
Dynamical Up-qark Mass 
Generation in QCD-like theories

Taewook Youn 
Cornell U / KIAS

Aug 19th 2025

I

u ū
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We know CP is violated in the quark sector of the SM, 


Another CP violating source in the SM


Due to chiral anomaly, invariant angle 


Electric dipole moment of the neutron yields

δCKM ∼ 65∘
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Strong CP Problem
Motivation
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Possible solutions to strong CP problem


Axion (dynamic): essentially make  a very light and weakly interacting field that relaxes  
to zero


Nelson-Barr (symmetry based): CP is exact symmetry, but spontaneously broken, keeping 
 small but CKM phase large


: with a massless chiral fermion, there is exact anomalous  that only rotates 
the up quark, and makes the  angle unphysical 
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Strong CP Problem
Motivation



Kaplan-Manohar 1986: non-perturbative dynamical effects can shift the up 
quark mass (additive renormalization)


QCD Instanton correction to 


Possible that fundamental Yukawa coupling vanishes, while dynamical up 
quark mass sizable


mu
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mu = 0
History
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Lattice simulation: 


suggests , but hard to understand lattice results like blackbox


Uncertainty in defining quark mass in lattice simulation


Still need to understand analytically


Calculable part (small instantons), but exponentially suppressed 


Large instantons uncalculable


However dynamical correction (almost) calculable in QCD-like theories 
obtained from SUSY QCD

mu ≠ 0
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mu = 0
Challenges

J. Frison, R. Kitano, N. Yamada [arXiv: 1611.07150]



SUSY gives powerful constraints on strong dynamics

Holomorphy


’t Hooft anomaly matching


Instanton


Seiberg and others have developed SQCD from the 1990s


Seiberg and Witten showed confinement analytically for the first time by deforming  
SUSY to 


found there are many different phases depending on  vs. 

𝒩 = 2
𝒩 = 1

F N
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SUSY QCD
Studying QCD-like theories
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SUSY QCD
Phase of SUSY QCD

Pure SQCDF

F = 0 Pure SYM - gaugino condensation

F = N − 1
F = N

F =
3
2

N

F = N + 1

F = 3N

F > 3N

ADS superpotential, Runaway vacuum

s-confinement 

Free magnetic phase

Conformal - non-abelian Coulomb phase

IR free

}
}

}
Quantum modified constraint



The phases of SUSY QCD is very different from what is expected in non-
SUSY QCD


Lattice simulations suggest only 2 phases

Chiral symmetry breaking


Conformal phase for large 
F
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Studying QCD-like theories



The phases of SUSY QCD is very different from what is expected in non-
SUSY QCD


Lattice simulations suggest only 2 phases

Chiral symmetry breaking


Conformal phase for large 


May introduce small SUSY breaking perturbations   to mimic QCD


F

m ≪ Λ
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SUSY QCD
Studying QCD-like theories

 is QCD, but no one knows SQCD and QCD are continuously connectedm ≫ Λ



The phases of SUSY QCD is very different from what is expected in non-
SUSY QCD


Lattice simulations suggest only 2 phases

Chiral symmetry breaking


Conformal phase for large 


May introduce small SUSY breaking perturbations   to mimic QCD


However, in many previous attempts, the IR phase often becomes 
incalculable due to complicated soft terms and dependence on unknown 
Kähler

F

m ≪ Λ
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SUSY QCD
Studying QCD-like theories



Perturbing SUSY with anomaly mediated supersymmetry breaking (AMSB) 
might be an exception


Initiated by Hitoshi Murayama [arXiv:2104.01179] 

UV-insensitive & SUSY breaking effects controllable at all energy scales
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AMSB QCD
Exception in SQCD?



No direct interaction between SUSY breaking and matter sector


Only source of SUSY breaking is auxiliary field of SUGRA multiplet


Best way to describe effect of AMSB is via introduction of the Weyl compensator 
Φ
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AMSB QCD
Anomaly Mediated SUSY Breaking L. Randall and R. Sundrum  

[arXiv:hep-th/9810155] 
G. F. Giudice. M. A. Luty, H.  Murayama, and R. Rattazi 
[arXiv:hep-th/9810155]SUGRA

SUSY breaking 
Sector Matter Sector

spurion chiral superfield for the super-conformal symmetry




SUSY breaking is through conformal anomaly


Scale invariance is broken via RGE running (UV insensitive, controllable)


Loop induced positive squark and gaugino masses can be kept track of at all energies

known to be very challenging in other SUSY breaking mechanisms
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AMSB QCD
Loop induced AMSB effects
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ANOMALY MEDIATION

Anomaly mediation of supersymmetry breaking
(AMSB) can be formulated with the Weyl compensator
� = 1 + ✓

2
m [11] that appears in the supersymmetric

Lagrangian as

L =

Z
d
4
✓�⇤�K +

Z
d
2
✓�3

W + c.c. (2)

Here, K (W ) is the Kähler potential (superpotential)
of the theory, and m is the parameter of supersymme-
try breaking. When the theory is conformal, � can be
removed from the theory by rescaling the fields �i !
��1

�i. On the other hand, violation of conformal invari-
ance leads to supersymmetry breaking e↵ects. Solving
for auxiliary fields, the superpotential leads to the tree-
level supersymmetry breaking terms

Ltree = m

✓
�i

@W

@�i
� 3W

◆
+ c.c. (3)

Dimensionless coupling constants do not lead to super-
symmetry breaking e↵ects because of the conformal in-
variance at the tree-level. However, conformal invariance
is anomalously broken due to the running of coupling con-
stants, and there are loop-level supersymmetry breaking
e↵ects in tri-linear couplings, scalar masses, and gaugino
masses,

Aijk(µ) = �1

2
(�i + �j + �k)(µ)m, (4)

m
2
i (µ) = �1

4
�̇i(µ)m

2
, (5)

m�(µ) = ��(g2)

2g2
(µ)m. (6)

Here, �i = µ
d
dµ lnZi(µ), �̇ = µ

d
dµ�i, and �(g2) = µ

d
dµg

2.
In general, physical masses are the sum of contributions
from the superpotential (tree-level or non-perturbative),
tree-level AMSB (3) and loop-level AMSB (4,5,6).

In the supersymmetric SU(Nc) QCD with Nf flavors
in the fundamental representation (SQCD), I find at the
leading order of ASQCD

m
2
Q = m

2
Q̃
=

g
4

(8⇡2)2
2Ci(3Nc �Nf )m

2
, (7)

m� =
g
2

16⇡2
(3Nc �Nf )m. (8)

Here, Ci =
N2

c�1
2Nc

, and m
2
Q > 0 in the range Nf < 3Nc

where the theory is asymptotically free. Therefore, the
squarks and gauginos acquire mass and the massless par-
ticle content is identical to that of non-supersymmetric
QCD. As m is increased beyond the dynamical scale of
the gauge theory ⇤, gluinos and squarks can be inte-
grated out, and the theory does become QCD. I do not

know a priori whether the change in m is continuous.
There may or may not be a phase transition as m crosses
O(⇤). Nonetheless, SQCD with AMSB is continuously
connected to QCD, and I hope to learn something about
the dynamics of QCD by studying SQCD with AMSB.
The most remarkable property of the anomaly

mediated supersymmetry breaking is its ultraviolet-
insensitivity. The expressions for the supersymmetry
breaking parameters above depend on wave function
renormalization and running coupling constants, which
jump when heavy fields are integrated out from the the-
ory. It turns out that the threshold corrections from the
loops of heavy fields precisely give the necessary jump.
Therefore the above expressions remain true at all en-
ergy scales and depend only on the particle content and
interactions present at that energy scale. This point can
be verified explicitly in perturbative calculations, and is
very transparent in the DR scheme [17].
One way to intuitively understand the ultraviolet-

insensitivy is the analogy to quantum field theory in
curved spacetime. To describe QCD in a curved space-
time, I couple the QCD Lagrangian to the background
spacetime metric. When QCD confines, I switch to the
chiral Lagrangian, and I couple it to the same metric.
This is because the back reaction of QCD dynamics to
the metric is suppressed by the Planck scale and can
be safely ignored. For anomaly-mediated supersymme-
try breaking, the Weyl compensator can be viewed as a
part of the background supergravity multiplet. Ignoring
the back reaction to the superspacetime, I couple the field
theory to the same supergravity background no matter
what non-perturbative dynamics takes place.
Since the low-energy dynamics of SQCD is well un-

derstood thanks to Seiberg, I couple its low-energy limit
to AMSB to work out the ground state exactly. In par-
ticular, I am interested in the symmetry of the ground
state exactly in the limit m ⌧ ⇤ under a full theoretical
control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
ing there is no phase transition, so that the ASQCD and
QCD belong to the same universality class. What I find
below is encouraging. I assume Nc � 3 in the discussions
below.

Nf < Nc

The dynamics is described in terms of the meson fields
M

ij with the non-perturbative A✏eck–Dine–Seiberg
(ADS) superpotential

W = (Nc �Nf )

✓
⇤3Nc�Nf

detM

◆1/(Nc�Nf )

. (9)

The SQCD has a run-away potential and hence no ground
states. When M � ⇤2, Mij = M�ij describes the D-flat
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The effects of SUSY breaking shows up through the coupling


Tree-level scalar potential


In AMSB, finding an IR potential given  and  is straightforward

Not in other SUSY breaking mechanisms yet

W K
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AMSB QCD
Potential

ℒ = ∫ d4θΦ*ΦK + ∫ d2θΦ3W + h . c .

A. Pomarol, R. Rattazzi  
[arXiv:hep-th/9903448]

Φ = 1 + θ2m

Vtree = ∂iWgij*∂*W* + m*m(∂iKgij*∂*j K − K) + m(∂iWgij*∂*j K − 3W) + h . c .

Csaba Csáki et al. [arXiv:2212.03260]
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AMSB QCD
Phase of SUSY QCD

Pure SQCDF

F = 0 Pure SYM - gaugino condensation

F = N − 1
F = N

F =
3
2

N

F = N + 1

F = 3N

F > 3N

ADS superpotential, Runaway vacuum

Quantum modified constraint

s-confinement 

Free magnetic phase

Conformal - non-abelian Coulomb phase

IR free

}
}

}

AMSB QCD

} QCD-like global

Non-calculable, QCD?

} QCD-like global

} Runaway? 
+QCD-like local

QCD-like minima ⟨Q̄Q⟩ ∝ 𝕀
Chiral symmetry breaking &  unbroken: QCD-like vacuum U(1)

SU(F)L × SU(F)R → SU(F)V



Perturbing SUSY with anomaly mediated supersymmetry breaking (AMSB) 
might be an exception


Initiated by Hitoshi Murayama [arXiv:2104.01179] 

UV-insensitive & SUSY breaking effects controllable at all energy scales


This approach can be used to understand phenomena in strong dynamics 
and potentially real QCD as well as BSM physics


Dynamical origin of the  potential


CP Phase Structure


Dynamical Quark Mass Generation


Heavy Quark Physics

η′￼
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AMSB QCD
Exception in SQCD?

Csaba Csáki et al. [arXiv:2307.04809]

Csaba Csáki, Maximillian Ruhdorfer, TY [arXiv:2407.06252]

Csaba Csáki, Tuhin S. Roy, Maximillian Ruhdorfer, TY [arXiv:2505.07953]

Csaba Csáki, Tuhin S. Roy, Maximillian Ruhdorfer, TY [arXiv:25XX.XXXXX]
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AMSB QCD
Exception in SQCD?
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Csaba Csáki, Maximillian Ruhdorfer, TY [arXiv:2407.06252]

Csaba Csáki, Tuhin S. Roy, Maximillian Ruhdorfer, TY [arXiv:2505.07953]

Csaba Csáki, Tuhin S. Roy, Maximillian Ruhdorfer, TY [arXiv:25XX.XXXXX]



The corrections to  are contained in operators of 𝜒PT


Leading order chiral Lagrangian as usual


: GB Matrix,    : leading order pion decay constant, 


,       


Determines pion masses, GMO mass formula, pion scattering, etc. However 
dynamics quark mass  needs higher order in 𝜒PT

mu

U F0

χ = 2B0MQ B0 = − ⟨q̄q⟩/(3F2
0)

Δmu ∝ m*d m*s

19

𝜒PT in AMSB QCD
Leading Order

ℒ0 =
1
4

F2
0 {tr[∂μU†∂μU] − tr[χ†U + χU†]}



NLO 𝜒PT: two powers of quark masses or four derivates, or one quark mass + 
two derivatives
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𝜒PT in AMSB QCD
Next-to-Leading Order

ℒ1 =
8

∑
i=1

Li𝒪i

3

The parameters of �PT collected from the leading and

Theories F < N F = N

F0 2
p
2fF<N

0 ⇠ O(N1/2) 2⇤p
↵

B0
7m
4

3↵m
2

L1
⇤3

9Nm3 ⇠ O(N0) �
4

9↵2�
+ ⇤2

6↵m2

L2 0 0

L3 �
⇤3

27m3 ⇠ O(N1) 1
↵2�

�
⇤2

2↵m2

L4 �
2⇤3

21Nm3 ⇠ O(N0) �
16

81↵2�
+ ⇤2

18↵m2

L5
⇤3

189m3 ⇠ O(N1) 13
27↵2�

�
⇤2

6↵m2

L6
5⇤3

551Nm3 ⇠ O(N0) �
5

486↵2�
�

⇤2

216↵m2

L7
4⇤3

147Nm3 ⇠ O(N0) 23
162↵2�

�
⇤2

36↵m2

L8 �
⇤3

1323m3 ⇠ O(N1) 17
324↵2�

�
⇤2

72↵m2

TABLE I. The parameters of �PT in the lowest and next to
leading order quark mass expansion for F < N and F = N .
F is specifically taken as 3. Large N counting is added in the
F < N columnn.

next leading order Lagrangian for F < N and F = N are
listed in Table I. The large-N counting is added for the
F < N case, using the N -dependence of the holomorphic
scale |⇤| / N

1/3⇤c [10]. Note that the large N behavior
matches estimations in literature [1, 11–13], except for
L1, L2 and L7. Since we are considering a linear meson
model without explicit vector and axial–vector field, L1,
L2 and L7 can be dominantly generated by the exchange
of vector mesons [14].

MASSLESS UP QUARK

Operators that are relevant to the meson spectrum are
O4, · · · ,O8. However, one can construct an additional
operator in �PT:

O�1 = det(�)tr[��1
U ] + det(�†)tr[(�†)�1

U
†], (18)

which might originate from non-perturbative e↵ects in
the potential: instantons (possibly for F = N � 1, N)
or confinement dynamics. This operator generates an
e↵ective up quark mass even when up quark is massless
at high energies above ⇤. Specifically, the bare up and
down quark mass ratiomu/md in terms of e↵ective quark
mass µu,d,s is written as [15]

mu

md

=
µu

µd

+
8B0⇤

F
2
0

L�1
µs

⇤
+O

✓h
µ

⇤

i2◆
, (19)

where L�1 is the Wilson coe�cient of O�1. Therefore, if

L�1 is close to �
F

2
0

8B0⇤
, we can reproduce the desired ef-

fective up quark masses and address the strong CP prob-
lem within the Standard Model []. From the Kaplan and
Manohar identity for SU(3) matrices [16]

det(MQ)tr[M
�1
Q

U ] =
1

2

⇢
tr[MQU

†]2�tr[MQU
†
MQU

†]

�
,

(20)

one can see that

O�1 =
1

4
(O6 +O7)�

1

2
O8. (21)

Therefore, among O6,O7,O8,O�1, only 3 operators are
linearly independent. This implies one can have su�-
ciently large L�1 from the linear combination of L6, L7

and L8. Previous studies [] argued L�1 is highly sup-
pressed because L6 ⇠ O(N0) or even vanishes at large N .
However, N = 3 in the real QCD. From our �PT match-
ing as shown in Table I, the large N counting does not
necessarily lead to suppressed L6 for small N and F .
This shows that it is possible that L�1 can account for
e↵ective µu in the ordinary QCD.
If we assume that all of µu is dynamically generated,

we get

µu

µd

= �
8B0⇤

F
2
0

L�1
µs

⇤
+O

✓h
µ

⇤

i2◆
, (22)

Using L�1 = 4L6 and B0 in Table I, we have

µu

µd

=

8
>>>>><

>>>>>:

280

551

⇤3

NF
2
0

µs

m2
(F < N)

2

9

⇤2

F
2
0

µs

m
(F = N)

(23)

Using F0 = 93 MeV, ⇤c = 200 MeV and µs = 95 MeV,
we get µu/µd ' 1.12 for F < N and µu/µd ' 0.49 for
F = N .

O1 = tr[@µU@
µ
U

†]2,

O2 = tr[@µU@⌫U
†]tr[@µ

U@
⌫
U

†]

O3 = tr[(@µU@
µ
U

†)2],

O4 = tr[@µU@
µ
U

†]tr[�†
U + �U

†]

O5 = tr[@µU@µU
†(�†

U + U�)],

O6 = tr[�†
U + U

†
�]2

O7 = tr[�†
U � U

†
�]2,

O8 = tr[�†
U�

†
U + �U

†
�U

†]

(24)
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 corresponds to instanton diagram


Not independent  — already contained in 


Kaplan-Manohar Identity for arbitrary  matrices


Apply to 

𝒪−1 = tr[cof χ†U†] + h . c .

𝒪1,⋯,8

3 × 3

A = χ†U

21

𝜒PT in AMSB QCD
Kaplan-Manohar Identity

cof χ† = det(χ†)(χ†)−1

I

u ū

m⇤
d

d

d̄

m⇤
s

s̄

s

Kaplan-Manohar identity

• Consider the operator 

• Directly corresponds to instanton diagram 

• Cofactor given by 

• Not independent - already contained in 

• Kaplan-Manohar identity for arbitrary 3x3 matrices      

2

the UV (ie. the squarks and gluinos get masses pro-
prtional to the SUSY breaking scale m), while there is
a QCD-like vacuum (which in many cases is the global
minimum of the potential, depending on the number of
flavors and colors) in which the SU(3)L ⇥ SU(3)R fla-
vor symmetry is broken to SU(3)V . The corresponding
Goldstone bosons are massless in the limit of vanishing
quark masses, and a systematic evaluation of the chiral
Lagrangian is possible and mostly calculable, up to a few
uncalculable constants for the case when F = N .

In this work, we determine the chiral Lagrangian for
these QCD-like models to second order in the quark
masses (which for F = 3 should capture the leading
e↵ects of dynamical up-quark mass generation) and to
fourth order in derivatives. This will entail the matching
of a linear sigma model obtained from the SUSY theory
to the non-linear theory of �PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We find that the coe�cient L4

and L6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for finite N,F compared to the other coe�cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breaking m/⇤ ⇠ O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
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case that could be accounting for the entire observed up
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order in expansion in the quark masses and derivatives)
is encoded in the coe�cients L1,...,8.
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breaking. We match the low-energy e↵ective theory to the traditional chiral Lagrangian of QCD and
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While our results are reliable only for small supersymmetry breaking, we observe that extrapolating
the F = N result to large supersymmetry breaking would lead to a dynamical up quark mass that
is large enough to account for its entire physical mass.

INTRODUCTION
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olates CP and feeds into the expression for the electric
dipole moment (EDM) of the neutron, which can only
be reconciled with experimental bounds if ✓̄ < 10�10,
even though a priori any value of ✓̄ seems equally possi-
ble. The simplest resolution to this puzzle would arise
if one of the quark masses (in practice the up-quark
mass) were to vanish. This would provide an anoma-
lous, but classically unbroken, U(1) axial symmetry that
could be used to rotate away the ✓̄ angle and render
it unphysical. While this solutions seems theoretically
very appealing, the physical up quark mass appears to
be non-vanishing. However, it was pointed out already
by Kaplan and Manohar in 1986 [1] that dynamical ef-
fects contributing to the pion mass can e↵ectively shift
the up quark mass, possibly allowing a successful fit to
the pseudoscalar meson masses even if the underlying up
quark Yukawa coupling was vanishing. One simple inter-
pretation of this is that non-perturbative e↵ects generate
a dynamical quark mass contribution, which corresponds
to an additive renormalization of the quark mass. One
often cited example would be instanton contributions to
the up-quark mass in a three flavor theory, as depicted
in Fig. 1. Such an instanton would provide corrections
�mu / m

⇤
d
m

⇤
s
, and could be sizeable. Of course the

instantons are strongly coupled and uncalculable using
standard instanton calculus (see e.g. [2] for simple power
counting rules to estimate instanton e↵ects). The impor-
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FIG. 1. Feynman diagram for the ’t Hooft operator corre-
sponding to the instanton induced up quark mass.

dynamics. The best route is via lattice simulations (see
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In this paper we calculate the dynamical quark mass

corrections in a QCD-like theory obtained from a su-
persymmetric (SUSY) version of QCD with three flavors
(F = 3), where SUSY is broken via anomaly mediated
supersymmetry breaking (AMSB). As shown in [13, 14],
this theory has the right massless degrees of freedom in
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of a linear sigma model obtained from the SUSY theory
to the non-linear theory of �PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We find that the coe�cient L4

and L6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for finite N,F compared to the other coe�cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breaking m/⇤ ⇠ O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
namical up-quark mass corrections for the F = N = 3
case that could be accounting for the entire observed up
quark mass, while for F < N we find smaller corrections.
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These O1,...,8 operators form a complete set and cap-
ture all non-perturbative e↵ects including for example in-
stanton contributions. To see this, consider the e↵ective
operator generated by the instanton diagram in Fig. 1
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where the cofactor is given by cof �† = det(�†) (�†)�1.
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order in expansion in the quark masses and derivatives)
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as one irreducible representation, there must be a redundancy in the parametrization.

