3 +S2,4 S†2,4

-S2,3 S†2,3 -S5,3 S†5,3
-S2,4 S†2,4

S5,1 S†5,1 +S5,3 S†5,3

Kinetic terms:

GM term: m
è
= 80<

5p5q †: KH5L = 9981<, 9S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3==, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<=, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<==

10p10q †: KH10L = 9981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 99S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3=, 81<==

LpH†: r
`
=

9S2,4 S5,1 S†2,1, S2,4 S5,3 S†2,3=
9S2,4=
9S2,4=



bundle data: 

Z2 xZ2 models with non-zero up Yukawa rank and dim 4 proton decay operators forbidden at Abelian locus
In[52]:= l4sel = Quiet@Select@l4models, HYuRank ê. ÒL@@2DD > 0 && HDim4ProtonQ ê. ÒL@@1DD ã True &DD;

In[53]:= Length@l4selD

Out[53]= 4

In[54]:= For@i = 1, i § Length@l4selD, i++, PrintLineModel@l4sel@@iDD, OutFormat Ø "full"DD

ü Model number 1,   Identifier {7862, 4, 3}
ü Basic properties

standard model? True massless UH1L: 1 number of 5 5 pairs: 3 c2HVL = 824, 8, 20, 12<

V: HkiaL =

-1 -1 0 1 1
0 -3 1 1 1
0 2 -1 -1 0
1 2 0 -1 -2

Cohomology of V:

L2 = 8-1, -3, 2, 2< h@L2D = 80, 8, 0, 0< h@L2,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L5 = 81, 1, 0, -2< h@L5D = 80, 4, 0, 0< h@L5,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4 = 80, -2, 1, 1< h@L2µL4D = 80, 4, 0, 0< h@L2µL4,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL5 = 80, -2, 2, 0< h@L2µL5D = 80, 3, 3, 0< h@L2µL5,RD = 880, 0, 0, 0<, 80, 1, 1, 1<, 80, 1, 1, 1<, 80, 0, 0, 0<<
L4µL5 = 82, 2, -1, -3< h@L4µL5D = 80, 8, 0, 0< h@L4µL5,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L1µL2* = 80, 3, -2, -1< h@L1µL2*D = 80, 0, 12, 0< h@L1µL2*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L1µL5* = 8-2, -1, 0, 3< h@L1µL5*D = 80, 0, 12, 0< h@L1µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L2µL3* = 8-1, -4, 3, 2< h@L2µL3*D = 80, 20, 0, 0< h@L2µL3*,RD = 880, 0, 0, 0<, 85, 5, 5, 5<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4* = 8-2, -4, 3, 3< h@L2µL4*D = 80, 12, 0, 0< h@L2µL4*,RD = 880, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L3µL5* = 8-1, 0, -1, 2< h@L3µL5*D = 80, 0, 4, 0< h@L3µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<<

Wilson line: 880, 0<, 80, 1<< Equivariant structure: 880, 0<, 80, 0<, 80, 0<, 80, 0<, 80, 0<< Higgs pairs: 1

Downstairs spectrum: :2 102, 105, 52,4, 2 54,5, H2,5, H2,5, 3 S2,1, 3 S5,1, 5 S2,3, 3 S2,4, S5,3> Phys. Higgs: :H2,5, H2,5>

Transfer format: 886, 1, 1, 4, 6, 5, 9, 9, 8, 10, 1, 7, 17<, 86, 6, -1, -1, -1, -1<<

rkHYHuLL = 82, 2< rkHYHdLLL = 80, 0< dim. 4 operators absent: 8True, True< dim. 5 operators absent: 8True, True<

ü Operators
basic superpotential terms:

H10p10q: YHuL =
H 0 L H 0 L H 1 L

H 0 L H 0 L H 1 L

H 1 L H 1 L H 0 L

H5p10q: YHdL =
H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

HH: m = 81<

Wsing = 80<

R-parity violating terms in superpotential:

HLp: r =

0
S2,4
S2,4

10p5q5r: l = 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<

Dimension 5 operators in superpotential:

5p10q10r10s: l' = 888880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<,
88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<, 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<<

D-terms:

FI-terms: kiaki =

4 t1 t2 + 4 t1 t3 - 4 t2 t4 - 4 t3 t4
16 t1 t2 - 4 t1 t3 + 4 t2 t3 - 4 t1 t4 + 4 t2 t4 - 16 t3 t4

-4 t1 t2 + 4 t1 t3 - 4 t2 t4 + 4 t3 t4
-8 t1 t2 + 8 t3 t4

-8 t1 t2 - 4 t1 t3 - 4 t2 t3 + 4 t1 t4 + 4 t2 t4 + 8 t3 t4

singlet D-terms: qaaSaS
b
=

-S2,1 S†2,1 -S5,1 S†5,1
S2,1 S†2,1 +S2,3 S†2,3 +S2,4 S†2,4

-S2,3 S†2,3 -S5,3 S†5,3
-S2,4 S†2,4

S5,1 S†5,1 +S5,3 S†5,3

Kinetic terms:

GM term: m
è
= 80<

5p5q †: KH5L = 9981<, 9S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3==, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<=, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<==

10p10q †: KH10L = 9981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 99S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3=, 81<==

LpH†: r
`
=

9S2,4 S5,1 S†2,1, S2,4 S5,3 S†2,3=
9S2,4=
9S2,4=

integer matrix defining line bundle sum



bundle data: 

Z2 xZ2 models with non-zero up Yukawa rank and dim 4 proton decay operators forbidden at Abelian locus
In[52]:= l4sel = Quiet@Select@l4models, HYuRank ê. ÒL@@2DD > 0 && HDim4ProtonQ ê. ÒL@@1DD ã True &DD;

In[53]:= Length@l4selD

Out[53]= 4

In[54]:= For@i = 1, i § Length@l4selD, i++, PrintLineModel@l4sel@@iDD, OutFormat Ø "full"DD

ü Model number 1,   Identifier {7862, 4, 3}
ü Basic properties

standard model? True massless UH1L: 1 number of 5 5 pairs: 3 c2HVL = 824, 8, 20, 12<

V: HkiaL =

-1 -1 0 1 1
0 -3 1 1 1
0 2 -1 -1 0
1 2 0 -1 -2

Cohomology of V:

L2 = 8-1, -3, 2, 2< h@L2D = 80, 8, 0, 0< h@L2,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L5 = 81, 1, 0, -2< h@L5D = 80, 4, 0, 0< h@L5,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4 = 80, -2, 1, 1< h@L2µL4D = 80, 4, 0, 0< h@L2µL4,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL5 = 80, -2, 2, 0< h@L2µL5D = 80, 3, 3, 0< h@L2µL5,RD = 880, 0, 0, 0<, 80, 1, 1, 1<, 80, 1, 1, 1<, 80, 0, 0, 0<<
L4µL5 = 82, 2, -1, -3< h@L4µL5D = 80, 8, 0, 0< h@L4µL5,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L1µL2* = 80, 3, -2, -1< h@L1µL2*D = 80, 0, 12, 0< h@L1µL2*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L1µL5* = 8-2, -1, 0, 3< h@L1µL5*D = 80, 0, 12, 0< h@L1µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L2µL3* = 8-1, -4, 3, 2< h@L2µL3*D = 80, 20, 0, 0< h@L2µL3*,RD = 880, 0, 0, 0<, 85, 5, 5, 5<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4* = 8-2, -4, 3, 3< h@L2µL4*D = 80, 12, 0, 0< h@L2µL4*,RD = 880, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L3µL5* = 8-1, 0, -1, 2< h@L3µL5*D = 80, 0, 4, 0< h@L3µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<<