Indeed, using the identity of 3 ! 3 matrices
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with an arbitrary complex number a change the potential (3.8) by terms of order M 3
q ,

which are neglected.

Because of this redundancy in the parametrization of the e! ective Lagrangian, the

mass matrix M q cannot be determined by Þtting the experimental data to (3.8). At best,

we can determineM q up to an arbitrary shift by aB
F 2
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(det M  

q ) 1
M  

q
.

The ambiguity (3.11) is reminiscent of the expression forM in terms of M q (3.6).

The functional similarity stems from the fact that the axial U(1) is broken preserving only

the SU(3)L ! SU(3)R symmetry. However, these two e! ects are di! erent. Equation (3.6)

relates the short distance massM q to the long distance massM deÞned by a Þt to a Þrst

order Lagrangian. The non-linear term in this equation expresses a renormalization e! ect.

The ambiguity (3.11) expresses a redundancy of the second order low-energy description

which prevents us from using only the low-energy chiral Lagrangian to determine M q.

The distinction between these two e! ects is more clear in theÒtrivialÓ two ßavor case.

The identity analogous to (3.10) in this case is

Tr "   U = det "   Tr
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"   U  (3.12)

where" is an arbitrary 2 ! 2 matrix. It shows that the matrix ! in the potential Tr !   U+ c.c

is ambiguous. First, it is clear that only the eigenvalues of! are physical. Second, using

equation (3.12) the transformation
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"   (3.13)
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with either two powers of the quark mass, one power of
the quark mass and two derivatives, or four derivatives.
! PT traditionally uses the following basis of eight oper-
ators [6]

L 1 =
8#

i =1

L i Oi , (2)

where

O1 = tr[ " µ U" µ U  ]2, O2 = tr[ " µ U" ! U  ]tr[ " µ U" ! U  ]

O3 = tr[( " µ U" µ U  )2], O4 = tr[ " µ U" µ U  ]tr[ !   U + ! U  ]

O5 = tr[ " µ U" µ U  (!   U + U! )], O6 = tr[ !   U + U  ! ]2

O7 = tr[ !   U # U  ! ]2, O8 = tr[ !   U!   U + ! U  ! U  ]

(3)

These O1,..., 8 operators form a complete set and cap-
ture all non-perturbative e! ects including for example in-
stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the

Kaplan-Manohar identity for SU(3) matrices [1]

tr[cof !   U  ] =
1
2

!
tr[ !   U]2 # tr[ !   U!   U]

"
, (5)

which implies that

O" 1 =
1
4

(O6 + O7) #
1
2

O8. (6)

The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.
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In fact the Kaplan-Manohar identity (5) allows one to
further simplify the Lagrangian: it can be utilized as a
gauge transformation on the! PT Lagrangian at O

!
p4

"
.

The physics remains invariant under the shift of the mass
matrix [1] as long as some of the coe! cients L 1,..., 8 are
also shifted according to be following transformation:

! ! ! + a cof(!   ) , L 6 ! L 6 " a
F 2

0

16

L 7 ! L 7 " a
F 2

0

16
, and L 8 ! L 8 + a

F 2
0

8
,

(7)

for arbitrary a. One way of utilizing this redundancy is
to eliminate the instanton generated opearator in Eq. (4)
by choosinga appropriately. Another way to utilize this
redundancy is by chosinga such that the meson spec-
trum (at O

!
p4

"
) arises entirely from the leading terms

in Eq. (1). For example, denoting the up and down type
masses in this gauge byµu and µd respectively, and tak-
ing the quark masses to be real which we will assume
from now on, one gets

m2
! = B0(µu + µd) (8)

in this gauge even from theO
!
p4

"
Lagrangian.

An essential consequence of the above ambiguity
is that fundamental/ultraviolet (electroweak generated)
quark mass parameters of the Standard Model (SM) La-
grangian can be extracted from the measured pion spec-
trum only up to an arbitrary shift [1, 16]. Therefore, one
needs to Þnd an indirect route in order to check whether
the observed meson spectrum is consistent with a zero
up quark mass ansatz or not. The key is to Þrst work
in a gauge where theO

!
p2

"
Lagrangian in Eq. (1) is

matched to the quark Lagrangian of the SM (with mass
parametersmu,d,s ). Then at O

!
p4

"
one Þnds

m2
! = " 1(mu + md) + " 2ms(mu + md) + O(m2

u,d ), (9)

where

" 1 = B0, " 2 = 16
B 2

0

F 2
0

(2L 6 " L 4). (10)

This allows one to directly compare themu,d,s parame-
ters with the e" ective µu,d,s parameters since the pion
masses are gauge invariant. In fact, it rather simpli-
Þes if the SM Lagrangian is characterized by a massless
up quark, i.e. mu = 0, and if one further argues that
µd # md and µs # ms [9]

µu

µd
$

" 2

" 1
µs = 16

B0µs

F 2
0

(2L 6 " L 4) . (11)

Note that the value µu /µ d $ 0.5 corresponds to
" 2/ " 1 $ 5 GeV! 1, a value that is commonly cited in
the literature. While lattice simulation results [17, 18]
report a highly constrained value of µu /µ d ! 0.1, un-
constrained ! PT Þts to experimental data [6Ð8] prefer
larger values ofL 4 and L 6, allowing µu /µ d $ 0.5 within
1# uncertainty.

THE SCALAR POTENTIAL IN AMSB QCD

The low-energy constantsL i in the chiral Lagrangian,
as well as B0 and F0, cannot be computed from Þrst
principles within QCD, since QCD gets strongly coupled
at low energies. Determinations of theL i typically rely
on phenomenological Þts [6Ð8] or lattice simulations [3,
4]. Their leading order scaling can also be estimated
as an expansion in the number of colors, in the large-N
limit [6, 10Ð12]. While it is generally believed that an
extrapolation of large-N results to N = 3 gives a good
qualitative description of QCD, conclusions derived from
large-N QCD should always be taken with a grain of salt.

Here we consider an alternative setup based on su-
persymmetric QCD (SQCD) [19Ð21] (see [22] for a re-
view), which allows us to derive the chiral Lagrangian
from Þrst principles for any number of colorsN , includ-
ing N = 3. We additionally assume that supersymmetry
is softly broken via anomaly mediated supersymmetry
breaking (AMSB) [23, 24]. AMSB ensures that SQCD
has a QCD-like, i.e. chiral symmetry-breaking vacuum
for F < 3N [14]. Supersymmetry breaking lifts the
masses of the superpartners and ensures that the pseudo-
Nambu-Goldstone Bosons (pNGBs) from chiral symme-
try breaking, i.e. the mesons, are the lightest states in the
theory, just like in ordinary QCD. By explicitly integrat-
ing out heavier states in the scalar sector we can derive
the chiral Lagrangian to any order in quark masses. How-
ever, note that, while this theory has many similarities
with QCD, it is only QCD-like. The superpartners, and
the gluinos in particular, still play an important role in
the conÞnement dynamics, and only in the limit in which
the supersymmetry breaking scalem gets larger than the
conÞnement scale# , one would recover ordinary QCD.
However, when m % # perturbativity is lost and this
limit is not straightforward to take.

Our setup is a supersymmetricSU(N ) gauge theory
with F ßavors of chiral superÞeld pairs in the funda-
mental and antifundamental representation of the gauge
group. The e" ects of AMSB are incorporated using the
conformal compensator formalism [25], where the super-
symmetry breaking scalem is the F -term of a chiral su-
perÞeld that appears wherever scale invariance is broken.
At tree-level it generates a contribution to the scalar po-
tential which is given by [14]

Vtree = $i W gij !
$j ! W + m" m

#
$i Kg ij !

$j ! K " K
$

+ m
#

$i W gij !
$j ! K " 3W

$
+ c.c.,

(12)
where gij !

is the inverse of the K¬ahler metric gij ! =
$i $j ! K . Given our speciÞc interest inF = 3, this pa-
per focuses on the cases whereF < N and F = N . The
K¬ahler potential and superpotential of interest are given
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the UV (ie. the squarks and gluinos get masses pro-
prtional to the SUSY breaking scale m), while there is
a QCD-like vacuum (which in many cases is the global
minimum of the potential, depending on the number of
ßavors and colors) in which theSU(3)L ! SU(3)R ßa-
vor symmetry is broken to SU(3)V . The corresponding
Goldstone bosons are massless in the limit of vanishing
quark masses, and a systematic evaluation of the chiral
Lagrangian is possible and mostly calculable, up to a few
uncalculable constants for the case whenF = N .

In this work, we determine the chiral Lagrangian for
these QCD-like models to second order in the quark
masses (which forF = 3 should capture the leading
e! ects of dynamical up-quark mass generation) and to
fourth order in derivatives. This will entail the matching
of a linear sigma model obtained from the SUSY theory
to the non-linear theory of ! PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We Þnd that the coe" cient L 4

and L 6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for Þnite N, F compared to the other coe" cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breakingm/ # " O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
namical up-quark mass corrections for theF = N = 3
case that could be accounting for the entire observed up
quark mass, while forF < N we Þnd smaller corrections.

DYNAMICAL UP QUARK MASS FROM ! PT

First we review how the dynamical quark mass gen-
eration is incorporated in traditional ! PT. The leading

order ! PT Lagrangian is simply given by

L 0 =
1
4

F 2
0

!
tr[ " µ U  " µ U] + tr[ !   U + ! U  ]

"
, (1)

where U is the unitary three-by-three matrix contain-
ing the eight pseudo-scalar Goldstone bosons,F0 is the
leading-order pion decay constant and! = 2B0M Q with
B0 = #$øqq%/ (3F 2

0 ) related to the quark condensate [15].
Here ! does not depend on the renormalization scale and
scheme, whileB0 and M Q do. This Lagrangian will de-
termine the leading 4-pion interactions as well as the
usual Gell-Mann Okubo (GMO) mass relations. How-
ever as we saw in the introduction, there are dynami-
cal contributions to the e! ective mass which scale like
$ mu & m!

dm!
s , implying that one needs to include terms

which are higher order in the quark masses or derivatives
in the chiral Lagrangian. In the absence of external gauge
Þelds the NLO chiral Lagrangian is comprised of terms
with either two powers of the quark mass, one power of
the quark mass and two derivatives, or four derivatives.
! PT traditionally uses the following basis of eight oper-
ators [6]

L 1 =
8#

i =1

L i Oi , (2)

where

O1 = tr[ " µ U" µ U  ]2, O2 = tr[ " µ U" ! U  ]tr[ " µ U" ! U  ]

O3 = tr[( " µ U" µ U  )2], O4 = tr[ " µ U" µ U  ]tr[ !   U + ! U  ]

O5 = tr[ " µ U" µ U  (!   U + U! )], O6 = tr[ !   U + U  ! ]2

O7 = tr[ !   U # U  ! ]2, O8 = tr[ !   U!   U + ! U  ! U  ]

(3)

These O1,..., 8 operators form a complete set and cap-
ture all non-perturbative e! ects including for example in-
stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the

Kaplan-Manohar identity for SU(3) matrices [1]

tr[cof !   U  ] =
1
2

!
tr[ !   U]2 # tr[ !   U!   U]

"
, (5)

which implies that

O" 1 =
1
4

(O6 + O7) #
1
2

O8. (6)

The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.

as one irreducible representation, there must be a redundancy in the parametrization.

Indeed, using the identity of 3 ! 3 matrices

det A "
1
2

A[(Tr A)2 " Tr A2] + A2Tr A " A3 = 0 (3 .9)

applied to A = !   U we Þnd

det !   Tr
1
!   U  +

1
2

Tr !   U!   U "
1
2

(Tr !   U)2 = 0 . (3.10)

Therefore, the shifts

! # ! +
8a
F 2

!
(det !   )

1
!  

r 1 # r 1 + a
(3.11)

with an arbitrary complex number a change the potential (3.8) by terms of order M 3
q ,

which are neglected.

Because of this redundancy in the parametrization of the e! ective Lagrangian, the

mass matrix M q cannot be determined by Þtting the experimental data to (3.8). At best,

we can determineM q up to an arbitrary shift by aB
F 2

!
(det M  

q ) 1
M  

q
.

The ambiguity (3.11) is reminiscent of the expression forM in terms of M q (3.6).

The functional similarity stems from the fact that the axial U(1) is broken preserving only

the SU(3)L ! SU(3)R symmetry. However, these two e! ects are di! erent. Equation (3.6)

relates the short distance massM q to the long distance massM deÞned by a Þt to a Þrst

order Lagrangian. The non-linear term in this equation expresses a renormalization e! ect.

The ambiguity (3.11) expresses a redundancy of the second order low-energy description

which prevents us from using only the low-energy chiral Lagrangian to determine M q.

The distinction between these two e! ects is more clear in theÒtrivialÓ two ßavor case.

The identity analogous to (3.10) in this case is

Tr "   U = det "   Tr
1

"   U  (3.12)

where" is an arbitrary 2 ! 2 matrix. It shows that the matrix ! in the potential Tr !   U+ c.c

is ambiguous. First, it is clear that only the eigenvalues of! are physical. Second, using

equation (3.12) the transformation

! # ! + " " det "   1
"   (3.13)
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the UV (ie. the squarks and gluinos get masses pro-
prtional to the SUSY breaking scale m), while there is
a QCD-like vacuum (which in many cases is the global
minimum of the potential, depending on the number of
ßavors and colors) in which theSU(3)L ! SU(3)R ßa-
vor symmetry is broken to SU(3)V . The corresponding
Goldstone bosons are massless in the limit of vanishing
quark masses, and a systematic evaluation of the chiral
Lagrangian is possible and mostly calculable, up to a few
uncalculable constants for the case whenF = N .

In this work, we determine the chiral Lagrangian for
these QCD-like models to second order in the quark
masses (which forF = 3 should capture the leading
e! ects of dynamical up-quark mass generation) and to
fourth order in derivatives. This will entail the matching
of a linear sigma model obtained from the SUSY theory
to the non-linear theory of ! PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We Þnd that the coe" cient L 4

and L 6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for Þnite N, F compared to the other coe" cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breakingm/ # " O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
namical up-quark mass corrections for theF = N = 3
case that could be accounting for the entire observed up
quark mass, while forF < N we Þnd smaller corrections.

DYNAMICAL UP QUARK MASS FROM ! PT

First we review how the dynamical quark mass gen-
eration is incorporated in traditional ! PT. The leading

order ! PT Lagrangian is simply given by

L 0 =
1
4

F 2
0

!
tr[ " µ U  " µ U] + tr[ !   U + ! U  ]

"
, (1)

where U is the unitary three-by-three matrix contain-
ing the eight pseudo-scalar Goldstone bosons,F0 is the
leading-order pion decay constant and! = 2B0M Q with
B0 = #$øqq%/ (3F 2

0 ) related to the quark condensate [15].
Here ! does not depend on the renormalization scale and
scheme, whileB0 and M Q do. This Lagrangian will de-
termine the leading 4-pion interactions as well as the
usual Gell-Mann Okubo (GMO) mass relations. How-
ever as we saw in the introduction, there are dynami-
cal contributions to the e! ective mass which scale like
$ mu & m!

dm!
s , implying that one needs to include terms

which are higher order in the quark masses or derivatives
in the chiral Lagrangian. In the absence of external gauge
Þelds the NLO chiral Lagrangian is comprised of terms
with either two powers of the quark mass, one power of
the quark mass and two derivatives, or four derivatives.
! PT traditionally uses the following basis of eight oper-
ators [6]

L 1 =
8#

i =1

L i Oi , (2)

where

O1 = tr[ " µ U" µ U  ]2, O2 = tr[ " µ U" ! U  ]tr[ " µ U" ! U  ]

O3 = tr[( " µ U" µ U  )2], O4 = tr[ " µ U" µ U  ]tr[ !   U + ! U  ]

O5 = tr[ " µ U" µ U  (!   U + U! )], O6 = tr[ !   U + U  ! ]2

O7 = tr[ !   U # U  ! ]2, O8 = tr[ !   U!   U + ! U  ! U  ]

(3)

These O1,..., 8 operators form a complete set and cap-
ture all non-perturbative e! ects including for example in-
stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the

Kaplan-Manohar identity for SU(3) matrices [1]

tr[cof !   U  ] =
1
2

!
tr[ !   U]2 # tr[ !   U!   U]

"
, (5)

which implies that

O" 1 =
1
4

(O6 + O7) #
1
2

O8. (6)

The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.

3

In fact the Kaplan-Manohar identity (5) allows one to
further simplify the Lagrangian: it can be utilized as a
gauge transformation on the! PT Lagrangian at O

!
p4

"
.

The physics remains invariant under the shift of the mass
matrix [1] as long as some of the coe! cients L 1,..., 8 are
also shifted according to be following transformation:

! ! ! + a cof(!   ) , L 6 ! L 6 " a
F 2

0

16

L 7 ! L 7 " a
F 2

0

16
, and L 8 ! L 8 + a

F 2
0

8
,

(7)

for arbitrary a. One way of utilizing this redundancy is
to eliminate the instanton generated opearator in Eq. (4)
by choosinga appropriately. Another way to utilize this
redundancy is by chosinga such that the meson spec-
trum (at O

!
p4

"
) arises entirely from the leading terms

in Eq. (1). For example, denoting the up and down type
masses in this gauge byµu and µd respectively, and tak-
ing the quark masses to be real which we will assume
from now on, one gets

m2
! = B0(µu + µd) (8)

in this gauge even from theO
!
p4

"
Lagrangian.

An essential consequence of the above ambiguity
is that fundamental/ultraviolet (electroweak generated)
quark mass parameters of the Standard Model (SM) La-
grangian can be extracted from the measured pion spec-
trum only up to an arbitrary shift [1, 16]. Therefore, one
needs to Þnd an indirect route in order to check whether
the observed meson spectrum is consistent with a zero
up quark mass ansatz or not. The key is to Þrst work
in a gauge where theO

!
p2

"
Lagrangian in Eq. (1) is

matched to the quark Lagrangian of the SM (with mass
parametersmu,d,s ). Then at O

!
p4

"
one Þnds

m2
! = " 1(mu + md) + " 2ms(mu + md) + O(m2

u,d ), (9)

where

" 1 = B0, " 2 = 16
B 2

0

F 2
0

(2L 6 " L 4). (10)

This allows one to directly compare themu,d,s parame-
ters with the e" ective µu,d,s parameters since the pion
masses are gauge invariant. In fact, it rather simpli-
Þes if the SM Lagrangian is characterized by a massless
up quark, i.e. mu = 0, and if one further argues that
µd # md and µs # ms [9]

µu

µd
$

" 2

" 1
µs = 16

B0µs

F 2
0

(2L 6 " L 4) . (11)

Note that the value µu /µ d $ 0.5 corresponds to
" 2/ " 1 $ 5 GeV! 1, a value that is commonly cited in
the literature. While lattice simulation results [17, 18]
report a highly constrained value of µu /µ d ! 0.1, un-
constrained ! PT Þts to experimental data [6Ð8] prefer
larger values ofL 4 and L 6, allowing µu /µ d $ 0.5 within
1# uncertainty.

THE SCALAR POTENTIAL IN AMSB QCD

The low-energy constantsL i in the chiral Lagrangian,
as well as B0 and F0, cannot be computed from Þrst
principles within QCD, since QCD gets strongly coupled
at low energies. Determinations of theL i typically rely
on phenomenological Þts [6Ð8] or lattice simulations [3,
4]. Their leading order scaling can also be estimated
as an expansion in the number of colors, in the large-N
limit [6, 10Ð12]. While it is generally believed that an
extrapolation of large-N results to N = 3 gives a good
qualitative description of QCD, conclusions derived from
large-N QCD should always be taken with a grain of salt.

Here we consider an alternative setup based on su-
persymmetric QCD (SQCD) [19Ð21] (see [22] for a re-
view), which allows us to derive the chiral Lagrangian
from Þrst principles for any number of colorsN , includ-
ing N = 3. We additionally assume that supersymmetry
is softly broken via anomaly mediated supersymmetry
breaking (AMSB) [23, 24]. AMSB ensures that SQCD
has a QCD-like, i.e. chiral symmetry-breaking vacuum
for F < 3N [14]. Supersymmetry breaking lifts the
masses of the superpartners and ensures that the pseudo-
Nambu-Goldstone Bosons (pNGBs) from chiral symme-
try breaking, i.e. the mesons, are the lightest states in the
theory, just like in ordinary QCD. By explicitly integrat-
ing out heavier states in the scalar sector we can derive
the chiral Lagrangian to any order in quark masses. How-
ever, note that, while this theory has many similarities
with QCD, it is only QCD-like. The superpartners, and
the gluinos in particular, still play an important role in
the conÞnement dynamics, and only in the limit in which
the supersymmetry breaking scalem gets larger than the
conÞnement scale# , one would recover ordinary QCD.
However, when m % # perturbativity is lost and this
limit is not straightforward to take.

Our setup is a supersymmetricSU(N ) gauge theory
with F ßavors of chiral superÞeld pairs in the funda-
mental and antifundamental representation of the gauge
group. The e" ects of AMSB are incorporated using the
conformal compensator formalism [25], where the super-
symmetry breaking scalem is the F -term of a chiral su-
perÞeld that appears wherever scale invariance is broken.
At tree-level it generates a contribution to the scalar po-
tential which is given by [14]

Vtree = $i W gij !
$j ! W + m" m

#
$i Kg ij !

$j ! K " K
$

+ m
#

$i W gij !
$j ! K " 3W

$
+ c.c.,

(12)
where gij !

is the inverse of the K¬ahler metric gij ! =
$i $j ! K . Given our speciÞc interest inF = 3, this pa-
per focuses on the cases whereF < N and F = N . The
K¬ahler potential and superpotential of interest are given
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the UV (ie. the squarks and gluinos get masses pro-
prtional to the SUSY breaking scale m), while there is
a QCD-like vacuum (which in many cases is the global
minimum of the potential, depending on the number of
ßavors and colors) in which theSU(3)L ! SU(3)R ßa-
vor symmetry is broken to SU(3)V . The corresponding
Goldstone bosons are massless in the limit of vanishing
quark masses, and a systematic evaluation of the chiral
Lagrangian is possible and mostly calculable, up to a few
uncalculable constants for the case whenF = N .

In this work, we determine the chiral Lagrangian for
these QCD-like models to second order in the quark
masses (which forF = 3 should capture the leading
e! ects of dynamical up-quark mass generation) and to
fourth order in derivatives. This will entail the matching
of a linear sigma model obtained from the SUSY theory
to the non-linear theory of ! PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We Þnd that the coe" cient L 4

and L 6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for Þnite N, F compared to the other coe" cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breakingm/ # " O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
namical up-quark mass corrections for theF = N = 3
case that could be accounting for the entire observed up
quark mass, while forF < N we Þnd smaller corrections.

DYNAMICAL UP QUARK MASS FROM ! PT

First we review how the dynamical quark mass gen-
eration is incorporated in traditional ! PT. The leading

order ! PT Lagrangian is simply given by

L 0 =
1
4

F 2
0

!
tr[ " µ U  " µ U] + tr[ !   U + ! U  ]

"
, (1)

where U is the unitary three-by-three matrix contain-
ing the eight pseudo-scalar Goldstone bosons,F0 is the
leading-order pion decay constant and! = 2B0M Q with
B0 = #$øqq%/ (3F 2

0 ) related to the quark condensate [15].
Here ! does not depend on the renormalization scale and
scheme, whileB0 and M Q do. This Lagrangian will de-
termine the leading 4-pion interactions as well as the
usual Gell-Mann Okubo (GMO) mass relations. How-
ever as we saw in the introduction, there are dynami-
cal contributions to the e! ective mass which scale like
$ mu & m!

dm!
s , implying that one needs to include terms

which are higher order in the quark masses or derivatives
in the chiral Lagrangian. In the absence of external gauge
Þelds the NLO chiral Lagrangian is comprised of terms
with either two powers of the quark mass, one power of
the quark mass and two derivatives, or four derivatives.
! PT traditionally uses the following basis of eight oper-
ators [6]

L 1 =
8#

i =1

L i Oi , (2)

where

O1 = tr[ " µ U" µ U  ]2, O2 = tr[ " µ U" ! U  ]tr[ " µ U" ! U  ]

O3 = tr[( " µ U" µ U  )2], O4 = tr[ " µ U" µ U  ]tr[ !   U + ! U  ]

O5 = tr[ " µ U" µ U  (!   U + U! )], O6 = tr[ !   U + U  ! ]2

O7 = tr[ !   U # U  ! ]2, O8 = tr[ !   U!   U + ! U  ! U  ]

(3)

These O1,..., 8 operators form a complete set and cap-
ture all non-perturbative e! ects including for example in-
stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the

Kaplan-Manohar identity for SU(3) matrices [1]

tr[cof !   U  ] =
1
2

!
tr[ !   U]2 # tr[ !   U!   U]

"
, (5)

which implies that

O" 1 =
1
4

(O6 + O7) #
1
2

O8. (6)

The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.

as one irreducible representation, there must be a redundancy in the parametrization.
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2
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q
.
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In fact the Kaplan-Manohar identity (5) allows one to
further simplify the Lagrangian: it can be utilized as a
gauge transformation on the! PT Lagrangian at O

!
p4

"
.

The physics remains invariant under the shift of the mass
matrix [1] as long as some of the coe! cients L 1,..., 8 are
also shifted according to be following transformation:

! ! ! + a cof(!   ) , L 6 ! L 6 " a
F 2

0

16

L 7 ! L 7 " a
F 2

0

16
, and L 8 ! L 8 + a

F 2
0

8
,

(7)

for arbitrary a. One way of utilizing this redundancy is
to eliminate the instanton generated opearator in Eq. (4)
by choosinga appropriately. Another way to utilize this
redundancy is by chosinga such that the meson spec-
trum (at O

!
p4

"
) arises entirely from the leading terms

in Eq. (1). For example, denoting the up and down type
masses in this gauge byµu and µd respectively, and tak-
ing the quark masses to be real which we will assume
from now on, one gets

m2
! = B0(µu + µd) (8)

in this gauge even from theO
!
p4

"
Lagrangian.

An essential consequence of the above ambiguity
is that fundamental/ultraviolet (electroweak generated)
quark mass parameters of the Standard Model (SM) La-
grangian can be extracted from the measured pion spec-
trum only up to an arbitrary shift [1, 16]. Therefore, one
needs to Þnd an indirect route in order to check whether
the observed meson spectrum is consistent with a zero
up quark mass ansatz or not. The key is to Þrst work
in a gauge where theO

!
p2

"
Lagrangian in Eq. (1) is

matched to the quark Lagrangian of the SM (with mass
parametersmu,d,s ). Then at O

!
p4

"
one Þnds

m2
! = " 1(mu + md) + " 2ms(mu + md) + O(m2

u,d ), (9)

where

" 1 = B0, " 2 = 16
B 2

0

F 2
0

(2L 6 " L 4). (10)

This allows one to directly compare themu,d,s parame-
ters with the e" ective µu,d,s parameters since the pion
masses are gauge invariant. In fact, it rather simpli-
Þes if the SM Lagrangian is characterized by a massless
up quark, i.e. mu = 0, and if one further argues that
µd # md and µs # ms [9]

µu

µd
$

" 2

" 1
µs = 16

B0µs

F 2
0

(2L 6 " L 4) . (11)

Note that the value µu /µ d $ 0.5 corresponds to
" 2/ " 1 $ 5 GeV! 1, a value that is commonly cited in
the literature. While lattice simulation results [17, 18]
report a highly constrained value of µu /µ d ! 0.1, un-
constrained ! PT Þts to experimental data [6Ð8] prefer
larger values ofL 4 and L 6, allowing µu /µ d $ 0.5 within
1# uncertainty.

THE SCALAR POTENTIAL IN AMSB QCD

The low-energy constantsL i in the chiral Lagrangian,
as well as B0 and F0, cannot be computed from Þrst
principles within QCD, since QCD gets strongly coupled
at low energies. Determinations of theL i typically rely
on phenomenological Þts [6Ð8] or lattice simulations [3,
4]. Their leading order scaling can also be estimated
as an expansion in the number of colors, in the large-N
limit [6, 10Ð12]. While it is generally believed that an
extrapolation of large-N results to N = 3 gives a good
qualitative description of QCD, conclusions derived from
large-N QCD should always be taken with a grain of salt.

Here we consider an alternative setup based on su-
persymmetric QCD (SQCD) [19Ð21] (see [22] for a re-
view), which allows us to derive the chiral Lagrangian
from Þrst principles for any number of colorsN , includ-
ing N = 3. We additionally assume that supersymmetry
is softly broken via anomaly mediated supersymmetry
breaking (AMSB) [23, 24]. AMSB ensures that SQCD
has a QCD-like, i.e. chiral symmetry-breaking vacuum
for F < 3N [14]. Supersymmetry breaking lifts the
masses of the superpartners and ensures that the pseudo-
Nambu-Goldstone Bosons (pNGBs) from chiral symme-
try breaking, i.e. the mesons, are the lightest states in the
theory, just like in ordinary QCD. By explicitly integrat-
ing out heavier states in the scalar sector we can derive
the chiral Lagrangian to any order in quark masses. How-
ever, note that, while this theory has many similarities
with QCD, it is only QCD-like. The superpartners, and
the gluinos in particular, still play an important role in
the conÞnement dynamics, and only in the limit in which
the supersymmetry breaking scalem gets larger than the
conÞnement scale# , one would recover ordinary QCD.
However, when m % # perturbativity is lost and this
limit is not straightforward to take.

Our setup is a supersymmetricSU(N ) gauge theory
with F ßavors of chiral superÞeld pairs in the funda-
mental and antifundamental representation of the gauge
group. The e" ects of AMSB are incorporated using the
conformal compensator formalism [25], where the super-
symmetry breaking scalem is the F -term of a chiral su-
perÞeld that appears wherever scale invariance is broken.
At tree-level it generates a contribution to the scalar po-
tential which is given by [14]

Vtree = $i W gij !
$j ! W + m" m

#
$i Kg ij !

$j ! K " K
$

+ m
#

$i W gij !
$j ! K " 3W

$
+ c.c.,

(12)
where gij !

is the inverse of the K¬ahler metric gij ! =
$i $j ! K . Given our speciÞc interest inF = 3, this pa-
per focuses on the cases whereF < N and F = N . The
K¬ahler potential and superpotential of interest are given
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In fact the Kaplan-Manohar identity (5) allows one to
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for arbitrary a. One way of utilizing this redundancy is
to eliminate the instanton generated opearator in Eq. (4)
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in Eq. (1). For example, denoting the up and down type
masses in this gauge byµu and µd respectively, and tak-
ing the quark masses to be real which we will assume
from now on, one gets
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! = B0(µu + µd) (8)

in this gauge even from theO
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Lagrangian.

An essential consequence of the above ambiguity
is that fundamental/ultraviolet (electroweak generated)
quark mass parameters of the Standard Model (SM) La-
grangian can be extracted from the measured pion spec-
trum only up to an arbitrary shift [1, 16]. Therefore, one
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This allows one to directly compare themu,d,s parame-
ters with the e" ective µu,d,s parameters since the pion
masses are gauge invariant. In fact, it rather simpli-
Þes if the SM Lagrangian is characterized by a massless
up quark, i.e. mu = 0, and if one further argues that
µd # md and µs # ms [9]
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Note that the value µu /µ d $ 0.5 corresponds to
" 2/ " 1 $ 5 GeV! 1, a value that is commonly cited in
the literature. While lattice simulation results [17, 18]
report a highly constrained value of µu /µ d ! 0.1, un-
constrained ! PT Þts to experimental data [6Ð8] prefer
larger values ofL 4 and L 6, allowing µu /µ d $ 0.5 within
1# uncertainty.
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limit [6, 10Ð12]. While it is generally believed that an
extrapolation of large-N results to N = 3 gives a good
qualitative description of QCD, conclusions derived from
large-N QCD should always be taken with a grain of salt.

Here we consider an alternative setup based on su-
persymmetric QCD (SQCD) [19Ð21] (see [22] for a re-
view), which allows us to derive the chiral Lagrangian
from Þrst principles for any number of colorsN , includ-
ing N = 3. We additionally assume that supersymmetry
is softly broken via anomaly mediated supersymmetry
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for F < 3N [14]. Supersymmetry breaking lifts the
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try breaking, i.e. the mesons, are the lightest states in the
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the chiral Lagrangian to any order in quark masses. How-
ever, note that, while this theory has many similarities
with QCD, it is only QCD-like. The superpartners, and
the gluinos in particular, still play an important role in
the conÞnement dynamics, and only in the limit in which
the supersymmetry breaking scalem gets larger than the
conÞnement scale# , one would recover ordinary QCD.
However, when m % # perturbativity is lost and this
limit is not straightforward to take.

Our setup is a supersymmetricSU(N ) gauge theory
with F ßavors of chiral superÞeld pairs in the funda-
mental and antifundamental representation of the gauge
group. The e" ects of AMSB are incorporated using the
conformal compensator formalism [25], where the super-
symmetry breaking scalem is the F -term of a chiral su-
perÞeld that appears wherever scale invariance is broken.
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In fact the Kaplan-Manohar identity (5) allows one to
further simplify the Lagrangian: it can be utilized as a
gauge transformation on the! PT Lagrangian at O
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.

The physics remains invariant under the shift of the mass
matrix [1] as long as some of the coe! cients L 1,..., 8 are
also shifted according to be following transformation:
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for arbitrary a. One way of utilizing this redundancy is
to eliminate the instanton generated opearator in Eq. (4)
by choosinga appropriately. Another way to utilize this
redundancy is by chosinga such that the meson spec-
trum (at O

!
p4
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) arises entirely from the leading terms

in Eq. (1). For example, denoting the up and down type
masses in this gauge byµu and µd respectively, and tak-
ing the quark masses to be real which we will assume
from now on, one gets

m2
! = B0(µu + µd) (8)

in this gauge even from theO
!
p4

"
Lagrangian.

An essential consequence of the above ambiguity
is that fundamental/ultraviolet (electroweak generated)
quark mass parameters of the Standard Model (SM) La-
grangian can be extracted from the measured pion spec-
trum only up to an arbitrary shift [1, 16]. Therefore, one
needs to Þnd an indirect route in order to check whether
the observed meson spectrum is consistent with a zero
up quark mass ansatz or not. The key is to Þrst work
in a gauge where theO
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Lagrangian in Eq. (1) is

matched to the quark Lagrangian of the SM (with mass
parametersmu,d,s ). Then at O

!
p4

"
one Þnds

m2
! = " 1(mu + md) + " 2ms(mu + md) + O(m2
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where

" 1 = B0, " 2 = 16
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(2L 6 " L 4). (10)

This allows one to directly compare themu,d,s parame-
ters with the e" ective µu,d,s parameters since the pion
masses are gauge invariant. In fact, it rather simpli-
Þes if the SM Lagrangian is characterized by a massless
up quark, i.e. mu = 0, and if one further argues that
µd # md and µs # ms [9]
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Note that the value µu /µ d $ 0.5 corresponds to
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constrained ! PT Þts to experimental data [6Ð8] prefer
larger values ofL 4 and L 6, allowing µu /µ d $ 0.5 within
1# uncertainty.

THE SCALAR POTENTIAL IN AMSB QCD

The low-energy constantsL i in the chiral Lagrangian,
as well as B0 and F0, cannot be computed from Þrst
principles within QCD, since QCD gets strongly coupled
at low energies. Determinations of theL i typically rely
on phenomenological Þts [6Ð8] or lattice simulations [3,
4]. Their leading order scaling can also be estimated
as an expansion in the number of colors, in the large-N
limit [6, 10Ð12]. While it is generally believed that an
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qualitative description of QCD, conclusions derived from
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view), which allows us to derive the chiral Lagrangian
from Þrst principles for any number of colorsN , includ-
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Nambu-Goldstone Bosons (pNGBs) from chiral symme-
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ever, note that, while this theory has many similarities
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This allows one to directly compare themu,d,s parame-
ters with the e" ective µu,d,s parameters since the pion
masses are gauge invariant. In fact, it rather simpli-
Þes if the SM Lagrangian is characterized by a massless
up quark, i.e. mu = 0, and if one further argues that
µd # md and µs # ms [9]
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Note that the value µu /µ d $ 0.5 corresponds to
" 2/ " 1 $ 5 GeV! 1, a value that is commonly cited in
the literature. While lattice simulation results [17, 18]
report a highly constrained value of µu /µ d ! 0.1, un-
constrained ! PT Þts to experimental data [6Ð8] prefer
larger values ofL 4 and L 6, allowing µu /µ d $ 0.5 within
1# uncertainty.

THE SCALAR POTENTIAL IN AMSB QCD

The low-energy constantsL i in the chiral Lagrangian,
as well as B0 and F0, cannot be computed from Þrst
principles within QCD, since QCD gets strongly coupled
at low energies. Determinations of theL i typically rely
on phenomenological Þts [6Ð8] or lattice simulations [3,
4]. Their leading order scaling can also be estimated
as an expansion in the number of colors, in the large-N
limit [6, 10Ð12]. While it is generally believed that an
extrapolation of large-N results to N = 3 gives a good
qualitative description of QCD, conclusions derived from
large-N QCD should always be taken with a grain of salt.

Here we consider an alternative setup based on su-
persymmetric QCD (SQCD) [19Ð21] (see [22] for a re-
view), which allows us to derive the chiral Lagrangian
from Þrst principles for any number of colorsN , includ-
ing N = 3. We additionally assume that supersymmetry
is softly broken via anomaly mediated supersymmetry
breaking (AMSB) [23, 24]. AMSB ensures that SQCD
has a QCD-like, i.e. chiral symmetry-breaking vacuum
for F < 3N [14]. Supersymmetry breaking lifts the
masses of the superpartners and ensures that the pseudo-
Nambu-Goldstone Bosons (pNGBs) from chiral symme-
try breaking, i.e. the mesons, are the lightest states in the
theory, just like in ordinary QCD. By explicitly integrat-
ing out heavier states in the scalar sector we can derive
the chiral Lagrangian to any order in quark masses. How-
ever, note that, while this theory has many similarities
with QCD, it is only QCD-like. The superpartners, and
the gluinos in particular, still play an important role in
the conÞnement dynamics, and only in the limit in which
the supersymmetry breaking scalem gets larger than the
conÞnement scale# , one would recover ordinary QCD.
However, when m % # perturbativity is lost and this
limit is not straightforward to take.

Our setup is a supersymmetricSU(N ) gauge theory
with F ßavors of chiral superÞeld pairs in the funda-
mental and antifundamental representation of the gauge
group. The e" ects of AMSB are incorporated using the
conformal compensator formalism [25], where the super-
symmetry breaking scalem is the F -term of a chiral su-
perÞeld that appears wherever scale invariance is broken.
At tree-level it generates a contribution to the scalar po-
tential which is given by [14]
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with QCD, it is only QCD-like. The superpartners, and
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However, when m % # perturbativity is lost and this
limit is not straightforward to take.
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perÞeld that appears wherever scale invariance is broken.
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for arbitrary a. One way of utilizing this redundancy is
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in Eq. (1). For example, denoting the up and down type
masses in this gauge byµu and µd respectively, and tak-
ing the quark masses to be real which we will assume
from now on, one gets
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is that fundamental/ultraviolet (electroweak generated)
quark mass parameters of the Standard Model (SM) La-
grangian can be extracted from the measured pion spec-
trum only up to an arbitrary shift [1, 16]. Therefore, one
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the observed meson spectrum is consistent with a zero
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ters with the e" ective µu,d,s parameters since the pion
masses are gauge invariant. In fact, it rather simpli-
Þes if the SM Lagrangian is characterized by a massless
up quark, i.e. mu = 0, and if one further argues that
µd # md and µs # ms [9]
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further simplify the Lagrangian: it can be utilized as a
gauge transformation on the! PT Lagrangian at O
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for arbitrary a. One way of utilizing this redundancy is
to eliminate the instanton generated opearator in Eq. (4)
by choosinga appropriately. Another way to utilize this
redundancy is by chosinga such that the meson spec-
trum (at O

!
p4

"
) arises entirely from the leading terms

in Eq. (1). For example, denoting the up and down type
masses in this gauge byµu and µd respectively, and tak-
ing the quark masses to be real which we will assume
from now on, one gets

m2
! = B0(µu + µd) (8)

in this gauge even from theO
!
p4

"
Lagrangian.