Wilson line: 880, 0<, 80, 1<< Equivariant structure: 880, 0<, 80, 0<, 80, 0<, 80, 0<, 80, 0<< Higgs pairs: 1

Downstairs spectrum: :2 102, 105, 52,4, 2 54,5, H2,5, H2,5, 3 S2,1, 3 S5,1, 5 S2,3, 3 S2,4, S5,3> Phys. Higgs: :H2,5, H2,5>

Transfer format: 886, 1, 1, 4, 6, 5, 9, 9, 8, 10, 1, 7, 17<, 86, 6, -1, -1, -1, -1<<

rkHYHuLL = 82, 2< rkHYHdLLL = 80, 0< dim. 4 operators absent: 8True, True< dim. 5 operators absent: 8True, True<

ü Operators
basic superpotential terms:

H10p10q: YHuL =
H 0 L H 0 L H 1 L

H 0 L H 0 L H 1 L

H 1 L H 1 L H 0 L

H5p10q: YHdL =
H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

HH: m = 81<

Wsing = 80<

R-parity violating terms in superpotential:

HLp: r =

0
S2,4
S2,4

10p5q5r: l = 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<

Dimension 5 operators in superpotential:

5p10q10r10s: l' = 888880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<,
88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<, 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<<

D-terms:

FI-terms: kiaki =

4 t1 t2 + 4 t1 t3 - 4 t2 t4 - 4 t3 t4
16 t1 t2 - 4 t1 t3 + 4 t2 t3 - 4 t1 t4 + 4 t2 t4 - 16 t3 t4

-4 t1 t2 + 4 t1 t3 - 4 t2 t4 + 4 t3 t4
-8 t1 t2 + 8 t3 t4

-8 t1 t2 - 4 t1 t3 - 4 t2 t3 + 4 t1 t4 + 4 t2 t4 + 8 t3 t4

singlet D-terms: qaaSaS
b
=

-S2,1 S†2,1 -S5,1 S†5,1
S2,1 S†2,1 +S2,3 S†2,3 +S2,4 S†2,4

-S2,3 S†2,3 -S5,3 S†5,3
-S2,4 S†2,4

S5,1 S†5,1 +S5,3 S†5,3

Kinetic terms:

GM term: m
è
= 80<

5p5q †: KH5L = 9981<, 9S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3==, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<=, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<==

10p10q †: KH10L = 9981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 99S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3=, 81<==

LpH†: r
`
=

9S2,4 S5,1 S†2,1, S2,4 S5,3 S†2,3=
9S2,4=
9S2,4=

integer matrix defining line bundle sum

spectrum: 102, 102, 105, 52,4, 54,5, 54,5

312,1, 315,1, 512,3, 312,4, 15,3

, H2,5, H̄2,5



Z2 xZ2 models with non-zero up Yukawa rank and dim 4 proton decay operators forbidden at Abelian locus
In[52]:= l4sel = Quiet@Select@l4models, HYuRank ê. ÒL@@2DD > 0 && HDim4ProtonQ ê. ÒL@@1DD ã True &DD;

In[53]:= Length@l4selD

Out[53]= 4

In[54]:= For@i = 1, i § Length@l4selD, i++, PrintLineModel@l4sel@@iDD, OutFormat Ø "full"DD

ü Model number 1,   Identifier {7862, 4, 3}
ü Basic properties

standard model? True massless UH1L: 1 number of 5 5 pairs: 3 c2HVL = 824, 8, 20, 12<

V: HkiaL =

-1 -1 0 1 1
0 -3 1 1 1
0 2 -1 -1 0
1 2 0 -1 -2

Cohomology of V:

L2 = 8-1, -3, 2, 2< h@L2D = 80, 8, 0, 0< h@L2,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L5 = 81, 1, 0, -2< h@L5D = 80, 4, 0, 0< h@L5,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4 = 80, -2, 1, 1< h@L2µL4D = 80, 4, 0, 0< h@L2µL4,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL5 = 80, -2, 2, 0< h@L2µL5D = 80, 3, 3, 0< h@L2µL5,RD = 880, 0, 0, 0<, 80, 1, 1, 1<, 80, 1, 1, 1<, 80, 0, 0, 0<<
L4µL5 = 82, 2, -1, -3< h@L4µL5D = 80, 8, 0, 0< h@L4µL5,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L1µL2* = 80, 3, -2, -1< h@L1µL2*D = 80, 0, 12, 0< h@L1µL2*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L1µL5* = 8-2, -1, 0, 3< h@L1µL5*D = 80, 0, 12, 0< h@L1µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L2µL3* = 8-1, -4, 3, 2< h@L2µL3*D = 80, 20, 0, 0< h@L2µL3*,RD = 880, 0, 0, 0<, 85, 5, 5, 5<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4* = 8-2, -4, 3, 3< h@L2µL4*D = 80, 12, 0, 0< h@L2µL4*,RD = 880, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L3µL5* = 8-1, 0, -1, 2< h@L3µL5*D = 80, 0, 4, 0< h@L3µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<<

Wilson line: 880, 0<, 80, 1<< Equivariant structure: 880, 0<, 80, 0<, 80, 0<, 80, 0<, 80, 0<< Higgs pairs: 1

Downstairs spectrum: :2 102, 105, 52,4, 2 54,5, H2,5, H2,5, 3 S2,1, 3 S5,1, 5 S2,3, 3 S2,4, S5,3> Phys. Higgs: :H2,5, H2,5>

Transfer format: 886, 1, 1, 4, 6, 5, 9, 9, 8, 10, 1, 7, 17<, 86, 6, -1, -1, -1, -1<<

rkHYHuLL = 82, 2< rkHYHdLLL = 80, 0< dim. 4 operators absent: 8True, True< dim. 5 operators absent: 8True, True<

ü Operators
basic superpotential terms:

H10p10q: YHuL =
H 0 L H 0 L H 1 L

H 0 L H 0 L H 1 L

H 1 L H 1 L H 0 L

H5p10q: YHdL =
H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

HH: m = 81<

Wsing = 80<

R-parity violating terms in superpotential:

HLp: r =

0
S2,4
S2,4

10p5q5r: l = 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<

Dimension 5 operators in superpotential:

5p10q10r10s: l' = 888880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<,
88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<, 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<<

D-terms:

FI-terms: kiaki =

4 t1 t2 + 4 t1 t3 - 4 t2 t4 - 4 t3 t4
16 t1 t2 - 4 t1 t3 + 4 t2 t3 - 4 t1 t4 + 4 t2 t4 - 16 t3 t4