An essential consequence of the above ambiguity
is that fundamental/ultraviolet (electroweak generated)
quark mass parameters of the Standard Model (SM) La-
grangian can be extracted from the measured pion spec-
trum only up to an arbitrary shift [1, 16]. Therefore, one
needs to Þnd an indirect route in order to check whether
the observed meson spectrum is consistent with a zero
up quark mass ansatz or not. The key is to Þrst work
in a gauge where theO

!
p2

"
Lagrangian in Eq. (1) is

matched to the quark Lagrangian of the SM (with mass
parametersmu,d,s ). Then at O

!
p4

"
one Þnds

m2
! = " 1(mu + md) + " 2ms(mu + md) + O(m2

u,d ), (9)

where

" 1 = B0, " 2 = 16
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(2L 6 " L 4). (10)

This allows one to directly compare themu,d,s parame-
ters with the e" ective µu,d,s parameters since the pion
masses are gauge invariant. In fact, it rather simpli-
Þes if the SM Lagrangian is characterized by a massless
up quark, i.e. mu = 0, and if one further argues that
µd # md and µs # ms [9]
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Note that the value µu /µ d $ 0.5 corresponds to
" 2/ " 1 $ 5 GeV! 1, a value that is commonly cited in
the literature. While lattice simulation results [17, 18]
report a highly constrained value of µu /µ d ! 0.1, un-
constrained ! PT Þts to experimental data [6Ð8] prefer
larger values ofL 4 and L 6, allowing µu /µ d $ 0.5 within
1# uncertainty.

THE SCALAR POTENTIAL IN AMSB QCD

The low-energy constantsL i in the chiral Lagrangian,
as well as B0 and F0, cannot be computed from Þrst
principles within QCD, since QCD gets strongly coupled
at low energies. Determinations of theL i typically rely
on phenomenological Þts [6Ð8] or lattice simulations [3,
4]. Their leading order scaling can also be estimated
as an expansion in the number of colors, in the large-N
limit [6, 10Ð12]. While it is generally believed that an
extrapolation of large-N results to N = 3 gives a good
qualitative description of QCD, conclusions derived from
large-N QCD should always be taken with a grain of salt.

Here we consider an alternative setup based on su-
persymmetric QCD (SQCD) [19Ð21] (see [22] for a re-
view), which allows us to derive the chiral Lagrangian
from Þrst principles for any number of colorsN , includ-
ing N = 3. We additionally assume that supersymmetry
is softly broken via anomaly mediated supersymmetry
breaking (AMSB) [23, 24]. AMSB ensures that SQCD
has a QCD-like, i.e. chiral symmetry-breaking vacuum
for F < 3N [14]. Supersymmetry breaking lifts the
masses of the superpartners and ensures that the pseudo-
Nambu-Goldstone Bosons (pNGBs) from chiral symme-
try breaking, i.e. the mesons, are the lightest states in the
theory, just like in ordinary QCD. By explicitly integrat-
ing out heavier states in the scalar sector we can derive
the chiral Lagrangian to any order in quark masses. How-
ever, note that, while this theory has many similarities
with QCD, it is only QCD-like. The superpartners, and
the gluinos in particular, still play an important role in
the conÞnement dynamics, and only in the limit in which
the supersymmetry breaking scalem gets larger than the
conÞnement scale# , one would recover ordinary QCD.
However, when m % # perturbativity is lost and this
limit is not straightforward to take.

Our setup is a supersymmetricSU(N ) gauge theory
with F ßavors of chiral superÞeld pairs in the funda-
mental and antifundamental representation of the gauge
group. The e" ects of AMSB are incorporated using the
conformal compensator formalism [25], where the super-
symmetry breaking scalem is the F -term of a chiral su-
perÞeld that appears wherever scale invariance is broken.
At tree-level it generates a contribution to the scalar po-
tential which is given by [14]

Vtree = $i W gij !
$j ! W + m" m

#
$i Kg ij !

$j ! K " K
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+ m
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$i W gij !
$j ! K " 3W

$
+ c.c.,

(12)
where gij !

is the inverse of the K¬ahler metric gij ! =
$i $j ! K . Given our speciÞc interest inF = 3, this pa-
per focuses on the cases whereF < N and F = N . The
K¬ahler potential and superpotential of interest are given
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needs to Þnd an indirect route in order to check whether
the observed meson spectrum is consistent with a zero
up quark mass ansatz or not. The key is to Þrst work
in a gauge where theO

!
p2

"
Lagrangian in Eq. (1) is

matched to the quark Lagrangian of the SM (with mass
parametersmu,d,s ). Then at O

!
p4

"
one Þnds

m2
! = " 1(mu + md) + " 2ms(mu + md) + O(m2

u,d ), (9)

where

" 1 = B0, " 2 = 16
B 2

0

F 2
0

(2L 6 " L 4). (10)

This allows one to directly compare themu,d,s parame-
ters with the e" ective µu,d,s parameters since the pion
masses are gauge invariant. In fact, it rather simpli-
Þes if the SM Lagrangian is characterized by a massless
up quark, i.e. mu = 0, and if one further argues that
µd # md and µs # ms [9]

µu

µd
$

" 2

" 1
µs = 16

B0µs

F 2
0

(2L 6 " L 4) . (11)

Note that the value µu /µ d $ 0.5 corresponds to
" 2/ " 1 $ 5 GeV! 1, a value that is commonly cited in
the literature. While lattice simulation results [17, 18]
report a highly constrained value of µu /µ d ! 0.1, un-
constrained ! PT Þts to experimental data [6Ð8] prefer
larger values ofL 4 and L 6, allowing µu /µ d $ 0.5 within
1# uncertainty.

THE SCALAR POTENTIAL IN AMSB QCD

The low-energy constantsL i in the chiral Lagrangian,
as well as B0 and F0, cannot be computed from Þrst
principles within QCD, since QCD gets strongly coupled
at low energies. Determinations of theL i typically rely
on phenomenological Þts [6Ð8] or lattice simulations [3,
4]. Their leading order scaling can also be estimated
as an expansion in the number of colors, in the large-N
limit [6, 10Ð12]. While it is generally believed that an
extrapolation of large-N results to N = 3 gives a good
qualitative description of QCD, conclusions derived from
large-N QCD should always be taken with a grain of salt.

Here we consider an alternative setup based on su-
persymmetric QCD (SQCD) [19Ð21] (see [22] for a re-
view), which allows us to derive the chiral Lagrangian
from Þrst principles for any number of colorsN , includ-
ing N = 3. We additionally assume that supersymmetry
is softly broken via anomaly mediated supersymmetry
breaking (AMSB) [23, 24]. AMSB ensures that SQCD
has a QCD-like, i.e. chiral symmetry-breaking vacuum
for F < 3N [14]. Supersymmetry breaking lifts the
masses of the superpartners and ensures that the pseudo-
Nambu-Goldstone Bosons (pNGBs) from chiral symme-
try breaking, i.e. the mesons, are the lightest states in the
theory, just like in ordinary QCD. By explicitly integrat-
ing out heavier states in the scalar sector we can derive
the chiral Lagrangian to any order in quark masses. How-
ever, note that, while this theory has many similarities
with QCD, it is only QCD-like. The superpartners, and
the gluinos in particular, still play an important role in
the conÞnement dynamics, and only in the limit in which
the supersymmetry breaking scalem gets larger than the
conÞnement scale# , one would recover ordinary QCD.
However, when m % # perturbativity is lost and this
limit is not straightforward to take.

Our setup is a supersymmetricSU(N ) gauge theory
with F ßavors of chiral superÞeld pairs in the funda-
mental and antifundamental representation of the gauge
group. The e" ects of AMSB are incorporated using the
conformal compensator formalism [25], where the super-
symmetry breaking scalem is the F -term of a chiral su-
perÞeld that appears wherever scale invariance is broken.
At tree-level it generates a contribution to the scalar po-
tential which is given by [14]

Vtree = $i W gij !
$j ! W + m" m

#
$i Kg ij !

$j ! K " K
$

+ m
#

$i W gij !
$j ! K " 3W

$
+ c.c.,

(12)
where gij !

is the inverse of the K¬ahler metric gij ! =
$i $j ! K . Given our speciÞc interest inF = 3, this pa-
per focuses on the cases whereF < N and F = N . The
K¬ahler potential and superpotential of interest are given

The dynamical quark masses 

¥Need to match chiral Lagrangian to UV physics 
where quark masses are from Yukawa couplings 

¥Then expression of pion mass is  

¥Where 

¥Matching pion mass assuming 

¥Need L4,6! Note also                        implies  

3

In fact the Kaplan-Manohar identity (5) allows one to
further simplify the Lagrangian: it can be utilized as a
gauge transformation on the! PT Lagrangian at O

!
p4

"
.

The physics remains invariant under the shift of the mass
matrix [1] as long as some of the coe! cients L 1,..., 8 are
also shifted according to be following transformation:

! ! ! + a cof(!   ) , L 6 ! L 6 " a
F 2

0

16

L 7 ! L 7 " a
F 2

0

16
, and L 8 ! L 8 + a

F 2
0

8
,

(7)

for arbitrary a. One way of utilizing this redundancy is
to eliminate the instanton generated opearator in Eq. (4)
by choosinga appropriately. Another way to utilize this
redundancy is by chosinga such that the meson spec-
trum (at O

!
p4

"
) arises entirely from the leading terms

in Eq. (1). For example, denoting the up and down type
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In fact the Kaplan-Manohar identity (5) allows one to
further simplify the Lagrangian: it can be utilized as a
gauge transformation on the! PT Lagrangian at O
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The physics remains invariant under the shift of the mass
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for arbitrary a. One way of utilizing this redundancy is
to eliminate the instanton generated opearator in Eq. (4)
by choosinga appropriately. Another way to utilize this
redundancy is by chosinga such that the meson spec-
trum (at O

!
p4

"
) arises entirely from the leading terms

in Eq. (1). For example, denoting the up and down type
masses in this gauge byµu and µd respectively, and tak-
ing the quark masses to be real which we will assume
from now on, one gets

m2
! = B0(µu + µd) (8)

in this gauge even from theO
!
p4

"
Lagrangian.

An essential consequence of the above ambiguity
is that fundamental/ultraviolet (electroweak generated)
quark mass parameters of the Standard Model (SM) La-
grangian can be extracted from the measured pion spec-
trum only up to an arbitrary shift [1, 16]. Therefore, one
needs to Þnd an indirect route in order to check whether
the observed meson spectrum is consistent with a zero
up quark mass ansatz or not. The key is to Þrst work
in a gauge where theO

!
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"
Lagrangian in Eq. (1) is

matched to the quark Lagrangian of the SM (with mass
parametersmu,d,s ). Then at O
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This allows one to directly compare themu,d,s parame-
ters with the e" ective µu,d,s parameters since the pion
masses are gauge invariant. In fact, it rather simpli-
Þes if the SM Lagrangian is characterized by a massless
up quark, i.e. mu = 0, and if one further argues that
µd # md and µs # ms [9]
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Note that the value µu /µ d $ 0.5 corresponds to
" 2/ " 1 $ 5 GeV! 1, a value that is commonly cited in
the literature. While lattice simulation results [17, 18]
report a highly constrained value of µu /µ d ! 0.1, un-
constrained ! PT Þts to experimental data [6Ð8] prefer
larger values ofL 4 and L 6, allowing µu /µ d $ 0.5 within
1# uncertainty.

THE SCALAR POTENTIAL IN AMSB QCD

The low-energy constantsL i in the chiral Lagrangian,
as well as B0 and F0, cannot be computed from Þrst
principles within QCD, since QCD gets strongly coupled
at low energies. Determinations of theL i typically rely
on phenomenological Þts [6Ð8] or lattice simulations [3,
4]. Their leading order scaling can also be estimated
as an expansion in the number of colors, in the large-N
limit [6, 10Ð12]. While it is generally believed that an
extrapolation of large-N results to N = 3 gives a good
qualitative description of QCD, conclusions derived from
large-N QCD should always be taken with a grain of salt.

Here we consider an alternative setup based on su-
persymmetric QCD (SQCD) [19Ð21] (see [22] for a re-
view), which allows us to derive the chiral Lagrangian
from Þrst principles for any number of colorsN , includ-
ing N = 3. We additionally assume that supersymmetry
is softly broken via anomaly mediated supersymmetry
breaking (AMSB) [23, 24]. AMSB ensures that SQCD
has a QCD-like, i.e. chiral symmetry-breaking vacuum
for F < 3N [14]. Supersymmetry breaking lifts the
masses of the superpartners and ensures that the pseudo-
Nambu-Goldstone Bosons (pNGBs) from chiral symme-
try breaking, i.e. the mesons, are the lightest states in the
theory, just like in ordinary QCD. By explicitly integrat-
ing out heavier states in the scalar sector we can derive
the chiral Lagrangian to any order in quark masses. How-
ever, note that, while this theory has many similarities
with QCD, it is only QCD-like. The superpartners, and
the gluinos in particular, still play an important role in
the conÞnement dynamics, and only in the limit in which
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limit is not straightforward to take.
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0
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8
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F 2
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(2L 6 " L 4) . (11)

Note that the value µu /µ d $ 0.5 corresponds to
" 2/ " 1 $ 5 GeV! 1, a value that is commonly cited in
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THE SCALAR POTENTIAL IN AMSB QCD
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per focuses on the cases whereF < N and F = N . The
K¬ahler potential and superpotential of interest are given
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The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:

A(H )
M Q

" "   U + U  " !
1
3

tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model

L (H,T )
1 = !

1
2M 2

H
tr

! "
A(H )

M Q
+ A(H )

kin + A(H )
! !

#2
$

!
1

2M 2
T

"
A(T )

M Q
+ A(T )

kin + A(T )
! !

#2
.

(23)

By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
1 = !

1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd

µu

µd
&

'
((((((((()

(((((((((*

16
147

(N ! 1)(7N ! 3)
N (N + 3) 2

%
N + 3
3N ! 3

"
m

&3/N µs

m
(F = 3 < N )

7&
18

µs

m
(F = N = 3) .

(27)
Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in

  is uncalculable Kähler coefficient
α
μs = ms



Contributions sizable as long as  not too small and 


Strictly speaking no information on actual QCD, since 


Naive extrapolation — take . At least effective theories themselves 
self-consistent (but may not describe QCD)

μs/m α = 𝒪(1)

m ≪ Λ

m = Λc

28

Dynamical Up-Quark Mass Generation
in AMSB QCD

The dynamical up quark mass in AMSB QCD  

¥ Contributions sizable as long as  
! s/m not too small and " =O(1)  

¥ Strictly speaking no information on actual QCD, since we 
always assumed m<<# 

¥ Naive extrapolation - take m=#c . At least effective theories 
themselves self-consistent (but may no longer describe 
QCD), for F=N need to also assume $>>1. 
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this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
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Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd
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Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in
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this limit. We can see that these expressions are sizable,
and in particular for the F = N caseµu /µ d = O(1) as
long as! = O(1) and µs/m is chosen to be not too small.

It remains unclear whether or how these AMSB QCD
results can be reliably extrapolated to real QCD in
the limit where the SUSY breaking scale becomes large
(m ! ! ). One naive guess would be to setm " O(! ),
assuming that all states obtaining masses from SUSY
breaking decouple from the dynamics once they are heav-
ier than ! . Note that for F < N , the theory allows for a
self-consistent extrapolation to m " O(! ), as the e" ec-
tive theory is fully solvable in this limit. This also holds
for F = N as long as" ! 1, which is expected sinceX
acts as a Lagrange multiplier that enforces the quantum
modiÞed constraint on the moduli space. Using such a
naive extrapolation one would obtain the following nu-
merical values:

µu

µd
# 0.01

!
F =3 ,N =4

! c = m, µ s /m =0 .5

"
. (28)

For F = N the result depends on the uncalculable pa-
rameter ! , usually assumed to be! " O(1). As an illus-
trative example, choosing! = 2 leads to

µu

µd
# 0.4

# F = N =3
! =2 , µ s /m =0 .5

$
. (29)

We should again emphasize that these numerical values
are obtained by extrapolating outside the regime of va-
lidity of our theory.

The large-N behavior of our result matches the expec-
tation that µu /µ d is suppressed in this limit, vanishing
altogether at leading order in 1/N . However, in the case
of F = N = 3 a sizable µu is generated. It is prob-
ably not too surprising that the result for this case is
quite di" erent (and much bigger) than for the F < N
case: theF = N case is truly strongly coupled, and the
origin of chiral symmetry breaking lies in the conÞning
dynamics (while for F < N the theory is actually weakly
coupled). In fact the resulting dynamical contribution
for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
# angle unphysical.

The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
e" ect.
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this limit. We can see that these expressions are sizable,
and in particular for the F = N caseµu /µ d = O(1) as
long as! = O(1) and µs/m is chosen to be not too small.

It remains unclear whether or how these AMSB QCD
results can be reliably extrapolated to real QCD in
the limit where the SUSY breaking scale becomes large
(m ! ! ). One naive guess would be to setm " O(! ),
assuming that all states obtaining masses from SUSY
breaking decouple from the dynamics once they are heav-
ier than ! . Note that for F < N , the theory allows for a
self-consistent extrapolation to m " O(! ), as the e" ec-
tive theory is fully solvable in this limit. This also holds
for F = N as long as" ! 1, which is expected sinceX
acts as a Lagrange multiplier that enforces the quantum
modiÞed constraint on the moduli space. Using such a
naive extrapolation one would obtain the following nu-
merical values:

µu

µd
# 0.01

!
F =3 ,N =4

! c = m, µ s /m =0 .5

"
. (28)

For F = N the result depends on the uncalculable pa-
rameter ! , usually assumed to be! " O(1). As an illus-
trative example, choosing! = 2 leads to

µu

µd
# 0.4

# F = N =3
! =2 , µ s /m =0 .5

$
. (29)

We should again emphasize that these numerical values
are obtained by extrapolating outside the regime of va-
lidity of our theory.

The large-N behavior of our result matches the expec-
tation that µu /µ d is suppressed in this limit, vanishing
altogether at leading order in 1/N . However, in the case
of F = N = 3 a sizable µu is generated. It is prob-
ably not too surprising that the result for this case is
quite di" erent (and much bigger) than for the F < N
case: theF = N case is truly strongly coupled, and the
origin of chiral symmetry breaking lies in the conÞning
dynamics (while for F < N the theory is actually weakly
coupled). In fact the resulting dynamical contribution
for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
# angle unphysical.

The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
e" ect.
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The dynamical up quark mass in AMSB QCD  

¥ Contributions sizable as long as  
! s/m not too small and " =O(1)  

¥ Strictly speaking no information on actual QCD, since we 
always assumed m<<# 

¥ Naive extrapolation - take m=#c . At least effective theories 
themselves self-consistent (but may no longer describe 
QCD), for F=N need to also assume $>>1. 
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The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:

A(H )
M Q

" "   U + U  " !
1
3

tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model

L (H,T )
1 = !

1
2M 2

H
tr

! "
A(H )

M Q
+ A(H )

kin + A(H )
! !

#2
$

!
1

2M 2
T

"
A(T )

M Q
+ A(T )

kin + A(T )
! !

#2
.

(23)

By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
1 = !

1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd

µu

µd
&

'
((((((((()

(((((((((*

16
147

(N ! 1)(7N ! 3)
N (N + 3) 2

%
N + 3
3N ! 3

"
m

&3/N µs

m
(F = 3 < N )

7&
18

µs

m
(F = N = 3) .

(27)
Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in
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this limit. We can see that these expressions are sizable,
and in particular for the F = N caseµu /µ d = O(1) as
long as! = O(1) and µs/m is chosen to be not too small.

It remains unclear whether or how these AMSB QCD
results can be reliably extrapolated to real QCD in
the limit where the SUSY breaking scale becomes large
(m ! ! ). One naive guess would be to setm " O(! ),
assuming that all states obtaining masses from SUSY
breaking decouple from the dynamics once they are heav-
ier than ! . Note that for F < N , the theory allows for a
self-consistent extrapolation to m " O(! ), as the e" ec-
tive theory is fully solvable in this limit. This also holds
for F = N as long as" ! 1, which is expected sinceX
acts as a Lagrange multiplier that enforces the quantum
modiÞed constraint on the moduli space. Using such a
naive extrapolation one would obtain the following nu-
merical values:

µu

µd
# 0.01

!
F =3 ,N =4

! c = m, µ s /m =0 .5

"
. (28)

For F = N the result depends on the uncalculable pa-
rameter ! , usually assumed to be! " O(1). As an illus-
trative example, choosing! = 2 leads to

µu

µd
# 0.4

# F = N =3
! =2 , µ s /m =0 .5

$
. (29)

We should again emphasize that these numerical values
are obtained by extrapolating outside the regime of va-
lidity of our theory.

The large-N behavior of our result matches the expec-
tation that µu /µ d is suppressed in this limit, vanishing
altogether at leading order in 1/N . However, in the case
of F = N = 3 a sizable µu is generated. It is prob-
ably not too surprising that the result for this case is
quite di" erent (and much bigger) than for the F < N
case: theF = N case is truly strongly coupled, and the
origin of chiral symmetry breaking lies in the conÞning
dynamics (while for F < N the theory is actually weakly
coupled). In fact the resulting dynamical contribution
for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
# angle unphysical.

The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
e" ect.
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The large-N behavior of our result matches the expec-
tation that µu /µ d is suppressed in this limit, vanishing
altogether at leading order in 1/N . However, in the case
of F = N = 3 a sizable µu is generated. It is prob-
ably not too surprising that the result for this case is
quite di" erent (and much bigger) than for the F < N
case: theF = N case is truly strongly coupled, and the
origin of chiral symmetry breaking lies in the conÞning
dynamics (while for F < N the theory is actually weakly
coupled). In fact the resulting dynamical contribution
for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
# angle unphysical.

The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
e" ect.
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dynamics (while for F < N the theory is actually weakly
coupled). In fact the resulting dynamical contribution
for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
# angle unphysical.

The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
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for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
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low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
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QCD dynamics alone might account for the observed up-quark mass, 
rendering the  angle unphysical 
θ̄

29

Dynamical Up-Quark Mass Generation
in AMSB QCD

The dynamical up quark mass in AMSB QCD  

¥ Contributions sizable as long as  
! s/m not too small and " =O(1)  

¥ Strictly speaking no information on actual QCD, since we 
always assumed m<<# 

¥ Naive extrapolation - take m=#c . At least effective theories 
themselves self-consistent (but may no longer describe 
QCD), for F=N need to also assume $>>1. 

5

The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:

A(H )
M Q

" "   U + U  " !
1
3

tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model

L (H,T )
1 = !

1
2M 2

H
tr

! "
A(H )

M Q
+ A(H )

kin + A(H )
! !

#2
$

!
1

2M 2
T

"
A(T )

M Q
+ A(T )

kin + A(T )
! !

#2
.

(23)

By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
1 = !

1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd

µu

µd
&

'
((((((((()

(((((((((*

16
147

(N ! 1)(7N ! 3)
N (N + 3) 2

%
N + 3
3N ! 3

"
m

&3/N µs

m
(F = 3 < N )

7&
18

µs

m
(F = N = 3) .

(27)
Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in
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this limit. We can see that these expressions are sizable,
and in particular for the F = N caseµu /µ d = O(1) as
long as! = O(1) and µs/m is chosen to be not too small.

It remains unclear whether or how these AMSB QCD
results can be reliably extrapolated to real QCD in
the limit where the SUSY breaking scale becomes large
(m ! ! ). One naive guess would be to setm " O(! ),
assuming that all states obtaining masses from SUSY
breaking decouple from the dynamics once they are heav-
ier than ! . Note that for F < N , the theory allows for a
self-consistent extrapolation to m " O(! ), as the e" ec-
tive theory is fully solvable in this limit. This also holds
for F = N as long as" ! 1, which is expected sinceX
acts as a Lagrange multiplier that enforces the quantum
modiÞed constraint on the moduli space. Using such a
naive extrapolation one would obtain the following nu-
merical values:

µu

µd
# 0.01

!
F =3 ,N =4

! c = m, µ s /m =0 .5

"
. (28)

For F = N the result depends on the uncalculable pa-
rameter ! , usually assumed to be! " O(1). As an illus-
trative example, choosing! = 2 leads to

µu

µd
# 0.4

# F = N =3
! =2 , µ s /m =0 .5

$
. (29)

We should again emphasize that these numerical values
are obtained by extrapolating outside the regime of va-
lidity of our theory.

The large-N behavior of our result matches the expec-
tation that µu /µ d is suppressed in this limit, vanishing
altogether at leading order in 1/N . However, in the case
of F = N = 3 a sizable µu is generated. It is prob-
ably not too surprising that the result for this case is
quite di" erent (and much bigger) than for the F < N
case: theF = N case is truly strongly coupled, and the
origin of chiral symmetry breaking lies in the conÞning
dynamics (while for F < N the theory is actually weakly
coupled). In fact the resulting dynamical contribution
for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
# angle unphysical.

The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
e" ect.
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this limit. We can see that these expressions are sizable,
and in particular for the F = N caseµu /µ d = O(1) as
long as! = O(1) and µs/m is chosen to be not too small.

It remains unclear whether or how these AMSB QCD
results can be reliably extrapolated to real QCD in
the limit where the SUSY breaking scale becomes large
(m ! ! ). One naive guess would be to setm " O(! ),
assuming that all states obtaining masses from SUSY
breaking decouple from the dynamics once they are heav-
ier than ! . Note that for F < N , the theory allows for a
self-consistent extrapolation to m " O(! ), as the e" ec-
tive theory is fully solvable in this limit. This also holds
for F = N as long as" ! 1, which is expected sinceX
acts as a Lagrange multiplier that enforces the quantum
modiÞed constraint on the moduli space. Using such a
naive extrapolation one would obtain the following nu-
merical values:

µu

µd
# 0.01

!
F =3 ,N =4

! c = m, µ s /m =0 .5

"
. (28)

For F = N the result depends on the uncalculable pa-
rameter ! , usually assumed to be! " O(1). As an illus-
trative example, choosing! = 2 leads to

µu

µd
# 0.4

# F = N =3
! =2 , µ s /m =0 .5

$
. (29)

We should again emphasize that these numerical values
are obtained by extrapolating outside the regime of va-
lidity of our theory.

The large-N behavior of our result matches the expec-
tation that µu /µ d is suppressed in this limit, vanishing
altogether at leading order in 1/N . However, in the case
of F = N = 3 a sizable µu is generated. It is prob-
ably not too surprising that the result for this case is
quite di" erent (and much bigger) than for the F < N
case: theF = N case is truly strongly coupled, and the
origin of chiral symmetry breaking lies in the conÞning
dynamics (while for F < N the theory is actually weakly
coupled). In fact the resulting dynamical contribution
for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
# angle unphysical.

The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
e" ect.
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The dynamical up quark mass in AMSB QCD  

¥ Contributions sizable as long as  
! s/m not too small and " =O(1)  

¥ Strictly speaking no information on actual QCD, since we 
always assumed m<<# 

¥ Naive extrapolation - take m=#c . At least effective theories 
themselves self-consistent (but may no longer describe 
QCD), for F=N need to also assume $>>1. 
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The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:

A(H )
M Q

" "   U + U  " !
1
3

tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model

L (H,T )
1 = !

1
2M 2

H
tr

! "
A(H )

M Q
+ A(H )

kin + A(H )
! !

#2
$

!
1

2M 2
T

"
A(T )

M Q
+ A(T )

kin + A(T )
! !

#2
.

(23)

By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
1 = !

1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd

µu

µd
&

'
((((((((()

(((((((((*

16
147

(N ! 1)(7N ! 3)
N (N + 3) 2

%
N + 3
3N ! 3

"
m

&3/N µs

m
(F = 3 < N )

7&
18

µs

m
(F = N = 3) .

(27)
Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in
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The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
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this limit. We can see that these expressions are sizable,
and in particular for the F = N caseµu /µ d = O(1) as
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the limit where the SUSY breaking scale becomes large
(m ! ! ). One naive guess would be to setm " O(! ),
assuming that all states obtaining masses from SUSY
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ier than ! . Note that for F < N , the theory allows for a
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acts as a Lagrange multiplier that enforces the quantum
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The large-N behavior of our result matches the expec-
tation that µu /µ d is suppressed in this limit, vanishing
altogether at leading order in 1/N . However, in the case
of F = N = 3 a sizable µu is generated. It is prob-
ably not too surprising that the result for this case is
quite di" erent (and much bigger) than for the F < N
case: theF = N case is truly strongly coupled, and the
origin of chiral symmetry breaking lies in the conÞning
dynamics (while for F < N the theory is actually weakly
coupled). In fact the resulting dynamical contribution
for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
# angle unphysical.

The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
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Softly broken SUSY theories are lab for studying confinement and QCD 
physics


AMSB is UV insensitive, trackable, and produces QCD-like phase structure


Dynamical mass for up quark could be sizable with vanishing up Yukawa

Can be answered within 𝜒PT


Calculated second order chiral Lagrangian with AMSB QCD


Simple extrapolation for  accounts for entire up quark mass


invites further theoretical, lattice, and phenomenological follow‐up studies

F = N
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Can we get the same result from another class of QCD-like theories? 


Currently working on QCD compactified on 


Compactified QCD reportedly reproduces SUSY QCD results


Sizable Dynamical up-quark mass in other classes of QCD-like theories may 
provide a useful hint on the solution to the strong CP problem
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To find the chiral Lagrangian, we need to integrate out the heavy fields from 
the low-energy potential that we obtain from AMSB


Meson matrix contains pGBs, but also radial modes. Those need to be 
carefully integrated out


 is heavy radial modes - adjoint under 


 is pGB matrix, also containing  (irrelevant in this topic) - bi-fundamental under 



S U(3)R

U η′￼

U(3)L × U(3)R
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𝜒PT in AMSB QCD
Matching onto chiral Lagrangian
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Determination of the chiral Lagrangian  
¥ To find the chiral Lagrangian, we need to integrate out the 

heavy modes from the low-energy potential that we obtain 
from AMSB 

¥ Meson matrix contains pGBÕs but also heavy fields. Those 
need to be carefully integrated out   

¥ S is heavy radial modes - adjoint under U(3)R  

¥ U is pGB matrix, also containing ! Õ (doesnÕt play much of a 
role here) 

 bifundamental under U(3)L x U(3)R as usual 

4

by

W F <N = ( N ! F )
!

! 3N ! F

det M

" 1/ (N ! F )

+ tr[ M Q M ],

K F <N = 2 tr
#"

MM  
$

(13)
for F < N [19, 26] and

W F = N = X
!

det M ! B øB
! 2N ! 1

"
+ tr[ M Q M ],

K F = N =
tr[ MM   ]

! |! |2
+

XX  

" |! |4
+

BB  

#|! |2N ! 2 +
øB øB  

$|! |2N ! 2

(14)
for F = N [20]. HereM ff ! = øQf Qf ! , f, f " = 1 , . . . , F is
the meson superÞeld, constructed from quark chiral su-
perÞeldsQf , øQf . M Q is the supersymmetric mass matrix
for the quark superÞelds.B, øB are completely antisym-
metric color singlet combinations of the quark superÞelds
Q and øQ, i.e. B = %f 1 áááf F %a1 áááaN Qa1

f 1
á á áQaN

f F
, where ai

are color indices. X corresponds to a Lagrange multi-
plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
turbative control, and introduce a heavy supersymmet-
ric mass µ for one ßavor, satisfying! > µ > m > M Q ,
and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].

THE CHIRAL LAGRANGIAN IN AMSB QCD

As a next step we determine the chiral Lagrangian in
AMSB QCD by integrating out the heavy degrees of free-
dom in the scalar sector at tree level. Note that the

fermionic superpartners of the mesons contribute to the
scalar potential only at the loop level. We will assume
that ! % m % M Q in order to maintain perturbative
control. Following [30] we parameterize the meson ma-
trix as

M = SU, S  = S, U  U = I 3. (15)

Hereafter, M refers to the complex scalar component of
the meson superÞeld. HereU contains the nine pNGBs
in a nonlinear representation

U = exp
%

!
i
3

' "
&

÷U, det ÷U = 1 , (16)

where the ' " is the GB of the spontaneously broken
U(1)A , where we have absorbed the decay constant into
the deÞniton of the Þeld. Note that U transforms as a
bi-fundamental under U(3)L & U(3)R , while S is a singlet
under SU(3)L and transforms in the adjoint representa-
tion of SU(3)R . Therefore, S contains nine real degrees
of freedom (eight that transform in the adjoint represen-
tation of SU(3)R and one singlet).

To zeroth order in the quark massesS obtains a vac-
uum expectation value (VEV) proportional to the iden-
tity, what spontaneously breaksU(3)L &U(3)R ' U(3)V ,
i.e.

(S) = f 2
0 I 3 + O(M Q ) , (17)
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Plugging this into the scalar potential, one Þnds the
leading-order chiral Lagrangian in Eq. (1) and identiÞes
F0 and ( = 2B0M  

Q , where the explicit expression forF0

and B0 can be found in Table I.
In order to Þnd higher-order terms in the chiral La-

grangian, we have to integrate out the radial modes inS,
i.e. we have to perturbatively solve the equation of mo-
tion for S as a function of U to a given order in M Q , i.e.
we have to ÞndS = S[U], which minimizes the potential.
In order to do so we parameterizeS as

S = f 2
0 I 3 + S1 + á á á* f 2

0 I 3 + H + TI 3 + á á á, (19)

whereH = S1 ! 1
3 tr[ S1]I 3 and T = 1

3 tr[ S1]. Note that H
and T are of orderO(M Q ) and O() 2) by construction 1.

1 Note that minimizing the potential w.r.t. S1 will also correct the
VEV in a form that does not respect the chiral symmetry, i.e.
!S" = f 0 I 3 + a tr[ M Q ]I 3 + b MQ + O(M 2

Q ). This also happens
in ordinary QCD [6].

4

by

W F <N = ( N ! F )
!

! 3N ! F

det M

" 1/ (N ! F )

+ tr[ M Q M ],

K F <N = 2 tr
#"

MM  
$

(13)
for F < N [19, 26] and

W F = N = X
!

det M ! B øB
! 2N ! 1

"
+ tr[ M Q M ],

K F = N =
tr[ MM   ]

! |! |2
+

XX  

" |! |4
+

BB  

#|! |2N ! 2 +
øB øB  

$|! |2N ! 2

(14)
for F = N [20]. HereM ff ! = øQf Qf ! , f, f " = 1 , . . . , F is
the meson superÞeld, constructed from quark chiral su-
perÞeldsQf , øQf . M Q is the supersymmetric mass matrix
for the quark superÞelds.B, øB are completely antisym-
metric color singlet combinations of the quark superÞelds
Q and øQ, i.e. B = %f 1 áááf F %a1 áááaN Qa1

f 1
á á áQaN

f F
, where ai

are color indices. X corresponds to a Lagrange multi-
plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
turbative control, and introduce a heavy supersymmet-
ric mass µ for one ßavor, satisfying! > µ > m > M Q ,
and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].

THE CHIRAL LAGRANGIAN IN AMSB QCD

As a next step we determine the chiral Lagrangian in
AMSB QCD by integrating out the heavy degrees of free-
dom in the scalar sector at tree level. Note that the

fermionic superpartners of the mesons contribute to the
scalar potential only at the loop level. We will assume
that ! % m % M Q in order to maintain perturbative
control. Following [30] we parameterize the meson ma-
trix as

M = SU, S  = S, U  U = I 3. (15)

Hereafter, M refers to the complex scalar component of
the meson superÞeld. HereU contains the nine pNGBs
in a nonlinear representation

U = exp
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÷U, det ÷U = 1 , (16)

where the ' " is the GB of the spontaneously broken
U(1)A , where we have absorbed the decay constant into
the deÞniton of the Þeld. Note that U transforms as a
bi-fundamental under U(3)L & U(3)R , while S is a singlet
under SU(3)L and transforms in the adjoint representa-
tion of SU(3)R . Therefore, S contains nine real degrees
of freedom (eight that transform in the adjoint represen-
tation of SU(3)R and one singlet).

To zeroth order in the quark massesS obtains a vac-
uum expectation value (VEV) proportional to the iden-
tity, what spontaneously breaksU(3)L &U(3)R ' U(3)V ,
i.e.
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Plugging this into the scalar potential, one Þnds the
leading-order chiral Lagrangian in Eq. (1) and identiÞes
F0 and ( = 2B0M  

Q , where the explicit expression forF0

and B0 can be found in Table I.
In order to Þnd higher-order terms in the chiral La-

grangian, we have to integrate out the radial modes inS,
i.e. we have to perturbatively solve the equation of mo-
tion for S as a function of U to a given order in M Q , i.e.
we have to ÞndS = S[U], which minimizes the potential.
In order to do so we parameterizeS as

S = f 2
0 I 3 + S1 + á á á* f 2

0 I 3 + H + TI 3 + á á á, (19)

whereH = S1 ! 1
3 tr[ S1]I 3 and T = 1

3 tr[ S1]. Note that H
and T are of orderO(M Q ) and O() 2) by construction 1.

1 Note that minimizing the potential w.r.t. S1 will also correct the
VEV in a form that does not respect the chiral symmetry, i.e.
!S" = f 0 I 3 + a tr[ M Q ]I 3 + b MQ + O(M 2

Q ). This also happens
in ordinary QCD [6].

Determination of the chiral Lagrangian  
¥ To find the chiral Lagrangian, we need to integrate out the 

heavy modes from the low-energy potential that we obtain 
from AMSB 

¥ Meson matrix contains pGBÕs but also heavy fields. Those 
need to be carefully integrated out   

¥ S is heavy radial modes - adjoint under U(3)R  

¥ U is pGB matrix, also containing ! Õ (doesnÕt play much of a 
role here) 

 bifundamental under U(3)L x U(3)R as usual 
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plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
turbative control, and introduce a heavy supersymmet-
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and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].
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control. Following [30] we parameterize the meson ma-
trix as

M = SU, S  = S, U  U = I 3. (15)
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where the ' " is the GB of the spontaneously broken
U(1)A , where we have absorbed the decay constant into
the deÞniton of the Þeld. Note that U transforms as a
bi-fundamental under U(3)L & U(3)R , while S is a singlet
under SU(3)L and transforms in the adjoint representa-
tion of SU(3)R . Therefore, S contains nine real degrees
of freedom (eight that transform in the adjoint represen-
tation of SU(3)R and one singlet).

To zeroth order in the quark massesS obtains a vac-
uum expectation value (VEV) proportional to the iden-
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Plugging this into the scalar potential, one Þnds the
leading-order chiral Lagrangian in Eq. (1) and identiÞes
F0 and ( = 2B0M  

Q , where the explicit expression forF0

and B0 can be found in Table I.
In order to Þnd higher-order terms in the chiral La-

grangian, we have to integrate out the radial modes inS,
i.e. we have to perturbatively solve the equation of mo-
tion for S as a function of U to a given order in M Q , i.e.
we have to ÞndS = S[U], which minimizes the potential.
In order to do so we parameterizeS as

S = f 2
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whereH = S1 ! 1
3 tr[ S1]I 3 and T = 1

3 tr[ S1]. Note that H
and T are of orderO(M Q ) and O() 2) by construction 1.

1 Note that minimizing the potential w.r.t. S1 will also correct the
VEV in a form that does not respect the chiral symmetry, i.e.
!S" = f 0 I 3 + a tr[ M Q ]I 3 + b MQ + O(M 2

Q ). This also happens
in ordinary QCD [6].
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for F = N [20]. HereM ff ! = øQf Qf ! , f, f " = 1 , . . . , F is
the meson superÞeld, constructed from quark chiral su-
perÞeldsQf , øQf . M Q is the supersymmetric mass matrix
for the quark superÞelds.B, øB are completely antisym-
metric color singlet combinations of the quark superÞelds
Q and øQ, i.e. B = %f 1 áááf F %a1 áááaN Qa1
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, where ai

are color indices. X corresponds to a Lagrange multi-
plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
turbative control, and introduce a heavy supersymmet-
ric mass µ for one ßavor, satisfying! > µ > m > M Q ,
and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].

THE CHIRAL LAGRANGIAN IN AMSB QCD

As a next step we determine the chiral Lagrangian in
AMSB QCD by integrating out the heavy degrees of free-
dom in the scalar sector at tree level. Note that the

fermionic superpartners of the mesons contribute to the
scalar potential only at the loop level. We will assume
that ! % m % M Q in order to maintain perturbative
control. Following [30] we parameterize the meson ma-
trix as

M = SU, S  = S, U  U = I 3. (15)

Hereafter, M refers to the complex scalar component of
the meson superÞeld. HereU contains the nine pNGBs
in a nonlinear representation

U = exp
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÷U, det ÷U = 1 , (16)

where the ' " is the GB of the spontaneously broken
U(1)A , where we have absorbed the decay constant into
the deÞniton of the Þeld. Note that U transforms as a
bi-fundamental under U(3)L & U(3)R , while S is a singlet
under SU(3)L and transforms in the adjoint representa-
tion of SU(3)R . Therefore, S contains nine real degrees
of freedom (eight that transform in the adjoint represen-
tation of SU(3)R and one singlet).