-4 t1 t2 + 4 t1 t3 - 4 t2 t4 + 4 t3 t4
-8 t1 t2 + 8 t3 t4

-8 t1 t2 - 4 t1 t3 - 4 t2 t3 + 4 t1 t4 + 4 t2 t4 + 8 t3 t4

singlet D-terms: qaaSaS
b
=

-S2,1 S†2,1 -S5,1 S†5,1
S2,1 S†2,1 +S2,3 S†2,3 +S2,4 S†2,4

-S2,3 S†2,3 -S5,3 S†5,3
-S2,4 S†2,4

S5,1 S†5,1 +S5,3 S†5,3

Kinetic terms:

GM term: m
è
= 80<

5p5q †: KH5L = 9981<, 9S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3==, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<=, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<==

10p10q †: KH10L = 9981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 99S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3=, 81<==

LpH†: r
`
=

9S2,4 S5,1 S†2,1, S2,4 S5,3 S†2,3=
9S2,4=
9S2,4=

allowed operators: 



Z2 xZ2 models with non-zero up Yukawa rank and dim 4 proton decay operators forbidden at Abelian locus
In[52]:= l4sel = Quiet@Select@l4models, HYuRank ê. ÒL@@2DD > 0 && HDim4ProtonQ ê. ÒL@@1DD ã True &DD;

In[53]:= Length@l4selD

Out[53]= 4

In[54]:= For@i = 1, i § Length@l4selD, i++, PrintLineModel@l4sel@@iDD, OutFormat Ø "full"DD

ü Model number 1,   Identifier {7862, 4, 3}
ü Basic properties

standard model? True massless UH1L: 1 number of 5 5 pairs: 3 c2HVL = 824, 8, 20, 12<

V: HkiaL =

-1 -1 0 1 1
0 -3 1 1 1
0 2 -1 -1 0
1 2 0 -1 -2

Cohomology of V:

L2 = 8-1, -3, 2, 2< h@L2D = 80, 8, 0, 0< h@L2,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L5 = 81, 1, 0, -2< h@L5D = 80, 4, 0, 0< h@L5,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4 = 80, -2, 1, 1< h@L2µL4D = 80, 4, 0, 0< h@L2µL4,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL5 = 80, -2, 2, 0< h@L2µL5D = 80, 3, 3, 0< h@L2µL5,RD = 880, 0, 0, 0<, 80, 1, 1, 1<, 80, 1, 1, 1<, 80, 0, 0, 0<<
L4µL5 = 82, 2, -1, -3< h@L4µL5D = 80, 8, 0, 0< h@L4µL5,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L1µL2* = 80, 3, -2, -1< h@L1µL2*D = 80, 0, 12, 0< h@L1µL2*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L1µL5* = 8-2, -1, 0, 3< h@L1µL5*D = 80, 0, 12, 0< h@L1µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L2µL3* = 8-1, -4, 3, 2< h@L2µL3*D = 80, 20, 0, 0< h@L2µL3*,RD = 880, 0, 0, 0<, 85, 5, 5, 5<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4* = 8-2, -4, 3, 3< h@L2µL4*D = 80, 12, 0, 0< h@L2µL4*,RD = 880, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L3µL5* = 8-1, 0, -1, 2< h@L3µL5*D = 80, 0, 4, 0< h@L3µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<<

Wilson line: 880, 0<, 80, 1<< Equivariant structure: 880, 0<, 80, 0<, 80, 0<, 80, 0<, 80, 0<< Higgs pairs: 1

Downstairs spectrum: :2 102, 105, 52,4, 2 54,5, H2,5, H2,5, 3 S2,1, 3 S5,1, 5 S2,3, 3 S2,4, S5,3> Phys. Higgs: :H2,5, H2,5>

Transfer format: 886, 1, 1, 4, 6, 5, 9, 9, 8, 10, 1, 7, 17<, 86, 6, -1, -1, -1, -1<<

rkHYHuLL = 82, 2< rkHYHdLLL = 80, 0< dim. 4 operators absent: 8True, True< dim. 5 operators absent: 8True, True<

ü Operators
basic superpotential terms:

H10p10q: YHuL =
H 0 L H 0 L H 1 L

H 0 L H 0 L H 1 L

H 1 L H 1 L H 0 L

H5p10q: YHdL =
H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

HH: m = 81<

Wsing = 80<

R-parity violating terms in superpotential:

HLp: r =

0
S2,4
S2,4

10p5q5r: l = 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<

Dimension 5 operators in superpotential:

5p10q10r10s: l' = 888880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<,
88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<, 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<<

D-terms:

FI-terms: kiaki =

4 t1 t2 + 4 t1 t3 - 4 t2 t4 - 4 t3 t4
16 t1 t2 - 4 t1 t3 + 4 t2 t3 - 4 t1 t4 + 4 t2 t4 - 16 t3 t4

-4 t1 t2 + 4 t1 t3 - 4 t2 t4 + 4 t3 t4
-8 t1 t2 + 8 t3 t4

-8 t1 t2 - 4 t1 t3 - 4 t2 t3 + 4 t1 t4 + 4 t2 t4 + 8 t3 t4

singlet D-terms: qaaSaS
b
=

-S2,1 S†2,1 -S5,1 S†5,1
S2,1 S†2,1 +S2,3 S†2,3 +S2,4 S†2,4

-S2,3 S†2,3 -S5,3 S†5,3
-S2,4 S†2,4

S5,1 S†5,1 +S5,3 S†5,3

Kinetic terms:

GM term: m
è
= 80<

5p5q †: KH5L = 9981<, 9S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3==, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<=, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<==

10p10q †: KH10L = 9981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 99S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3=, 81<==

LpH†: r
`
=

9S2,4 S5,1 S†2,1, S2,4 S5,3 S†2,3=
9S2,4=
9S2,4=

rank 2 

allowed operators: 



Z2 xZ2 models with non-zero up Yukawa rank and dim 4 proton decay operators forbidden at Abelian locus
In[52]:= l4sel = Quiet@Select@l4models, HYuRank ê. ÒL@@2DD > 0 && HDim4ProtonQ ê. ÒL@@1DD ã True &DD;

In[53]:= Length@l4selD

Out[53]= 4

In[54]:= For@i = 1, i § Length@l4selD, i++, PrintLineModel@l4sel@@iDD, OutFormat Ø "full"DD

ü Model number 1,   Identifier {7862, 4, 3}
ü Basic properties

standard model? True massless UH1L: 1 number of 5 5 pairs: 3 c2HVL = 824, 8, 20, 12<

V: HkiaL =

-1 -1 0 1 1
0 -3 1 1 1
0 2 -1 -1 0
1 2 0 -1 -2

Cohomology of V:

L2 = 8-1, -3, 2, 2< h@L2D = 80, 8, 0, 0< h@L2,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L5 = 81, 1, 0, -2< h@L5D = 80, 4, 0, 0< h@L5,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4 = 80, -2, 1, 1< h@L2µL4D = 80, 4, 0, 0< h@L2µL4,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL5 = 80, -2, 2, 0< h@L2µL5D = 80, 3, 3, 0< h@L2µL5,RD = 880, 0, 0, 0<, 80, 1, 1, 1<, 80, 1, 1, 1<, 80, 0, 0, 0<<
L4µL5 = 82, 2, -1, -3< h@L4µL5D = 80, 8, 0, 0< h@L4µL5,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L1µL2* = 80, 3, -2, -1< h@L1µL2*D = 80, 0, 12, 0< h@L1µL2*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L1µL5* = 8-2, -1, 0, 3< h@L1µL5*D = 80, 0, 12, 0< h@L1µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L2µL3* = 8-1, -4, 3, 2< h@L2µL3*D = 80, 20, 0, 0< h@L2µL3*,RD = 880, 0, 0, 0<, 85, 5, 5, 5<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4* = 8-2, -4, 3, 3< h@L2µL4*D = 80, 12, 0, 0< h@L2µL4*,RD = 880, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L3µL5* = 8-1, 0, -1, 2< h@L3µL5*D = 80, 0, 4, 0< h@L3µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<<

Wilson line: 880, 0<, 80, 1<< Equivariant structure: 880, 0<, 80, 0<, 80, 0<, 80, 0<, 80, 0<< Higgs pairs: 1

Downstairs spectrum: :2 102, 105, 52,4, 2 54,5, H2,5, H2,5, 3 S2,1, 3 S5,1, 5 S2,3, 3 S2,4, S5,3> Phys. Higgs: :H2,5, H2,5>

Transfer format: 886, 1, 1, 4, 6, 5, 9, 9, 8, 10, 1, 7, 17<, 86, 6, -1, -1, -1, -1<<

rkHYHuLL = 82, 2< rkHYHdLLL = 80, 0< dim. 4 operators absent: 8True, True< dim. 5 operators absent: 8True, True<

ü Operators
basic superpotential terms:

H10p10q: YHuL =
H 0 L H 0 L H 1 L

H 0 L H 0 L H 1 L

H 1 L H 1 L H 0 L

H5p10q: YHdL =
H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

HH: m = 81<

Wsing = 80<

R-parity violating terms in superpotential:

HLp: r =

0
S2,4
S2,4

10p5q5r: l = 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<

Dimension 5 operators in superpotential:

5p10q10r10s: l' = 888880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<,
88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<, 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<<

D-terms:

FI-terms: kiaki =

4 t1 t2 + 4 t1 t3 - 4 t2 t4 - 4 t3 t4
16 t1 t2 - 4 t1 t3 + 4 t2 t3 - 4 t1 t4 + 4 t2 t4 - 16 t3 t4

-4 t1 t2 + 4 t1 t3 - 4 t2 t4 + 4 t3 t4
-8 t1 t2 + 8 t3 t4

-8 t1 t2 - 4 t1 t3 - 4 t2 t3 + 4 t1 t4 + 4 t2 t4 + 8 t3 t4

singlet D-terms: qaaSaS
b
=

-S2,1 S†2,1 -S5,1 S†5,1
S2,1 S†2,1 +S2,3 S†2,3 +S2,4 S†2,4

-S2,3 S†2,3 -S5,3 S†5,3
-S2,4 S†2,4

S5,1 S†5,1 +S5,3 S†5,3

Kinetic terms:

GM term: m
è
= 80<

5p5q †: KH5L = 9981<, 9S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3==, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<=, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<==

10p10q †: KH10L = 9981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 99S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3=, 81<==

LpH†: r
`
=

9S2,4 S5,1 S†2,1, S2,4 S5,3 S†2,3=
9S2,4=
9S2,4=

rank 2 

rank 0 

allowed operators: 



Z2 xZ2 models with non-zero up Yukawa rank and dim 4 proton decay operators forbidden at Abelian locus
In[52]:= l4sel = Quiet@Select@l4models, HYuRank ê. ÒL@@2DD > 0 && HDim4ProtonQ ê. ÒL@@1DD ã True &DD;

In[53]:= Length@l4selD

Out[53]= 4

In[54]:= For@i = 1, i § Length@l4selD, i++, PrintLineModel@l4sel@@iDD, OutFormat Ø "full"DD

ü Model number 1,   Identifier {7862, 4, 3}
ü Basic properties

standard model? True massless UH1L: 1 number of 5 5 pairs: 3 c2HVL = 824, 8, 20, 12<

V: HkiaL =

-1 -1 0 1 1
0 -3 1 1 1
0 2 -1 -1 0
1 2 0 -1 -2

Cohomology of V:

L2 = 8-1, -3, 2, 2< h@L2D = 80, 8, 0, 0< h@L2,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L5 = 81, 1, 0, -2< h@L5D = 80, 4, 0, 0< h@L5,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4 = 80, -2, 1, 1< h@L2µL4D = 80, 4, 0, 0< h@L2µL4,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL5 = 80, -2, 2, 0< h@L2µL5D = 80, 3, 3, 0< h@L2µL5,RD = 880, 0, 0, 0<, 80, 1, 1, 1<, 80, 1, 1, 1<, 80, 0, 0, 0<<
L4µL5 = 82, 2, -1, -3< h@L4µL5D = 80, 8, 0, 0< h@L4µL5,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L1µL2* = 80, 3, -2, -1< h@L1µL2*D = 80, 0, 12, 0< h@L1µL2*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L1µL5* = 8-2, -1, 0, 3< h@L1µL5*D = 80, 0, 12, 0< h@L1µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L2µL3* = 8-1, -4, 3, 2< h@L2µL3*D = 80, 20, 0, 0< h@L2µL3*,RD = 880, 0, 0, 0<, 85, 5, 5, 5<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4* = 8-2, -4, 3, 3< h@L2µL4*D = 80, 12, 0, 0< h@L2µL4*,RD = 880, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L3µL5* = 8-1, 0, -1, 2< h@L3µL5*D = 80, 0, 4, 0< h@L3µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<<

Wilson line: 880, 0<, 80, 1<< Equivariant structure: 880, 0<, 80, 0<, 80, 0<, 80, 0<, 80, 0<< Higgs pairs: 1

Downstairs spectrum: :2 102, 105, 52,4, 2 54,5, H2,5, H2,5, 3 S2,1, 3 S5,1, 5 S2,3, 3 S2,4, S5,3> Phys. Higgs: :H2,5, H2,5>

Transfer format: 886, 1, 1, 4, 6, 5, 9, 9, 8, 10, 1, 7, 17<, 86, 6, -1, -1, -1, -1<<

rkHYHuLL = 82, 2< rkHYHdLLL = 80, 0< dim. 4 operators absent: 8True, True< dim. 5 operators absent: 8True, True<

ü Operators
basic superpotential terms:

H10p10q: YHuL =
H 0 L H 0 L H 1 L

H 0 L H 0 L H 1 L

H 1 L H 1 L H 0 L

H5p10q: YHdL =
H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

HH: m = 81<

Wsing = 80<

R-parity violating terms in superpotential:

HLp: r =

0
S2,4
S2,4

10p5q5r: l = 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<

Dimension 5 operators in superpotential:

5p10q10r10s: l' = 888880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<,
88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<, 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<<

D-terms:

FI-terms: kiaki =

4 t1 t2 + 4 t1 t3 - 4 t2 t4 - 4 t3 t4
16 t1 t2 - 4 t1 t3 + 4 t2 t3 - 4 t1 t4 + 4 t2 t4 - 16 t3 t4