To zeroth order in the quark massesS obtains a vac-
uum expectation value (VEV) proportional to the iden-
tity, what spontaneously breaksU(3)L &U(3)R ' U(3)V ,
i.e.
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Plugging this into the scalar potential, one Þnds the
leading-order chiral Lagrangian in Eq. (1) and identiÞes
F0 and ( = 2B0M  

Q , where the explicit expression forF0

and B0 can be found in Table I.
In order to Þnd higher-order terms in the chiral La-

grangian, we have to integrate out the radial modes inS,
i.e. we have to perturbatively solve the equation of mo-
tion for S as a function of U to a given order in M Q , i.e.
we have to ÞndS = S[U], which minimizes the potential.
In order to do so we parameterizeS as

S = f 2
0 I 3 + S1 + á á á* f 2

0 I 3 + H + TI 3 + á á á, (19)

whereH = S1 ! 1
3 tr[ S1]I 3 and T = 1

3 tr[ S1]. Note that H
and T are of orderO(M Q ) and O() 2) by construction 1.

1 Note that minimizing the potential w.r.t. S1 will also correct the
VEV in a form that does not respect the chiral symmetry, i.e.
!S" = f 0 I 3 + a tr[ M Q ]I 3 + b MQ + O(M 2

Q ). This also happens
in ordinary QCD [6].
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plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
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and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].
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plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
turbative control, and introduce a heavy supersymmet-
ric mass µ for one ßavor, satisfying! > µ > m > M Q ,
and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].

THE CHIRAL LAGRANGIAN IN AMSB QCD

As a next step we determine the chiral Lagrangian in
AMSB QCD by integrating out the heavy degrees of free-
dom in the scalar sector at tree level. Note that the

fermionic superpartners of the mesons contribute to the
scalar potential only at the loop level. We will assume
that ! % m % M Q in order to maintain perturbative
control. Following [30] we parameterize the meson ma-
trix as

M = SU, S  = S, U  U = I 3. (15)

Hereafter, M refers to the complex scalar component of
the meson superÞeld. HereU contains the nine pNGBs
in a nonlinear representation

U = exp
%

!
i
3

' "
&

÷U, det ÷U = 1 , (16)

where the ' " is the GB of the spontaneously broken
U(1)A , where we have absorbed the decay constant into
the deÞniton of the Þeld. Note that U transforms as a
bi-fundamental under U(3)L & U(3)R , while S is a singlet
under SU(3)L and transforms in the adjoint representa-
tion of SU(3)R . Therefore, S contains nine real degrees
of freedom (eight that transform in the adjoint represen-
tation of SU(3)R and one singlet).

To zeroth order in the quark massesS obtains a vac-
uum expectation value (VEV) proportional to the iden-
tity, what spontaneously breaksU(3)L &U(3)R ' U(3)V ,
i.e.

(S) = f 2
0 I 3 + O(M Q ) , (17)

with

f F <N
0 =

!
N + 3
3N ! 3

!
m

" N " 3
2N

! ,

f F = N
0 = ! !

m2

6!" !
+ O(m4) .

(18)

Plugging this into the scalar potential, one Þnds the
leading-order chiral Lagrangian in Eq. (1) and identiÞes
F0 and ( = 2B0M  

Q , where the explicit expression forF0

and B0 can be found in Table I.
In order to Þnd higher-order terms in the chiral La-

grangian, we have to integrate out the radial modes inS,
i.e. we have to perturbatively solve the equation of mo-
tion for S as a function of U to a given order in M Q , i.e.
we have to ÞndS = S[U], which minimizes the potential.
In order to do so we parameterizeS as

S = f 2
0 I 3 + S1 + á á á* f 2

0 I 3 + H + TI 3 + á á á, (19)

whereH = S1 ! 1
3 tr[ S1]I 3 and T = 1

3 tr[ S1]. Note that H
and T are of orderO(M Q ) and O() 2) by construction 1.

1 Note that minimizing the potential w.r.t. S1 will also correct the
VEV in a form that does not respect the chiral symmetry, i.e.
!S" = f 0 I 3 + a tr[ M Q ]I 3 + b MQ + O(M 2

Q ). This also happens
in ordinary QCD [6].
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The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:

A(H )
M Q

" "   U + U  " !
1
3

tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model

L (H,T )
1 = !

1
2M 2

H
tr

! "
A(H )

M Q
+ A(H )

kin + A(H )
! !

#2
$

!
1

2M 2
T

"
A(T )

M Q
+ A(T )

kin + A(T )
! !

#2
.

(23)

By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
1 = !

1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd

µu

µd
&

'
((((((((()

(((((((((*

16
147

(N ! 1)(7N ! 3)
N (N + 3) 2

%
N + 3
3N ! 3

"
m

&3/N µs

m
(F = 3 < N )

7&
18

µs

m
(F = N = 3) .

(27)
Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in

Determination of the chiral Lagrangian  

¥ To leading order in quark masses   

¥ From scalar potential determine f0 and by matching to lowest 
order chiral Lagrangian also find F0 and B0  

¥ At this order the radial and pGB modes donÕt mix - can just 
set heavy radial modes to zero  
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by

W F <N = ( N ! F )
!

! 3N ! F

det M

" 1/ (N ! F )

+ tr[ M Q M ],

K F <N = 2 tr
#"

MM  
$

(13)
for F < N [19, 26] and

W F = N = X
!

det M ! B øB
! 2N ! 1

"
+ tr[ M Q M ],

K F = N =
tr[ MM   ]

! |! |2
+

XX  

" |! |4
+

BB  

#|! |2N ! 2 +
øB øB  

$|! |2N ! 2

(14)
for F = N [20]. HereM ff ! = øQf Qf ! , f, f " = 1 , . . . , F is
the meson superÞeld, constructed from quark chiral su-
perÞeldsQf , øQf . M Q is the supersymmetric mass matrix
for the quark superÞelds.B, øB are completely antisym-
metric color singlet combinations of the quark superÞelds
Q and øQ, i.e. B = %f 1 áááf F %a1 áááaN Qa1

f 1
á á áQaN

f F
, where ai

are color indices. X corresponds to a Lagrange multi-
plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
turbative control, and introduce a heavy supersymmet-
ric mass µ for one ßavor, satisfying! > µ > m > M Q ,
and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].

THE CHIRAL LAGRANGIAN IN AMSB QCD

As a next step we determine the chiral Lagrangian in
AMSB QCD by integrating out the heavy degrees of free-
dom in the scalar sector at tree level. Note that the

fermionic superpartners of the mesons contribute to the
scalar potential only at the loop level. We will assume
that ! % m % M Q in order to maintain perturbative
control. Following [30] we parameterize the meson ma-
trix as

M = SU, S  = S, U  U = I 3. (15)

Hereafter, M refers to the complex scalar component of
the meson superÞeld. HereU contains the nine pNGBs
in a nonlinear representation

U = exp
%

!
i
3

' "
&

÷U, det ÷U = 1 , (16)

where the ' " is the GB of the spontaneously broken
U(1)A , where we have absorbed the decay constant into
the deÞniton of the Þeld. Note that U transforms as a
bi-fundamental under U(3)L & U(3)R , while S is a singlet
under SU(3)L and transforms in the adjoint representa-
tion of SU(3)R . Therefore, S contains nine real degrees
of freedom (eight that transform in the adjoint represen-
tation of SU(3)R and one singlet).

To zeroth order in the quark massesS obtains a vac-
uum expectation value (VEV) proportional to the iden-
tity, what spontaneously breaksU(3)L &U(3)R ' U(3)V ,
i.e.

(S) = f 2
0 I 3 + O(M Q ) , (17)

with

f F <N
0 =

!
N + 3
3N ! 3

!
m

" N " 3
2N

! ,

f F = N
0 = ! !

m2

6!" !
+ O(m4) .

(18)

Plugging this into the scalar potential, one Þnds the
leading-order chiral Lagrangian in Eq. (1) and identiÞes
F0 and ( = 2B0M  

Q , where the explicit expression forF0

and B0 can be found in Table I.
In order to Þnd higher-order terms in the chiral La-

grangian, we have to integrate out the radial modes inS,
i.e. we have to perturbatively solve the equation of mo-
tion for S as a function of U to a given order in M Q , i.e.
we have to ÞndS = S[U], which minimizes the potential.
In order to do so we parameterizeS as

S = f 2
0 I 3 + S1 + á á á* f 2

0 I 3 + H + TI 3 + á á á, (19)

whereH = S1 ! 1
3 tr[ S1]I 3 and T = 1

3 tr[ S1]. Note that H
and T are of orderO(M Q ) and O() 2) by construction 1.

1 Note that minimizing the potential w.r.t. S1 will also correct the
VEV in a form that does not respect the chiral symmetry, i.e.
!S" = f 0 I 3 + a tr[ M Q ]I 3 + b MQ + O(M 2

Q ). This also happens
in ordinary QCD [6].
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for F = N [20]. HereM ff ! = øQf Qf ! , f, f " = 1 , . . . , F is
the meson superÞeld, constructed from quark chiral su-
perÞeldsQf , øQf . M Q is the supersymmetric mass matrix
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metric color singlet combinations of the quark superÞelds
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, where ai

are color indices. X corresponds to a Lagrange multi-
plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
turbative control, and introduce a heavy supersymmet-
ric mass µ for one ßavor, satisfying! > µ > m > M Q ,
and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].

THE CHIRAL LAGRANGIAN IN AMSB QCD

As a next step we determine the chiral Lagrangian in
AMSB QCD by integrating out the heavy degrees of free-
dom in the scalar sector at tree level. Note that the

fermionic superpartners of the mesons contribute to the
scalar potential only at the loop level. We will assume
that ! % m % M Q in order to maintain perturbative
control. Following [30] we parameterize the meson ma-
trix as

M = SU, S  = S, U  U = I 3. (15)

Hereafter, M refers to the complex scalar component of
the meson superÞeld. HereU contains the nine pNGBs
in a nonlinear representation

U = exp
%
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' "
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÷U, det ÷U = 1 , (16)

where the ' " is the GB of the spontaneously broken
U(1)A , where we have absorbed the decay constant into
the deÞniton of the Þeld. Note that U transforms as a
bi-fundamental under U(3)L & U(3)R , while S is a singlet
under SU(3)L and transforms in the adjoint representa-
tion of SU(3)R . Therefore, S contains nine real degrees
of freedom (eight that transform in the adjoint represen-
tation of SU(3)R and one singlet).

To zeroth order in the quark massesS obtains a vac-
uum expectation value (VEV) proportional to the iden-
tity, what spontaneously breaksU(3)L &U(3)R ' U(3)V ,
i.e.

(S) = f 2
0 I 3 + O(M Q ) , (17)

with
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Plugging this into the scalar potential, one Þnds the
leading-order chiral Lagrangian in Eq. (1) and identiÞes
F0 and ( = 2B0M  

Q , where the explicit expression forF0

and B0 can be found in Table I.
In order to Þnd higher-order terms in the chiral La-

grangian, we have to integrate out the radial modes inS,
i.e. we have to perturbatively solve the equation of mo-
tion for S as a function of U to a given order in M Q , i.e.
we have to ÞndS = S[U], which minimizes the potential.
In order to do so we parameterizeS as

S = f 2
0 I 3 + S1 + á á á* f 2

0 I 3 + H + TI 3 + á á á, (19)

whereH = S1 ! 1
3 tr[ S1]I 3 and T = 1

3 tr[ S1]. Note that H
and T are of orderO(M Q ) and O() 2) by construction 1.

1 Note that minimizing the potential w.r.t. S1 will also correct the
VEV in a form that does not respect the chiral symmetry, i.e.
!S" = f 0 I 3 + a tr[ M Q ]I 3 + b MQ + O(M 2

Q ). This also happens
in ordinary QCD [6].
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The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:

A(H )
M Q

" "   U + U  " !
1
3

tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model

L (H,T )
1 = !

1
2M 2

H
tr

! "
A(H )

M Q
+ A(H )

kin + A(H )
! !

#2
$

!
1

2M 2
T

"
A(T )

M Q
+ A(T )

kin + A(T )
! !

#2
.

(23)

By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
1 = !

1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
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& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd
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(27)
Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in

At this order the radial and pGB modes 
don’t mix — can just set heavy modes to 
zero 


ℒ0 =
1
4

F2
0 {tr[∂μU†∂μU] − tr[χ†U + χU†]}



At next-to-leading order, there will be mixing between heavy and light fields


 will also get a VEV — consequence of explicit breaking via quark masses


 and  modes have different masses


They both mix with 

S1

H T

U

35

𝜒PT in AMSB QCD
Matching onto chiral Lagrangian

Determination of the chiral Lagrangian  

¥ To next order in quark masses there will be mixing between 
heavy and light fields. S1 fluctuation   

¥ S1 will also get a VEV - consequence of explicit breaking via 
quark masses 

¥ H and T modes have different masses 

¥ They both mix with U 
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for F = N [20]. HereM ff ! = øQf Qf ! , f, f " = 1 , . . . , F is
the meson superÞeld, constructed from quark chiral su-
perÞeldsQf , øQf . M Q is the supersymmetric mass matrix
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are color indices. X corresponds to a Lagrange multi-
plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
turbative control, and introduce a heavy supersymmet-
ric mass µ for one ßavor, satisfying! > µ > m > M Q ,
and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].
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dom in the scalar sector at tree level. Note that the
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scalar potential only at the loop level. We will assume
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control. Following [30] we parameterize the meson ma-
trix as
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and T are of orderO(M Q ) and O() 2) by construction 1.

1 Note that minimizing the potential w.r.t. S1 will also correct the
VEV in a form that does not respect the chiral symmetry, i.e.
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Q ). This also happens
in ordinary QCD [6].
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The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:

A(H )
M Q

" "   U + U  " !
1
3

tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model

L (H,T )
1 = !

1
2M 2

H
tr

! "
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M Q
+ A(H )

kin + A(H )
! !

#2
$
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2M 2
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.

(23)

By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
1 = !

1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd

µu

µd
&

'
((((((((()

(((((((((*

16
147

(N ! 1)(7N ! 3)
N (N + 3) 2

%
N + 3
3N ! 3

"
m

&3/N µs

m
(F = 3 < N )

7&
18

µs

m
(F = N = 3) .

(27)
Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in

Determination of the chiral Lagrangian  

¥ To next order in quark masses there will be mixing between 
heavy and light fields. S1 fluctuation   

¥ S1 will also get a VEV - consequence of explicit breaking via 
quark masses 

¥ H and T modes have different masses 
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for F = N [20]. HereM ff ! = øQf Qf ! , f, f " = 1 , . . . , F is
the meson superÞeld, constructed from quark chiral su-
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plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
turbative control, and introduce a heavy supersymmet-
ric mass µ for one ßavor, satisfying! > µ > m > M Q ,
and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].
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the deÞniton of the Þeld. Note that U transforms as a
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of freedom (eight that transform in the adjoint represen-
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Plugging this into the scalar potential, one Þnds the
leading-order chiral Lagrangian in Eq. (1) and identiÞes
F0 and ( = 2B0M  

Q , where the explicit expression forF0

and B0 can be found in Table I.
In order to Þnd higher-order terms in the chiral La-

grangian, we have to integrate out the radial modes inS,
i.e. we have to perturbatively solve the equation of mo-
tion for S as a function of U to a given order in M Q , i.e.
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In order to do so we parameterizeS as
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0 I 3 + H + TI 3 + á á á, (19)

whereH = S1 ! 1
3 tr[ S1]I 3 and T = 1

3 tr[ S1]. Note that H
and T are of orderO(M Q ) and O() 2) by construction 1.

1 Note that minimizing the potential w.r.t. S1 will also correct the
VEV in a form that does not respect the chiral symmetry, i.e.
!S" = f 0 I 3 + a tr[ M Q ]I 3 + b MQ + O(M 2

Q ). This also happens
in ordinary QCD [6].
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The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:

A(H )
M Q

" "   U + U  " !
1
3

tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model

L (H,T )
1 = !

1
2M 2

H
tr

! "
A(H )

M Q
+ A(H )

kin + A(H )
! !

#2
$

!
1

2M 2
T

"
A(T )
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+ A(T )

kin + A(T )
! !

#2
.

(23)

By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
1 = !

1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd

µu

µd
&

'
((((((((()

(((((((((*

16
147

(N ! 1)(7N ! 3)
N (N + 3) 2
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grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.
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the scalar potential from Eq. (12) for each theory. Since
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perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].
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in ordinary QCD [6].
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The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:
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tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
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(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
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Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model
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By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
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2M !2
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+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
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for F = N [20]. HereM ff ! = øQf Qf ! , f, f " = 1 , . . . , F is
the meson superÞeld, constructed from quark chiral su-
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for the quark superÞelds.B, øB are completely antisym-
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are color indices. X corresponds to a Lagrange multi-
plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
turbative control, and introduce a heavy supersymmet-
ric mass µ for one ßavor, satisfying! > µ > m > M Q ,
and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].
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fermionic superpartners of the mesons contribute to the
scalar potential only at the loop level. We will assume
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Plugging this into the scalar potential, one Þnds the
leading-order chiral Lagrangian in Eq. (1) and identiÞes
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In order to Þnd higher-order terms in the chiral La-
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3 tr[ S1]. Note that H
and T are of orderO(M Q ) and O() 2) by construction 1.

1 Note that minimizing the potential w.r.t. S1 will also correct the
VEV in a form that does not respect the chiral symmetry, i.e.
!S" = f 0 I 3 + a tr[ M Q ]I 3 + b MQ + O(M 2

Q ). This also happens
in ordinary QCD [6].

4

by

W F <N = ( N ! F )
!

! 3N ! F

det M

" 1/ (N ! F )

+ tr[ M Q M ],

K F <N = 2 tr
#"

MM  
$

(13)
for F < N [19, 26] and

W F = N = X
!

det M ! B øB
! 2N ! 1

"
+ tr[ M Q M ],

K F = N =
tr[ MM   ]

! |! |2
+

XX  

" |! |4
+

BB  

#|! |2N ! 2 +
øB øB  

$|! |2N ! 2

(14)
for F = N [20]. HereM ff ! = øQf Qf ! , f, f " = 1 , . . . , F is
the meson superÞeld, constructed from quark chiral su-
perÞeldsQf , øQf . M Q is the supersymmetric mass matrix
for the quark superÞelds.B, øB are completely antisym-
metric color singlet combinations of the quark superÞelds
Q and øQ, i.e. B = %f 1 áááf F %a1 áááaN Qa1

f 1
á á áQaN

f F
, where ai

are color indices. X corresponds to a Lagrange multi-
plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
turbative control, and introduce a heavy supersymmet-
ric mass µ for one ßavor, satisfying! > µ > m > M Q ,
and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].

THE CHIRAL LAGRANGIAN IN AMSB QCD

As a next step we determine the chiral Lagrangian in
AMSB QCD by integrating out the heavy degrees of free-
dom in the scalar sector at tree level. Note that the

fermionic superpartners of the mesons contribute to the
scalar potential only at the loop level. We will assume
that ! % m % M Q in order to maintain perturbative
control. Following [30] we parameterize the meson ma-
trix as

M = SU, S  = S, U  U = I 3. (15)

Hereafter, M refers to the complex scalar component of
the meson superÞeld. HereU contains the nine pNGBs
in a nonlinear representation

U = exp
%

!
i
3

' "
&

÷U, det ÷U = 1 , (16)

where the ' " is the GB of the spontaneously broken
U(1)A , where we have absorbed the decay constant into
the deÞniton of the Þeld. Note that U transforms as a
bi-fundamental under U(3)L & U(3)R , while S is a singlet
under SU(3)L and transforms in the adjoint representa-
tion of SU(3)R . Therefore, S contains nine real degrees
of freedom (eight that transform in the adjoint represen-
tation of SU(3)R and one singlet).

To zeroth order in the quark massesS obtains a vac-
uum expectation value (VEV) proportional to the iden-
tity, what spontaneously breaksU(3)L &U(3)R ' U(3)V ,
i.e.

(S) = f 2
0 I 3 + O(M Q ) , (17)

with

f F <N
0 =

!
N + 3
3N ! 3

!
m

" N " 3
2N

! ,

f F = N
0 = ! !

m2

6!" !
+ O(m4) .