-4 t1 t2 + 4 t1 t3 - 4 t2 t4 + 4 t3 t4
-8 t1 t2 + 8 t3 t4

-8 t1 t2 - 4 t1 t3 - 4 t2 t3 + 4 t1 t4 + 4 t2 t4 + 8 t3 t4

singlet D-terms: qaaSaS
b
=

-S2,1 S†2,1 -S5,1 S†5,1
S2,1 S†2,1 +S2,3 S†2,3 +S2,4 S†2,4

-S2,3 S†2,3 -S5,3 S†5,3
-S2,4 S†2,4

S5,1 S†5,1 +S5,3 S†5,3

Kinetic terms:

GM term: m
è
= 80<

5p5q †: KH5L = 9981<, 9S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3==, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<=, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<==

10p10q †: KH10L = 9981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 99S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3=, 81<==

LpH†: r
`
=

9S2,4 S5,1 S†2,1, S2,4 S5,3 S†2,3=
9S2,4=
9S2,4=

rank 2 

rank 0 
µ-term vanishes

allowed operators: 



Z2 xZ2 models with non-zero up Yukawa rank and dim 4 proton decay operators forbidden at Abelian locus
In[52]:= l4sel = Quiet@Select@l4models, HYuRank ê. ÒL@@2DD > 0 && HDim4ProtonQ ê. ÒL@@1DD ã True &DD;

In[53]:= Length@l4selD

Out[53]= 4

In[54]:= For@i = 1, i § Length@l4selD, i++, PrintLineModel@l4sel@@iDD, OutFormat Ø "full"DD

ü Model number 1,   Identifier {7862, 4, 3}
ü Basic properties

standard model? True massless UH1L: 1 number of 5 5 pairs: 3 c2HVL = 824, 8, 20, 12<

V: HkiaL =

-1 -1 0 1 1
0 -3 1 1 1
0 2 -1 -1 0
1 2 0 -1 -2

Cohomology of V:

L2 = 8-1, -3, 2, 2< h@L2D = 80, 8, 0, 0< h@L2,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L5 = 81, 1, 0, -2< h@L5D = 80, 4, 0, 0< h@L5,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4 = 80, -2, 1, 1< h@L2µL4D = 80, 4, 0, 0< h@L2µL4,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL5 = 80, -2, 2, 0< h@L2µL5D = 80, 3, 3, 0< h@L2µL5,RD = 880, 0, 0, 0<, 80, 1, 1, 1<, 80, 1, 1, 1<, 80, 0, 0, 0<<
L4µL5 = 82, 2, -1, -3< h@L4µL5D = 80, 8, 0, 0< h@L4µL5,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L1µL2* = 80, 3, -2, -1< h@L1µL2*D = 80, 0, 12, 0< h@L1µL2*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L1µL5* = 8-2, -1, 0, 3< h@L1µL5*D = 80, 0, 12, 0< h@L1µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L2µL3* = 8-1, -4, 3, 2< h@L2µL3*D = 80, 20, 0, 0< h@L2µL3*,RD = 880, 0, 0, 0<, 85, 5, 5, 5<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4* = 8-2, -4, 3, 3< h@L2µL4*D = 80, 12, 0, 0< h@L2µL4*,RD = 880, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L3µL5* = 8-1, 0, -1, 2< h@L3µL5*D = 80, 0, 4, 0< h@L3µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<<

Wilson line: 880, 0<, 80, 1<< Equivariant structure: 880, 0<, 80, 0<, 80, 0<, 80, 0<, 80, 0<< Higgs pairs: 1

Downstairs spectrum: :2 102, 105, 52,4, 2 54,5, H2,5, H2,5, 3 S2,1, 3 S5,1, 5 S2,3, 3 S2,4, S5,3> Phys. Higgs: :H2,5, H2,5>

Transfer format: 886, 1, 1, 4, 6, 5, 9, 9, 8, 10, 1, 7, 17<, 86, 6, -1, -1, -1, -1<<

rkHYHuLL = 82, 2< rkHYHdLLL = 80, 0< dim. 4 operators absent: 8True, True< dim. 5 operators absent: 8True, True<

ü Operators
basic superpotential terms:

H10p10q: YHuL =
H 0 L H 0 L H 1 L

H 0 L H 0 L H 1 L

H 1 L H 1 L H 0 L

H5p10q: YHdL =
H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

HH: m = 81<

Wsing = 80<

R-parity violating terms in superpotential:

HLp: r =

0
S2,4
S2,4

10p5q5r: l = 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<

Dimension 5 operators in superpotential:

5p10q10r10s: l' = 888880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<,
88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<, 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<<

D-terms:

FI-terms: kiaki =

4 t1 t2 + 4 t1 t3 - 4 t2 t4 - 4 t3 t4
16 t1 t2 - 4 t1 t3 + 4 t2 t3 - 4 t1 t4 + 4 t2 t4 - 16 t3 t4

-4 t1 t2 + 4 t1 t3 - 4 t2 t4 + 4 t3 t4
-8 t1 t2 + 8 t3 t4

-8 t1 t2 - 4 t1 t3 - 4 t2 t3 + 4 t1 t4 + 4 t2 t4 + 8 t3 t4

singlet D-terms: qaaSaS
b
=

-S2,1 S†2,1 -S5,1 S†5,1
S2,1 S†2,1 +S2,3 S†2,3 +S2,4 S†2,4

-S2,3 S†2,3 -S5,3 S†5,3
-S2,4 S†2,4

S5,1 S†5,1 +S5,3 S†5,3

Kinetic terms:

GM term: m
è
= 80<

5p5q †: KH5L = 9981<, 9S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3==, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<=, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<==

10p10q †: KH10L = 9981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 99S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3=, 81<==

LpH†: r
`
=

9S2,4 S5,1 S†2,1, S2,4 S5,3 S†2,3=
9S2,4=
9S2,4=

rank 2 

rank 0 
µ-term vanishes

zero for            , non-zero otherwise h12,4i = 0

allowed operators: 



Z2 xZ2 models with non-zero up Yukawa rank and dim 4 proton decay operators forbidden at Abelian locus
In[52]:= l4sel = Quiet@Select@l4models, HYuRank ê. ÒL@@2DD > 0 && HDim4ProtonQ ê. ÒL@@1DD ã True &DD;

In[53]:= Length@l4selD

Out[53]= 4

In[54]:= For@i = 1, i § Length@l4selD, i++, PrintLineModel@l4sel@@iDD, OutFormat Ø "full"DD

ü Model number 1,   Identifier {7862, 4, 3}
ü Basic properties

standard model? True massless UH1L: 1 number of 5 5 pairs: 3 c2HVL = 824, 8, 20, 12<

V: HkiaL =

-1 -1 0 1 1
0 -3 1 1 1
0 2 -1 -1 0
1 2 0 -1 -2

Cohomology of V:

L2 = 8-1, -3, 2, 2< h@L2D = 80, 8, 0, 0< h@L2,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L5 = 81, 1, 0, -2< h@L5D = 80, 4, 0, 0< h@L5,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4 = 80, -2, 1, 1< h@L2µL4D = 80, 4, 0, 0< h@L2µL4,RD = 880, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL5 = 80, -2, 2, 0< h@L2µL5D = 80, 3, 3, 0< h@L2µL5,RD = 880, 0, 0, 0<, 80, 1, 1, 1<, 80, 1, 1, 1<, 80, 0, 0, 0<<
L4µL5 = 82, 2, -1, -3< h@L4µL5D = 80, 8, 0, 0< h@L4µL5,RD = 880, 0, 0, 0<, 82, 2, 2, 2<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L1µL2* = 80, 3, -2, -1< h@L1µL2*D = 80, 0, 12, 0< h@L1µL2*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L1µL5* = 8-2, -1, 0, 3< h@L1µL5*D = 80, 0, 12, 0< h@L1µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<<
L2µL3* = 8-1, -4, 3, 2< h@L2µL3*D = 80, 20, 0, 0< h@L2µL3*,RD = 880, 0, 0, 0<, 85, 5, 5, 5<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L2µL4* = 8-2, -4, 3, 3< h@L2µL4*D = 80, 12, 0, 0< h@L2µL4*,RD = 880, 0, 0, 0<, 83, 3, 3, 3<, 80, 0, 0, 0<, 80, 0, 0, 0<<
L3µL5* = 8-1, 0, -1, 2< h@L3µL5*D = 80, 0, 4, 0< h@L3µL5*,RD = 880, 0, 0, 0<, 80, 0, 0, 0<, 81, 1, 1, 1<, 80, 0, 0, 0<<

Wilson line: 880, 0<, 80, 1<< Equivariant structure: 880, 0<, 80, 0<, 80, 0<, 80, 0<, 80, 0<< Higgs pairs: 1

Downstairs spectrum: :2 102, 105, 52,4, 2 54,5, H2,5, H2,5, 3 S2,1, 3 S5,1, 5 S2,3, 3 S2,4, S5,3> Phys. Higgs: :H2,5, H2,5>

Transfer format: 886, 1, 1, 4, 6, 5, 9, 9, 8, 10, 1, 7, 17<, 86, 6, -1, -1, -1, -1<<

rkHYHuLL = 82, 2< rkHYHdLLL = 80, 0< dim. 4 operators absent: 8True, True< dim. 5 operators absent: 8True, True<

ü Operators
basic superpotential terms:

H10p10q: YHuL =
H 0 L H 0 L H 1 L

H 0 L H 0 L H 1 L

H 1 L H 1 L H 0 L

H5p10q: YHdL =
H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

H 0 L H 0 L H 0 L

HH: m = 81<

Wsing = 80<

R-parity violating terms in superpotential:

HLp: r =

0
S2,4
S2,4

10p5q5r: l = 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<

Dimension 5 operators in superpotential:

5p10q10r10s: l' = 888880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<,
88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<, 88880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<, 8880<, 80<, 80<<, 880<, 80<, 80<<, 880<, 80<, 80<<<<<

D-terms:

FI-terms: kiaki =

4 t1 t2 + 4 t1 t3 - 4 t2 t4 - 4 t3 t4
16 t1 t2 - 4 t1 t3 + 4 t2 t3 - 4 t1 t4 + 4 t2 t4 - 16 t3 t4

-4 t1 t2 + 4 t1 t3 - 4 t2 t4 + 4 t3 t4
-8 t1 t2 + 8 t3 t4

-8 t1 t2 - 4 t1 t3 - 4 t2 t3 + 4 t1 t4 + 4 t2 t4 + 8 t3 t4

singlet D-terms: qaaSaS
b
=

-S2,1 S†2,1 -S5,1 S†5,1
S2,1 S†2,1 +S2,3 S†2,3 +S2,4 S†2,4

-S2,3 S†2,3 -S5,3 S†5,3
-S2,4 S†2,4

S5,1 S†5,1 +S5,3 S†5,3

Kinetic terms:

GM term: m
è
= 80<

5p5q †: KH5L = 9981<, 9S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3==, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<=, 99S5,1 S†2,1, S5,3 S†2,3=, 81<, 81<==

10p10q †: KH10L = 9981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 981<, 81<, 9S5,1 S†2,1, S5,3 S†2,3==, 99S2,1 S†5,1, S2,3 S†5,3=, 9S2,1 S†5,1, S2,3 S†5,3=, 81<==

LpH†: r
`
=

9S2,4 S5,1 S†2,1, S2,4 S5,3 S†2,3=
9S2,4=
9S2,4=

rank 2 

rank 0 
µ-term vanishes

zero for            , non-zero otherwise h12,4i = 0

proton

stable 

allowed operators: 



What about more detailed properties, i.e. Yukawa couplings?



Yukawa couplings

Holomorphic Yukawa couplings:

�(⌫1, ⌫2, ⌫3) =

Z

X
⌦ ^ ⌫1 ^ ⌫2 ^ ⌫3 ⌫i 2 H1(X,Ei)



Yukawa couplings

Holomorphic Yukawa couplings:

�(⌫1, ⌫2, ⌫3) =

Z

X
⌦ ^ ⌫1 ^ ⌫2 ^ ⌫3 ⌫i 2 H1(X,Ei)

�(⌫1 + @̄E1a1, ⌫2 + @̄E2a2, ⌫3 + @̄E3a3) = �(⌫1, ⌫2, ⌫3)

Holomorphic Yukawa couplings are independent of representative:

Can be computed without knowing Ricci-flat metric



Yukawa couplings

Holomorphic Yukawa couplings:

�(⌫1, ⌫2, ⌫3) =

Z

X
⌦ ^ ⌫1 ^ ⌫2 ^ ⌫3 ⌫i 2 H1(X,Ei)
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This holds for any symmetry   and all types of Yukawa couplings. �
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Example: up-Yukawa couplings on tetra-quadric

where µ(P,Q,R) is defined by Eq. (111). Then we write down the homogeneous versions of the polynomials

P̃ = p0x3,0 + p1x3,1 , Q̃ = q0x4,0 + q1x4,1 , R̃ = r0x̄3,0x̄4,0 + r1x̄4,0x̄3,1 + r2x̄3,0x̄4,1 + r3x̄3,1x̄4,1 . (120)

and work out

µ(P,Q,R) =
�
p0@̄3,0 + p1@̄3,1

� �
q0@̄4,0 + q1@̄4,1

�
(r0x̄3,0x̄4,0 + r1x̄4,0x̄3,1 + r2x̄3,0x̄4,1 + r3x̄3,1x̄4,1) (121)

= p0q0r0 + p0q1r2 + p1q0r1 + p1q1r3 (122)

which indeed coincides with the result from the integral calculation (118).

9.2 Example 2: The B � L standard model

This is an SU(5) model based on the five line bundles

L1 = OX(�1, 0, 0, 1) , L2 = OX(�1,�3, 2, 2) , L3 = OX(0, 1,�1, 0)

L4 = OX(1, 1,�1,�1) , L5 = OX(1, 1, 0,�2) (123)

which was analysed in Ref. [11]. Upon taking an appropriate quotient with a Z2 ⇥ Z2 symmetry of the tetra-
quadric, this model gives rise to a standard model. Its non-Abelian structure away from the line bundle locus
can also be studied to some extent.

I would like to consider Yukawa couplings for this model, for now computed in the SU(5) GUT theory. The
relevant line bundles, which give rise to multiplets which can form SU(5)⇥S(U(1)5) invariant Yukawa couplings
are

K1 = L⇤
2 ⌦ L⇤

5 3 5

H
2,5 ⌫̂1 = �2

3 Q(0,2,�2,0)dz̄3
K2 = L5 4 102 ⌫̂2 = �2

4 R(1,1,0,�2)dz̄4
K3 = L2 8 105 !̂ = �3

1 �5
2 S(�3,�5,0,0)dz̄1 ^ dz̄2 .

(124)

The three types of polynomials involved can be explicitly written as

Q = q0 + q1z2 + q2z
2
2 (125)

R = r0 + r1z1 + r2z2 + r3z1z2 (126)

S = s0 + s1z̄2 + s2z̄
2
2 + s3z̄

3
2 + s4z̄1 + s5z̄1z̄2 + s6z̄1z̄

2
2 + s7z̄1z̄

3
2 . (127)

Note that they carry 3, 4 and 8 degrees of freedom, respectively, as required to describe the correct number of
multiplets.

For the explicit calculation, we have

�(Q,R, S) =
1

⇡

Z

C4

QRS

31
5
2

2
3

2
4

d4z d4z̄ . (128)

Multiplying the polynomials and discarding “non-matching” terms gives

QRS = q0r0s0 + q0r1s4|z1|2 + q0r2s1|z2|2 + q0r3s5|z1|2|z2|2 + q1r0s1|z2|2 + (129)

q1r1s5|z1|2|z2|2 + q1r2s2|z2|4 + q1r3s6|z1|2|z2|4 + q2r0s2|z2|2 + q2r1s6|z1|2|z2|4 + (130)

q2r2s3|z2|6 + q2r3s7|z2|6 + non-matching terms (131)

18

Relevant line bundles for up-Yukawa coupling:
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Inserting this into the above integral and using I2,0 = 1, I3,0 = 1/2, I5,0 = 1/4, I3,1 = 1/2, I5,1 = 1/12,
I5,2 = 1/12, I5,3 = 1/4 this results in

�(Q,R, S) =
2⇡3

3
[3q0r0s0 + 3q0r1s4 + q0r2s1 + q0r3s5 + q1r0s1 + q1r1s5+

q1r2s2 + q1r3s6 + q2r0s2 + q2r1s6 + 3q2r2s3 + 3q2r3s7] (132)

For the algebraic calculation, we have from Eq. (113) with c = 1/48 that

�(Q,R, S) =
⇡3

3
µ(Q,R, S) . (133)

If we write the homogeneous coordinates for z1 as (x0, x1) and the homogeneous coordinates for z2 as (y0, y1)
then the homogeneous versions of the polynomials Q, R, S read

Q̃ = q0y
2
0 + q1y0y1 + q2y

2
1 (134)

R̃ = r0x0y0 + r1x1y0 + r2x0y1 + r3x1y1 (135)

S̃ = s0x0y
3
0 + s1x0y

2
0y1 + s2x0y0y

2
1 + s3x0y

3
1 + s4x1y

3
0 + s5x1y

2
0y1 + s6x1y0y

2
1 + s7x1y

3
1 (136)

Then, converting everything to holomorphic coordinates for simplicity of notation, we have

µ(Q,R, S) =
�
q0@

2
y0 + q1@y0@y1 + q2@

2
y1

�
(r0@x0@y0 + r1@x1@y0 + r2@x0@y1 + r3@x1@y1)�

s0x0y
3
0 + s1x0y

2
0y1 + s2x0y0y

2
1 + s3x0y

3
1 + s4x1y

3
0 + s5x1y

2
0y1 + s6x1y0y

2
1 + s7x1y

3
1

�
(137)

= 2 [3q0r0s0 + 3q0r1s4 + q0r2s1 + q0r3s5 + q1r0s1 + q1r1s5+

q1r2s2 + q1r3s6 + q2r0s2 + q2r1s6 + 3q2r2s3 + 3q2r3s7] . (138)

Inserted into the relation (133) this gives the same Yukawa couplings as the explicit calculation (132).

These results are quite complicated due to the large number of multiplets. To simplify matters, it is useful
to consider the actual standard model, obtained after dividing by a � = Z2⇥Z2 symmetry. The two generators
of this symmetry are

g1 =

✓
1 0
0 �1

◆
, g2 =

✓
0 1
1 0

◆
. (139)

and these matrices act simultaneously on all four pairs of homogeneous coordinates. I denote Z2 ⇥Z2 represen-
tations by a pair of charges, (q1, q2), where qi 2 {0, 1}. A Wilson line can be defined by two � representations
�2 and �3, satisfying �2

2⌦�3
3 = 1. For the present model they are chosen as �2 = (0, 1) and �3 = (0, 0) with the

trivial equivariant structure for all line bundles. The relevant GUT multiplets branch as 5H ! (T̄ , H̄) (where T̄
is the Higgs triplet, to be projected out) and 10 ! (Q, u, e). These standard model multiplets carry the Wilson
line charges

�H̄ = �2 = (0, 1) �T̄ = �3 = (0, 0) �Q = �2 ⌦ �3 = (0, 1)
�u = �3 ⌦ �3 = (0, 0) �L = �⇤

2 = (0, 1) �d = �⇤
3 = (0, 0)

(140)

To discuss the symmetry properties of our GUT multiplets it is first helpful to write down the various di↵erential
forms in terms of homogeneous coordinates:

⌫̂1 = ��2
3 Q̃(0,2,�2,0)µ̄3 (141)

⌫̂2 = ��2
4 R̃(1,1,0,�2)µ̄4 (142)

!̂ = ��3
1 ��5

2 S̃(�3,�5,0,0)µ̄1 ^ µ̄2 , (143)
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where µ(P,Q,R) is defined by Eq. (111). Then we write down the homogeneous versions of the polynomials

P̃ = p0x3,0 + p1x3,1 , Q̃ = q0x4,0 + q1x4,1 , R̃ = r0x̄3,0x̄4,0 + r1x̄4,0x̄3,1 + r2x̄3,0x̄4,1 + r3x̄3,1x̄4,1 . (120)

and work out

µ(P,Q,R) =
�
p0@̄3,0 + p1@̄3,1

� �
q0@̄4,0 + q1@̄4,1

�
(r0x̄3,0x̄4,0 + r1x̄4,0x̄3,1 + r2x̄3,0x̄4,1 + r3x̄3,1x̄4,1) (121)

= p0q0r0 + p0q1r2 + p1q0r1 + p1q1r3 (122)

which indeed coincides with the result from the integral calculation (118).

9.2 Example 2: The B � L standard model

This is an SU(5) model based on the five line bundles

L1 = OX(�1, 0, 0, 1) , L2 = OX(�1,�3, 2, 2) , L3 = OX(0, 1,�1, 0)

L4 = OX(1, 1,�1,�1) , L5 = OX(1, 1, 0,�2) (123)

which was analysed in Ref. [11]. Upon taking an appropriate quotient with a Z2 ⇥ Z2 symmetry of the tetra-
quadric, this model gives rise to a standard model. Its non-Abelian structure away from the line bundle locus
can also be studied to some extent.