(18)

Plugging this into the scalar potential, one Þnds the
leading-order chiral Lagrangian in Eq. (1) and identiÞes
F0 and ( = 2B0M  

Q , where the explicit expression forF0

and B0 can be found in Table I.
In order to Þnd higher-order terms in the chiral La-

grangian, we have to integrate out the radial modes inS,
i.e. we have to perturbatively solve the equation of mo-
tion for S as a function of U to a given order in M Q , i.e.
we have to ÞndS = S[U], which minimizes the potential.
In order to do so we parameterizeS as

S = f 2
0 I 3 + S1 + á á á* f 2

0 I 3 + H + TI 3 + á á á, (19)

whereH = S1 ! 1
3 tr[ S1]I 3 and T = 1

3 tr[ S1]. Note that H
and T are of orderO(M Q ) and O() 2) by construction 1.

1 Note that minimizing the potential w.r.t. S1 will also correct the
VEV in a form that does not respect the chiral symmetry, i.e.
!S" = f 0 I 3 + a tr[ M Q ]I 3 + b MQ + O(M 2

Q ). This also happens
in ordinary QCD [6].

4

by

W F <N = ( N ! F )
!

! 3N ! F

det M

" 1/ (N ! F )

+ tr[ M Q M ],

K F <N = 2 tr
#"

MM  
$

(13)
for F < N [19, 26] and

W F = N = X
!

det M ! B øB
! 2N ! 1

"
+ tr[ M Q M ],

K F = N =
tr[ MM   ]

! |! |2
+

XX  

" |! |4
+

BB  

#|! |2N ! 2 +
øB øB  

$|! |2N ! 2

(14)
for F = N [20]. HereM ff ! = øQf Qf ! , f, f " = 1 , . . . , F is
the meson superÞeld, constructed from quark chiral su-
perÞeldsQf , øQf . M Q is the supersymmetric mass matrix
for the quark superÞelds.B, øB are completely antisym-
metric color singlet combinations of the quark superÞelds
Q and øQ, i.e. B = %f 1 áááf F %a1 áááaN Qa1

f 1
á á áQaN

f F
, where ai

are color indices. X corresponds to a Lagrange multi-
plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
turbative control, and introduce a heavy supersymmet-
ric mass µ for one ßavor, satisfying! > µ > m > M Q ,
and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].

THE CHIRAL LAGRANGIAN IN AMSB QCD

As a next step we determine the chiral Lagrangian in
AMSB QCD by integrating out the heavy degrees of free-
dom in the scalar sector at tree level. Note that the

fermionic superpartners of the mesons contribute to the
scalar potential only at the loop level. We will assume
that ! % m % M Q in order to maintain perturbative
control. Following [30] we parameterize the meson ma-
trix as

M = SU, S  = S, U  U = I 3. (15)

Hereafter, M refers to the complex scalar component of
the meson superÞeld. HereU contains the nine pNGBs
in a nonlinear representation

U = exp
%

!
i
3

' "
&

÷U, det ÷U = 1 , (16)

where the ' " is the GB of the spontaneously broken
U(1)A , where we have absorbed the decay constant into
the deÞniton of the Þeld. Note that U transforms as a
bi-fundamental under U(3)L & U(3)R , while S is a singlet
under SU(3)L and transforms in the adjoint representa-
tion of SU(3)R . Therefore, S contains nine real degrees
of freedom (eight that transform in the adjoint represen-
tation of SU(3)R and one singlet).

To zeroth order in the quark massesS obtains a vac-
uum expectation value (VEV) proportional to the iden-
tity, what spontaneously breaksU(3)L &U(3)R ' U(3)V ,
i.e.

(S) = f 2
0 I 3 + O(M Q ) , (17)

with

f F <N
0 =

!
N + 3
3N ! 3

!
m

" N " 3
2N

! ,

f F = N
0 = ! !

m2

6!" !
+ O(m4) .

(18)

Plugging this into the scalar potential, one Þnds the
leading-order chiral Lagrangian in Eq. (1) and identiÞes
F0 and ( = 2B0M  

Q , where the explicit expression forF0

and B0 can be found in Table I.
In order to Þnd higher-order terms in the chiral La-

grangian, we have to integrate out the radial modes inS,
i.e. we have to perturbatively solve the equation of mo-
tion for S as a function of U to a given order in M Q , i.e.
we have to ÞndS = S[U], which minimizes the potential.
In order to do so we parameterizeS as

S = f 2
0 I 3 + S1 + á á á* f 2

0 I 3 + H + TI 3 + á á á, (19)

whereH = S1 ! 1
3 tr[ S1]I 3 and T = 1

3 tr[ S1]. Note that H
and T are of orderO(M Q ) and O() 2) by construction 1.

1 Note that minimizing the potential w.r.t. S1 will also correct the
VEV in a form that does not respect the chiral symmetry, i.e.
!S" = f 0 I 3 + a tr[ M Q ]I 3 + b MQ + O(M 2

Q ). This also happens
in ordinary QCD [6].

4

by

W F <N = ( N ! F )
!

! 3N ! F

det M

" 1/ (N ! F )

+ tr[ M Q M ],

K F <N = 2 tr
#"

MM  
$

(13)
for F < N [19, 26] and

W F = N = X
!

det M ! B øB
! 2N ! 1

"
+ tr[ M Q M ],

K F = N =
tr[ MM   ]

! |! |2
+

XX  

" |! |4
+

BB  

#|! |2N ! 2 +
øB øB  

$|! |2N ! 2

(14)
for F = N [20]. HereM ff ! = øQf Qf ! , f, f " = 1 , . . . , F is
the meson superÞeld, constructed from quark chiral su-
perÞeldsQf , øQf . M Q is the supersymmetric mass matrix
for the quark superÞelds.B, øB are completely antisym-
metric color singlet combinations of the quark superÞelds
Q and øQ, i.e. B = %f 1 áááf F %a1 áááaN Qa1

f 1
á á áQaN

f F
, where ai

are color indices. X corresponds to a Lagrange multi-
plier that implement the quantum modiÞed constraint
det M ! B øB = ! 2N in the superpotential and ! , " , #, $
are incalculable numbers.

Note that truncating the K¬ahler potential to only
quadratic terms for F = N is valid as long as
M/ ! 2, X/ ! 3, B/ ! N , øB/ ! N # 1, which is not the case.
This implies that there are higher-order terms in the
K¬ahler potential which are as important as the leading
order term. Our assumption is therefore that we still cap-
ture the qualitative behavior of the theory even if we ne-
glect the higher-order terms. A more rigorous approach
would be to start with F = N + 1, which is under per-
turbative control, and introduce a heavy supersymmet-
ric mass µ for one ßavor, satisfying! > µ > m > M Q ,
and then integrate it out. In this framework, the La-
grange multiplier Þeld X naturally corresponds to the
M N +1 ,N +1 component of the meson Þeld, providing a
justiÞcation for the assumed form of its K¬ahler poten-
tial. It has been veriÞed that this approach yields results
consistent with our simpliÞed method.

Using the explicit expressions forK and W , we obtain
the scalar potential from Eq. (12) for each theory. Since
we are interested in a QCD-like minimum and the chiral
perturbation theory, we have B = øB = 0, and integrate
out X in the F = N case. For simplicity, we also set
& = 0, i.e. arg ! = 0 for the rest of the paper. For
a derivation of the leading order chiral Lagrangian with
&$= 0, see for example [27Ð29].

THE CHIRAL LAGRANGIAN IN AMSB QCD

As a next step we determine the chiral Lagrangian in
AMSB QCD by integrating out the heavy degrees of free-
dom in the scalar sector at tree level. Note that the

fermionic superpartners of the mesons contribute to the
scalar potential only at the loop level. We will assume
that ! % m % M Q in order to maintain perturbative
control. Following [30] we parameterize the meson ma-
trix as

M = SU, S  = S, U  U = I 3. (15)

Hereafter, M refers to the complex scalar component of
the meson superÞeld. HereU contains the nine pNGBs
in a nonlinear representation

U = exp
%

!
i
3

' "
&

÷U, det ÷U = 1 , (16)

where the ' " is the GB of the spontaneously broken
U(1)A , where we have absorbed the decay constant into
the deÞniton of the Þeld. Note that U transforms as a
bi-fundamental under U(3)L & U(3)R , while S is a singlet
under SU(3)L and transforms in the adjoint representa-
tion of SU(3)R . Therefore, S contains nine real degrees
of freedom (eight that transform in the adjoint represen-
tation of SU(3)R and one singlet).

To zeroth order in the quark massesS obtains a vac-
uum expectation value (VEV) proportional to the iden-
tity, what spontaneously breaksU(3)L &U(3)R ' U(3)V ,
i.e.

(S) = f 2
0 I 3 + O(M Q ) , (17)

with

f F <N
0 =

!
N + 3
3N ! 3

!
m

" N " 3
2N

! ,

f F = N
0 = ! !

m2

6!" !
+ O(m4) .

(18)

Plugging this into the scalar potential, one Þnds the
leading-order chiral Lagrangian in Eq. (1) and identiÞes
F0 and ( = 2B0M  

Q , where the explicit expression forF0

and B0 can be found in Table I.
In order to Þnd higher-order terms in the chiral La-

grangian, we have to integrate out the radial modes inS,
i.e. we have to perturbatively solve the equation of mo-
tion for S as a function of U to a given order in M Q , i.e.
we have to ÞndS = S[U], which minimizes the potential.
In order to do so we parameterizeS as

S = f 2
0 I 3 + S1 + á á á* f 2

0 I 3 + H + TI 3 + á á á, (19)

whereH = S1 ! 1
3 tr[ S1]I 3 and T = 1

3 tr[ S1]. Note that H
and T are of orderO(M Q ) and O() 2) by construction 1.

1 Note that minimizing the potential w.r.t. S1 will also correct the
VEV in a form that does not respect the chiral symmetry, i.e.
!S" = f 0 I 3 + a tr[ M Q ]I 3 + b MQ + O(M 2

Q ). This also happens
in ordinary QCD [6].

5

The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:
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1
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tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model
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By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
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1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
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8%2
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2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd
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Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in
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The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
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2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
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2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
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! ! , each coming from the
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Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
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, T =
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Substituting the solution back into L (H,T ) results in the
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kin + A(H )
! !

#2
$

!
1

2M 2
T

"
A(T )

M Q
+ A(T )

kin + A(T )
! !

#2
.

(23)

By the same token, we integrate out! ! , which contains
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where
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This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In
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TABLE I. The parameters of ! PT in the lowest and next-to-
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F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.
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where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
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except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd
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and T take the form
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By the same token, we integrate out! ! , which contains
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procedure forF < N and F = N are listed in Table I. For
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this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale
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with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd
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Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in
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The relevant terms in the Lagrangian which include H
and T take the form
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M 2
T

2
T2 ! A(T ) [U]T,
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where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
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A(T )
M Q

" tr[ "   U + U  " ],
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bution to the mass of the ! meson, due to! ! ! ! mixing.
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this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
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with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
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Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd
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The relevant terms in the Lagrangian which include H
and T take the form
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where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
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this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale
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with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
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Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
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Note that due to our assumption m > M Q , µu /µ d does
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where M (H,T ) is the e! ective mass of H and T and
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yields
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the ! ! meson:
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where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd
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N + 3
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7&
18

µs

m
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(27)
Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in
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the UV (ie. the squarks and gluinos get masses pro-
prtional to the SUSY breaking scale m), while there is
a QCD-like vacuum (which in many cases is the global
minimum of the potential, depending on the number of
ßavors and colors) in which theSU(3)L ! SU(3)R ßa-
vor symmetry is broken to SU(3)V . The corresponding
Goldstone bosons are massless in the limit of vanishing
quark masses, and a systematic evaluation of the chiral
Lagrangian is possible and mostly calculable, up to a few
uncalculable constants for the case whenF = N .

In this work, we determine the chiral Lagrangian for
these QCD-like models to second order in the quark
masses (which forF = 3 should capture the leading
e! ects of dynamical up-quark mass generation) and to
fourth order in derivatives. This will entail the matching
of a linear sigma model obtained from the SUSY theory
to the non-linear theory of ! PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We Þnd that the coe" cient L 4

and L 6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for Þnite N, F compared to the other coe" cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breakingm/ # " O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
namical up-quark mass corrections for theF = N = 3
case that could be accounting for the entire observed up
quark mass, while forF < N we Þnd smaller corrections.

DYNAMICAL UP QUARK MASS FROM ! PT

First we review how the dynamical quark mass gen-
eration is incorporated in traditional ! PT. The leading

order ! PT Lagrangian is simply given by

L 0 =
1
4

F 2
0

!
tr[ " µ U  " µ U] + tr[ !   U + ! U  ]

"
, (1)

where U is the unitary three-by-three matrix contain-
ing the eight pseudo-scalar Goldstone bosons,F0 is the
leading-order pion decay constant and! = 2B0M Q with
B0 = #$øqq%/ (3F 2

0 ) related to the quark condensate [15].
Here ! does not depend on the renormalization scale and
scheme, whileB0 and M Q do. This Lagrangian will de-
termine the leading 4-pion interactions as well as the
usual Gell-Mann Okubo (GMO) mass relations. How-
ever as we saw in the introduction, there are dynami-
cal contributions to the e! ective mass which scale like
$ mu & m!

dm!
s , implying that one needs to include terms

which are higher order in the quark masses or derivatives
in the chiral Lagrangian. In the absence of external gauge
Þelds the NLO chiral Lagrangian is comprised of terms
with either two powers of the quark mass, one power of
the quark mass and two derivatives, or four derivatives.
! PT traditionally uses the following basis of eight oper-
ators [6]

L 1 =
8#

i =1

L i Oi , (2)

where

O1 = tr[ " µ U" µ U  ]2, O2 = tr[ " µ U" ! U  ]tr[ " µ U" ! U  ]

O3 = tr[( " µ U" µ U  )2], O4 = tr[ " µ U" µ U  ]tr[ !   U + ! U  ]

O5 = tr[ " µ U" µ U  (!   U + U! )], O6 = tr[ !   U + U  ! ]2

O7 = tr[ !   U # U  ! ]2, O8 = tr[ !   U!   U + ! U  ! U  ]

(3)

These O1,..., 8 operators form a complete set and cap-
ture all non-perturbative e! ects including for example in-
stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the

Kaplan-Manohar identity for SU(3) matrices [1]

tr[cof !   U  ] =
1
2

!
tr[ !   U]2 # tr[ !   U!   U]

"
, (5)

which implies that

O" 1 =
1
4

(O6 + O7) #
1
2

O8. (6)

The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.
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stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the
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The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.
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The O(mq2) chiral Lagrangian  

¥ The resulting coefficients  

  

¥ Produce expected N scaling for the F<N theories in the large 
N limit except L1,2 - those are usually dominated by vector 
meson exchange, which is not part of this effective theory
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The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:

A(H )
M Q

" "   U + U  " !
1
3

tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model

L (H,T )
1 = !

1
2M 2

H
tr

! "
A(H )

M Q
+ A(H )

kin + A(H )
! !

#2
$

!
1

2M 2
T

"
A(T )

M Q
+ A(T )

kin + A(T )
! !

#2
.

(23)

By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
1 = !

1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd

µu

µd
&

'
((((((((()

(((((((((*

16
147

(N ! 1)(7N ! 3)
N (N + 3) 2

%
N + 3
3N ! 3

"
m

&3/N µs

m
(F = 3 < N )

7&
18

µs

m
(F = N = 3) .

(27)
Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in
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the UV (ie. the squarks and gluinos get masses pro-
prtional to the SUSY breaking scale m), while there is
a QCD-like vacuum (which in many cases is the global
minimum of the potential, depending on the number of
ßavors and colors) in which theSU(3)L ! SU(3)R ßa-
vor symmetry is broken to SU(3)V . The corresponding
Goldstone bosons are massless in the limit of vanishing
quark masses, and a systematic evaluation of the chiral
Lagrangian is possible and mostly calculable, up to a few
uncalculable constants for the case whenF = N .

In this work, we determine the chiral Lagrangian for
these QCD-like models to second order in the quark
masses (which forF = 3 should capture the leading
e! ects of dynamical up-quark mass generation) and to
fourth order in derivatives. This will entail the matching
of a linear sigma model obtained from the SUSY theory
to the non-linear theory of ! PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We Þnd that the coe" cient L 4

and L 6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for Þnite N, F compared to the other coe" cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breakingm/ # " O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
namical up-quark mass corrections for theF = N = 3
case that could be accounting for the entire observed up
quark mass, while forF < N we Þnd smaller corrections.

DYNAMICAL UP QUARK MASS FROM ! PT

First we review how the dynamical quark mass gen-
eration is incorporated in traditional ! PT. The leading

order ! PT Lagrangian is simply given by

L 0 =
1
4

F 2
0

!
tr[ " µ U  " µ U] + tr[ !   U + ! U  ]

"
, (1)

where U is the unitary three-by-three matrix contain-
ing the eight pseudo-scalar Goldstone bosons,F0 is the
leading-order pion decay constant and! = 2B0M Q with
B0 = #$øqq%/ (3F 2

0 ) related to the quark condensate [15].
Here ! does not depend on the renormalization scale and
scheme, whileB0 and M Q do. This Lagrangian will de-
termine the leading 4-pion interactions as well as the
usual Gell-Mann Okubo (GMO) mass relations. How-
ever as we saw in the introduction, there are dynami-
cal contributions to the e! ective mass which scale like
$ mu & m!

dm!
s , implying that one needs to include terms

which are higher order in the quark masses or derivatives
in the chiral Lagrangian. In the absence of external gauge
Þelds the NLO chiral Lagrangian is comprised of terms
with either two powers of the quark mass, one power of
the quark mass and two derivatives, or four derivatives.
! PT traditionally uses the following basis of eight oper-
ators [6]

L 1 =
8#

i =1

L i Oi , (2)

where

O1 = tr[ " µ U" µ U  ]2, O2 = tr[ " µ U" ! U  ]tr[ " µ U" ! U  ]

O3 = tr[( " µ U" µ U  )2], O4 = tr[ " µ U" µ U  ]tr[ !   U + ! U  ]

O5 = tr[ " µ U" µ U  (!   U + U! )], O6 = tr[ !   U + U  ! ]2

O7 = tr[ !   U # U  ! ]2, O8 = tr[ !   U!   U + ! U  ! U  ]

(3)

These O1,..., 8 operators form a complete set and cap-
ture all non-perturbative e! ects including for example in-
stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the

Kaplan-Manohar identity for SU(3) matrices [1]

tr[cof !   U  ] =
1
2

!
tr[ !   U]2 # tr[ !   U!   U]

"
, (5)

which implies that

O" 1 =
1
4

(O6 + O7) #
1
2

O8. (6)

The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.

2

the UV (ie. the squarks and gluinos get masses pro-
prtional to the SUSY breaking scale m), while there is
a QCD-like vacuum (which in many cases is the global
minimum of the potential, depending on the number of
ßavors and colors) in which theSU(3)L ! SU(3)R ßa-
vor symmetry is broken to SU(3)V . The corresponding
Goldstone bosons are massless in the limit of vanishing
quark masses, and a systematic evaluation of the chiral
Lagrangian is possible and mostly calculable, up to a few
uncalculable constants for the case whenF = N .

In this work, we determine the chiral Lagrangian for
these QCD-like models to second order in the quark
masses (which forF = 3 should capture the leading
e! ects of dynamical up-quark mass generation) and to
fourth order in derivatives. This will entail the matching
of a linear sigma model obtained from the SUSY theory
to the non-linear theory of ! PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We Þnd that the coe" cient L 4

and L 6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for Þnite N, F compared to the other coe" cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breakingm/ # " O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
namical up-quark mass corrections for theF = N = 3
case that could be accounting for the entire observed up
quark mass, while forF < N we Þnd smaller corrections.