I would like to consider Yukawa couplings for this model, for now computed in the SU(5) GUT theory. The
relevant line bundles, which give rise to multiplets which can form SU(5)⇥S(U(1)5) invariant Yukawa couplings
are

K1 = L⇤
2 ⌦ L⇤

5 3 5

H
2,5 ⌫̂1 = �2

3 Q(0,2,�2,0)dz̄3
K2 = L5 4 102 ⌫̂2 = �2

4 R(1,1,0,�2)dz̄4
K3 = L2 8 105 !̂ = �3

1 �5
2 S(�3,�5,0,0)dz̄1 ^ dz̄2 .

(124)

The three types of polynomials involved can be explicitly written as

Q = q0 + q1z2 + q2z
2
2 (125)

R = r0 + r1z1 + r2z2 + r3z1z2 (126)

S = s0 + s1z̄2 + s2z̄
2
2 + s3z̄

3
2 + s4z̄1 + s5z̄1z̄2 + s6z̄1z̄

2
2 + s7z̄1z̄

3
2 . (127)

Note that they carry 3, 4 and 8 degrees of freedom, respectively, as required to describe the correct number of
multiplets.

For the explicit calculation, we have

�(Q,R, S) =
1

⇡

Z

C4

QRS

31
5
2

2
3

2
4

d4z d4z̄ . (128)

Multiplying the polynomials and discarding “non-matching” terms gives

QRS = q0r0s0 + q0r1s4|z1|2 + q0r2s1|z2|2 + q0r3s5|z1|2|z2|2 + q1r0s1|z2|2 + (129)
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�2 and �3, satisfying �2
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3 = 1. For the present model they are chosen as �2 = (0, 1) and �3 = (0, 0) with the

trivial equivariant structure for all line bundles. The relevant GUT multiplets branch as 5H ! (T̄ , H̄) (where T̄
is the Higgs triplet, to be projected out) and 10 ! (Q, u, e). These standard model multiplets carry the Wilson
line charges
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To discuss the symmetry properties of our GUT multiplets it is first helpful to write down the various di↵erential
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3 Q̃(0,2,�2,0)µ̄3 (141)
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holomorphic Yukawa couplings:

After taking quotient by                and adding Wilson line:� = Z2 ⇥ Z2If we group the quarks into triplets (Qi) = (Q1
5, Q

2
5, Q2) and (ui) = (u15, u

2
5, u2) with Yukawa term �(u)

ij H̄Qiuj

then the Yukawa couplings (relative to our chosen basis of polynomials in Eqs. (147)–(151)) are given by

�(u) =
⇡3

3

0

@
0 0 0
0 0 1
0 1 0

1

A . (155)

9.3 Example 3: Singlet Yukawa couplings in the B � L standard model

The SU(5) model discussed in the previous sub-section has another, singlet Yukawa coupling of the upstairs
form

12,4 5̄4,5 52,5 . (156)

The line bundles are given by

K1 = L2 ⌦ L⇤
4 = OX(�2,�4, 3, 3) ! 1212,4 2 ��1Ker

⇣
H2(OA(�4,�6, 1, 1)

p! H2(OA(�2,�4, 3, 3)
⌘

K2 = L4 ⌦ L5 = OX(2, 2,�1,�3) ! 8 5̄4,5 2 ��1H2(OA(0, 0,�3,�5) (157)

K3 = L⇤
2 ⌦ L⇤

5 = OX(0, 2,�2, 0) ! 352,5 2 H1(OA(0, 2,�2, 0))

with associated di↵erential forms

!̂1 = �4
1 �6

2 Q(�4,�6,1,1)dz̄1 ^ dz̄2 where p̃Q̃ = 0 (158)

!̂2 = �3
3 �5

4 R(0,0,�3,�5)dz̄3 ^ dz̄4 (159)

⌫̂3 = �2
3 S(0,2,�2,0)dz̄3 . (160)

There are two additional complications, compared to the previous examples, evident from this list of forms. First
of all, the singlet space is defined as a kernel between spaces with dimensions dimH2(OA(�4,�6, 1, 1)) = 60
and dimH2(OA(�2,�4, 3, 3)) = 48 which are quite large. Secondly, two of the three forms are defined in terms
of a co-boundary map.

In order to deal with the second of these complications, I would like to compute the one-form ⌫̂2 which
corresponds to !̂2. To this end, I write

R(0,0,�3,�5) = r0 + r1z̄3 , p = p0 + p1z3 + p2z
2
3 (161)

and, using the result from Eq. (81),

R = �1

2
(p1r0 + p2r1) + p0r0z̄3 +

1

2
p0r1z̄

2 � 1

2
p2r0z3 � p2r1|z3|2 + 1

2
(p0r0 + p1r1)z̄3|z3|2 (162)

I find
⌫̂2 = �2

3 �5
4 Rdz̄4 ! @̄⌫̂2 = p!̂2 . (163)

Using this result in the basic formula (106) for the Yukawa couplings I find

�(⌫1, ⌫2, ⌫3) = � 1

⇡

Z

C4

QRS

41
6
2

4
3

5
4

d4z d4z̄ . (164)
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A vanishing theorem

X ⇢ A = Pn1 ⇥ · · ·⇥ PnmFor                               each one-form    is described by a

  -form on the ambient space   , where            .     

⌫i
pi A i = 1, 2, 3

If                             then                    .                                           p1 + p2 + p3 < dim(A) �(⌫1, ⌫2, ⌫3) = 0
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X ⇢ A = Pn1 ⇥ · · ·⇥ PnmFor                               each one-form    is described by a

  -form on the ambient space   , where            .     

⌫i
pi A i = 1, 2, 3

If                             then                    .                                           p1 + p2 + p3 < dim(A) �(⌫1, ⌫2, ⌫3) = 0

This is a topological vanishing with no apparent explanation by

a symmetry in the 4d theory.
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What about physical Yukawa couplings?

For large flux integrand localised -> normalization can be computed

approximately without knowing Ricci-flat metric. 

⌫ 2 H1(X,OX(k1, k2, k3, 0)) (k1  �2, k2, k3 � 0)

) ⌫H ⌫̄ ⇠ e�
P

a |ka||za|2 |P (z)|2dz1 ^ dz̄2

K(matter)
IJ =

1

V
h⌫I , ⌫Ji '

NI

t1
�IJ X



Conclusion

• We can now systematically search for and construct heterotic  
 models with the correct low-energy spectrum.

• We find 10 times more such models for h1,1(X) ! h1,1(X) + 1

• It is unclear if this continues until                 .  
 Large          are a computational challenge due to the  
 growing number of bundles.  

h1,1(X) ⇠ 500
h1,1(X)

• Anomalous U(1) symmetries constrain the low-energy theory 
 and can help to solve physical problems, e.g. proton stability.

•  The underlying GUT symmetry of heterotic model does not  
 lead to Yukawa unification.



• We can work out holomorphic Yukawa couplings, and there  
 is progress in calculating the matter field Kahler potential

•  Yukawa couplings have unexpected topological vanishing  
 properties.
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 is progress in calculating the matter field Kahler potential

•  Yukawa couplings have unexpected topological vanishing  
 properties.

We are getting closer to a true standard model from string  
theory but are not there yet….

Thanks