DYNAMICAL UP QUARK MASS FROM ! PT

First we review how the dynamical quark mass gen-
eration is incorporated in traditional ! PT. The leading

order ! PT Lagrangian is simply given by

L 0 =
1
4

F 2
0

!
tr[ " µ U  " µ U] + tr[ !   U + ! U  ]

"
, (1)

where U is the unitary three-by-three matrix contain-
ing the eight pseudo-scalar Goldstone bosons,F0 is the
leading-order pion decay constant and! = 2B0M Q with
B0 = #$øqq%/ (3F 2

0 ) related to the quark condensate [15].
Here ! does not depend on the renormalization scale and
scheme, whileB0 and M Q do. This Lagrangian will de-
termine the leading 4-pion interactions as well as the
usual Gell-Mann Okubo (GMO) mass relations. How-
ever as we saw in the introduction, there are dynami-
cal contributions to the e! ective mass which scale like
$ mu & m!

dm!
s , implying that one needs to include terms

which are higher order in the quark masses or derivatives
in the chiral Lagrangian. In the absence of external gauge
Þelds the NLO chiral Lagrangian is comprised of terms
with either two powers of the quark mass, one power of
the quark mass and two derivatives, or four derivatives.
! PT traditionally uses the following basis of eight oper-
ators [6]

L 1 =
8#

i =1

L i Oi , (2)

where

O1 = tr[ " µ U" µ U  ]2, O2 = tr[ " µ U" ! U  ]tr[ " µ U" ! U  ]

O3 = tr[( " µ U" µ U  )2], O4 = tr[ " µ U" µ U  ]tr[ !   U + ! U  ]

O5 = tr[ " µ U" µ U  (!   U + U! )], O6 = tr[ !   U + U  ! ]2

O7 = tr[ !   U # U  ! ]2, O8 = tr[ !   U!   U + ! U  ! U  ]

(3)

These O1,..., 8 operators form a complete set and cap-
ture all non-perturbative e! ects including for example in-
stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the

Kaplan-Manohar identity for SU(3) matrices [1]

tr[cof !   U  ] =
1
2

!
tr[ !   U]2 # tr[ !   U!   U]

"
, (5)

which implies that

O" 1 =
1
4

(O6 + O7) #
1
2

O8. (6)

The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.

2

the UV (ie. the squarks and gluinos get masses pro-
prtional to the SUSY breaking scale m), while there is
a QCD-like vacuum (which in many cases is the global
minimum of the potential, depending on the number of
ßavors and colors) in which theSU(3)L ! SU(3)R ßa-
vor symmetry is broken to SU(3)V . The corresponding
Goldstone bosons are massless in the limit of vanishing
quark masses, and a systematic evaluation of the chiral
Lagrangian is possible and mostly calculable, up to a few
uncalculable constants for the case whenF = N .

In this work, we determine the chiral Lagrangian for
these QCD-like models to second order in the quark
masses (which forF = 3 should capture the leading
e! ects of dynamical up-quark mass generation) and to
fourth order in derivatives. This will entail the matching
of a linear sigma model obtained from the SUSY theory
to the non-linear theory of ! PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We Þnd that the coe" cient L 4

and L 6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for Þnite N, F compared to the other coe" cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breakingm/ # " O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
namical up-quark mass corrections for theF = N = 3
case that could be accounting for the entire observed up
quark mass, while forF < N we Þnd smaller corrections.

DYNAMICAL UP QUARK MASS FROM ! PT

First we review how the dynamical quark mass gen-
eration is incorporated in traditional ! PT. The leading

order ! PT Lagrangian is simply given by

L 0 =
1
4

F 2
0

!
tr[ " µ U  " µ U] + tr[ !   U + ! U  ]

"
, (1)

where U is the unitary three-by-three matrix contain-
ing the eight pseudo-scalar Goldstone bosons,F0 is the
leading-order pion decay constant and! = 2B0M Q with
B0 = #$øqq%/ (3F 2

0 ) related to the quark condensate [15].
Here ! does not depend on the renormalization scale and
scheme, whileB0 and M Q do. This Lagrangian will de-
termine the leading 4-pion interactions as well as the
usual Gell-Mann Okubo (GMO) mass relations. How-
ever as we saw in the introduction, there are dynami-
cal contributions to the e! ective mass which scale like
$ mu & m!

dm!
s , implying that one needs to include terms

which are higher order in the quark masses or derivatives
in the chiral Lagrangian. In the absence of external gauge
Þelds the NLO chiral Lagrangian is comprised of terms
with either two powers of the quark mass, one power of
the quark mass and two derivatives, or four derivatives.
! PT traditionally uses the following basis of eight oper-
ators [6]

L 1 =
8#

i =1

L i Oi , (2)

where

O1 = tr[ " µ U" µ U  ]2, O2 = tr[ " µ U" ! U  ]tr[ " µ U" ! U  ]

O3 = tr[( " µ U" µ U  )2], O4 = tr[ " µ U" µ U  ]tr[ !   U + ! U  ]

O5 = tr[ " µ U" µ U  (!   U + U! )], O6 = tr[ !   U + U  ! ]2

O7 = tr[ !   U # U  ! ]2, O8 = tr[ !   U!   U + ! U  ! U  ]

(3)

These O1,..., 8 operators form a complete set and cap-
ture all non-perturbative e! ects including for example in-
stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the

Kaplan-Manohar identity for SU(3) matrices [1]

tr[cof !   U  ] =
1
2

!
tr[ !   U]2 # tr[ !   U!   U]

"
, (5)

which implies that

O" 1 =
1
4

(O6 + O7) #
1
2

O8. (6)

The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.

2

the UV (ie. the squarks and gluinos get masses pro-
prtional to the SUSY breaking scale m), while there is
a QCD-like vacuum (which in many cases is the global
minimum of the potential, depending on the number of
ßavors and colors) in which theSU(3)L ! SU(3)R ßa-
vor symmetry is broken to SU(3)V . The corresponding
Goldstone bosons are massless in the limit of vanishing
quark masses, and a systematic evaluation of the chiral
Lagrangian is possible and mostly calculable, up to a few
uncalculable constants for the case whenF = N .

In this work, we determine the chiral Lagrangian for
these QCD-like models to second order in the quark
masses (which forF = 3 should capture the leading
e! ects of dynamical up-quark mass generation) and to
fourth order in derivatives. This will entail the matching
of a linear sigma model obtained from the SUSY theory
to the non-linear theory of ! PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We Þnd that the coe" cient L 4

and L 6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for Þnite N, F compared to the other coe" cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breakingm/ # " O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
namical up-quark mass corrections for theF = N = 3
case that could be accounting for the entire observed up
quark mass, while forF < N we Þnd smaller corrections.

DYNAMICAL UP QUARK MASS FROM ! PT

First we review how the dynamical quark mass gen-
eration is incorporated in traditional ! PT. The leading

order ! PT Lagrangian is simply given by

L 0 =
1
4

F 2
0

!
tr[ " µ U  " µ U] + tr[ !   U + ! U  ]

"
, (1)

where U is the unitary three-by-three matrix contain-
ing the eight pseudo-scalar Goldstone bosons,F0 is the
leading-order pion decay constant and! = 2B0M Q with
B0 = #$øqq%/ (3F 2

0 ) related to the quark condensate [15].
Here ! does not depend on the renormalization scale and
scheme, whileB0 and M Q do. This Lagrangian will de-
termine the leading 4-pion interactions as well as the
usual Gell-Mann Okubo (GMO) mass relations. How-
ever as we saw in the introduction, there are dynami-
cal contributions to the e! ective mass which scale like
$ mu & m!

dm!
s , implying that one needs to include terms

which are higher order in the quark masses or derivatives
in the chiral Lagrangian. In the absence of external gauge
Þelds the NLO chiral Lagrangian is comprised of terms
with either two powers of the quark mass, one power of
the quark mass and two derivatives, or four derivatives.
! PT traditionally uses the following basis of eight oper-
ators [6]

L 1 =
8#

i =1

L i Oi , (2)

where

O1 = tr[ " µ U" µ U  ]2, O2 = tr[ " µ U" ! U  ]tr[ " µ U" ! U  ]

O3 = tr[( " µ U" µ U  )2], O4 = tr[ " µ U" µ U  ]tr[ !   U + ! U  ]

O5 = tr[ " µ U" µ U  (!   U + U! )], O6 = tr[ !   U + U  ! ]2

O7 = tr[ !   U # U  ! ]2, O8 = tr[ !   U!   U + ! U  ! U  ]

(3)

These O1,..., 8 operators form a complete set and cap-
ture all non-perturbative e! ects including for example in-
stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the

Kaplan-Manohar identity for SU(3) matrices [1]

tr[cof !   U  ] =
1
2

!
tr[ !   U]2 # tr[ !   U!   U]

"
, (5)

which implies that

O" 1 =
1
4

(O6 + O7) #
1
2

O8. (6)

The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.

2

the UV (ie. the squarks and gluinos get masses pro-
prtional to the SUSY breaking scale m), while there is
a QCD-like vacuum (which in many cases is the global
minimum of the potential, depending on the number of
ßavors and colors) in which theSU(3)L ! SU(3)R ßa-
vor symmetry is broken to SU(3)V . The corresponding
Goldstone bosons are massless in the limit of vanishing
quark masses, and a systematic evaluation of the chiral
Lagrangian is possible and mostly calculable, up to a few
uncalculable constants for the case whenF = N .

In this work, we determine the chiral Lagrangian for
these QCD-like models to second order in the quark
masses (which forF = 3 should capture the leading
e! ects of dynamical up-quark mass generation) and to
fourth order in derivatives. This will entail the matching
of a linear sigma model obtained from the SUSY theory
to the non-linear theory of ! PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We Þnd that the coe" cient L 4

and L 6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for Þnite N, F compared to the other coe" cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breakingm/ # " O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
namical up-quark mass corrections for theF = N = 3
case that could be accounting for the entire observed up
quark mass, while forF < N we Þnd smaller corrections.

DYNAMICAL UP QUARK MASS FROM ! PT

First we review how the dynamical quark mass gen-
eration is incorporated in traditional ! PT. The leading

order ! PT Lagrangian is simply given by

L 0 =
1
4

F 2
0

!
tr[ " µ U  " µ U] + tr[ !   U + ! U  ]

"
, (1)

where U is the unitary three-by-three matrix contain-
ing the eight pseudo-scalar Goldstone bosons,F0 is the
leading-order pion decay constant and! = 2B0M Q with
B0 = #$øqq%/ (3F 2

0 ) related to the quark condensate [15].
Here ! does not depend on the renormalization scale and
scheme, whileB0 and M Q do. This Lagrangian will de-
termine the leading 4-pion interactions as well as the
usual Gell-Mann Okubo (GMO) mass relations. How-
ever as we saw in the introduction, there are dynami-
cal contributions to the e! ective mass which scale like
$ mu & m!

dm!
s , implying that one needs to include terms

which are higher order in the quark masses or derivatives
in the chiral Lagrangian. In the absence of external gauge
Þelds the NLO chiral Lagrangian is comprised of terms
with either two powers of the quark mass, one power of
the quark mass and two derivatives, or four derivatives.
! PT traditionally uses the following basis of eight oper-
ators [6]

L 1 =
8#

i =1

L i Oi , (2)

where

O1 = tr[ " µ U" µ U  ]2, O2 = tr[ " µ U" ! U  ]tr[ " µ U" ! U  ]

O3 = tr[( " µ U" µ U  )2], O4 = tr[ " µ U" µ U  ]tr[ !   U + ! U  ]

O5 = tr[ " µ U" µ U  (!   U + U! )], O6 = tr[ !   U + U  ! ]2

O7 = tr[ !   U # U  ! ]2, O8 = tr[ !   U!   U + ! U  ! U  ]

(3)

These O1,..., 8 operators form a complete set and cap-
ture all non-perturbative e! ects including for example in-
stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the

Kaplan-Manohar identity for SU(3) matrices [1]

tr[cof !   U  ] =
1
2

!
tr[ !   U]2 # tr[ !   U!   U]

"
, (5)

which implies that

O" 1 =
1
4

(O6 + O7) #
1
2

O8. (6)

The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.

2

the UV (ie. the squarks and gluinos get masses pro-
prtional to the SUSY breaking scale m), while there is
a QCD-like vacuum (which in many cases is the global
minimum of the potential, depending on the number of
ßavors and colors) in which theSU(3)L ! SU(3)R ßa-
vor symmetry is broken to SU(3)V . The corresponding
Goldstone bosons are massless in the limit of vanishing
quark masses, and a systematic evaluation of the chiral
Lagrangian is possible and mostly calculable, up to a few
uncalculable constants for the case whenF = N .

In this work, we determine the chiral Lagrangian for
these QCD-like models to second order in the quark
masses (which forF = 3 should capture the leading
e! ects of dynamical up-quark mass generation) and to
fourth order in derivatives. This will entail the matching
of a linear sigma model obtained from the SUSY theory
to the non-linear theory of ! PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We Þnd that the coe" cient L 4

and L 6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for Þnite N, F compared to the other coe" cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breakingm/ # " O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
namical up-quark mass corrections for theF = N = 3
case that could be accounting for the entire observed up
quark mass, while forF < N we Þnd smaller corrections.

DYNAMICAL UP QUARK MASS FROM ! PT

First we review how the dynamical quark mass gen-
eration is incorporated in traditional ! PT. The leading

order ! PT Lagrangian is simply given by

L 0 =
1
4

F 2
0

!
tr[ " µ U  " µ U] + tr[ !   U + ! U  ]

"
, (1)

where U is the unitary three-by-three matrix contain-
ing the eight pseudo-scalar Goldstone bosons,F0 is the
leading-order pion decay constant and! = 2B0M Q with
B0 = #$øqq%/ (3F 2

0 ) related to the quark condensate [15].
Here ! does not depend on the renormalization scale and
scheme, whileB0 and M Q do. This Lagrangian will de-
termine the leading 4-pion interactions as well as the
usual Gell-Mann Okubo (GMO) mass relations. How-
ever as we saw in the introduction, there are dynami-
cal contributions to the e! ective mass which scale like
$ mu & m!

dm!
s , implying that one needs to include terms

which are higher order in the quark masses or derivatives
in the chiral Lagrangian. In the absence of external gauge
Þelds the NLO chiral Lagrangian is comprised of terms
with either two powers of the quark mass, one power of
the quark mass and two derivatives, or four derivatives.
! PT traditionally uses the following basis of eight oper-
ators [6]

L 1 =
8#

i =1

L i Oi , (2)

where

O1 = tr[ " µ U" µ U  ]2, O2 = tr[ " µ U" ! U  ]tr[ " µ U" ! U  ]

O3 = tr[( " µ U" µ U  )2], O4 = tr[ " µ U" µ U  ]tr[ !   U + ! U  ]

O5 = tr[ " µ U" µ U  (!   U + U! )], O6 = tr[ !   U + U  ! ]2

O7 = tr[ !   U # U  ! ]2, O8 = tr[ !   U!   U + ! U  ! U  ]

(3)

These O1,..., 8 operators form a complete set and cap-
ture all non-perturbative e! ects including for example in-
stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the

Kaplan-Manohar identity for SU(3) matrices [1]

tr[cof !   U  ] =
1
2

!
tr[ !   U]2 # tr[ !   U!   U]

"
, (5)

which implies that

O" 1 =
1
4

(O6 + O7) #
1
2

O8. (6)

The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.

2

the UV (ie. the squarks and gluinos get masses pro-
prtional to the SUSY breaking scale m), while there is
a QCD-like vacuum (which in many cases is the global
minimum of the potential, depending on the number of
ßavors and colors) in which theSU(3)L ! SU(3)R ßa-
vor symmetry is broken to SU(3)V . The corresponding
Goldstone bosons are massless in the limit of vanishing
quark masses, and a systematic evaluation of the chiral
Lagrangian is possible and mostly calculable, up to a few
uncalculable constants for the case whenF = N .

In this work, we determine the chiral Lagrangian for
these QCD-like models to second order in the quark
masses (which forF = 3 should capture the leading
e! ects of dynamical up-quark mass generation) and to
fourth order in derivatives. This will entail the matching
of a linear sigma model obtained from the SUSY theory
to the non-linear theory of ! PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We Þnd that the coe" cient L 4

and L 6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for Þnite N, F compared to the other coe" cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breakingm/ # " O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
namical up-quark mass corrections for theF = N = 3
case that could be accounting for the entire observed up
quark mass, while forF < N we Þnd smaller corrections.

DYNAMICAL UP QUARK MASS FROM ! PT

First we review how the dynamical quark mass gen-
eration is incorporated in traditional ! PT. The leading

order ! PT Lagrangian is simply given by

L 0 =
1
4

F 2
0

!
tr[ " µ U  " µ U] + tr[ !   U + ! U  ]

"
, (1)

where U is the unitary three-by-three matrix contain-
ing the eight pseudo-scalar Goldstone bosons,F0 is the
leading-order pion decay constant and! = 2B0M Q with
B0 = #$øqq%/ (3F 2

0 ) related to the quark condensate [15].
Here ! does not depend on the renormalization scale and
scheme, whileB0 and M Q do. This Lagrangian will de-
termine the leading 4-pion interactions as well as the
usual Gell-Mann Okubo (GMO) mass relations. How-
ever as we saw in the introduction, there are dynami-
cal contributions to the e! ective mass which scale like
$ mu & m!

dm!
s , implying that one needs to include terms

which are higher order in the quark masses or derivatives
in the chiral Lagrangian. In the absence of external gauge
Þelds the NLO chiral Lagrangian is comprised of terms
with either two powers of the quark mass, one power of
the quark mass and two derivatives, or four derivatives.
! PT traditionally uses the following basis of eight oper-
ators [6]

L 1 =
8#

i =1

L i Oi , (2)

where

O1 = tr[ " µ U" µ U  ]2, O2 = tr[ " µ U" ! U  ]tr[ " µ U" ! U  ]

O3 = tr[( " µ U" µ U  )2], O4 = tr[ " µ U" µ U  ]tr[ !   U + ! U  ]

O5 = tr[ " µ U" µ U  (!   U + U! )], O6 = tr[ !   U + U  ! ]2

O7 = tr[ !   U # U  ! ]2, O8 = tr[ !   U!   U + ! U  ! U  ]

(3)

These O1,..., 8 operators form a complete set and cap-
ture all non-perturbative e! ects including for example in-
stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the

Kaplan-Manohar identity for SU(3) matrices [1]

tr[cof !   U  ] =
1
2

!
tr[ !   U]2 # tr[ !   U!   U]

"
, (5)

which implies that

O" 1 =
1
4

(O6 + O7) #
1
2

O8. (6)

The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.

2

the UV (ie. the squarks and gluinos get masses pro-
prtional to the SUSY breaking scale m), while there is
a QCD-like vacuum (which in many cases is the global
minimum of the potential, depending on the number of
ßavors and colors) in which theSU(3)L ! SU(3)R ßa-
vor symmetry is broken to SU(3)V . The corresponding
Goldstone bosons are massless in the limit of vanishing
quark masses, and a systematic evaluation of the chiral
Lagrangian is possible and mostly calculable, up to a few
uncalculable constants for the case whenF = N .

In this work, we determine the chiral Lagrangian for
these QCD-like models to second order in the quark
masses (which forF = 3 should capture the leading
e! ects of dynamical up-quark mass generation) and to
fourth order in derivatives. This will entail the matching
of a linear sigma model obtained from the SUSY theory
to the non-linear theory of ! PT. Using our second or-
der chiral Lagrangian we will determine the dynamically
generated up quark mass. We Þnd that the coe" cient L 4

and L 6 (which as we will explain contains the informa-
tion on the dynamical up quark mass) is unsuppressed
for Þnite N, F compared to the other coe" cients in the
chiral Lagrangian. If one were to extrapolate to large
SUSY breakingm/ # " O(1) (beyond the validity of our
approximations) one would numerically obtain large dy-
namical up-quark mass corrections for theF = N = 3
case that could be accounting for the entire observed up
quark mass, while forF < N we Þnd smaller corrections.

DYNAMICAL UP QUARK MASS FROM ! PT

First we review how the dynamical quark mass gen-
eration is incorporated in traditional ! PT. The leading

order ! PT Lagrangian is simply given by

L 0 =
1
4

F 2
0

!
tr[ " µ U  " µ U] + tr[ !   U + ! U  ]

"
, (1)

where U is the unitary three-by-three matrix contain-
ing the eight pseudo-scalar Goldstone bosons,F0 is the
leading-order pion decay constant and! = 2B0M Q with
B0 = #$øqq%/ (3F 2

0 ) related to the quark condensate [15].
Here ! does not depend on the renormalization scale and
scheme, whileB0 and M Q do. This Lagrangian will de-
termine the leading 4-pion interactions as well as the
usual Gell-Mann Okubo (GMO) mass relations. How-
ever as we saw in the introduction, there are dynami-
cal contributions to the e! ective mass which scale like
$ mu & m!

dm!
s , implying that one needs to include terms

which are higher order in the quark masses or derivatives
in the chiral Lagrangian. In the absence of external gauge
Þelds the NLO chiral Lagrangian is comprised of terms
with either two powers of the quark mass, one power of
the quark mass and two derivatives, or four derivatives.
! PT traditionally uses the following basis of eight oper-
ators [6]

L 1 =
8#

i =1

L i Oi , (2)

where

O1 = tr[ " µ U" µ U  ]2, O2 = tr[ " µ U" ! U  ]tr[ " µ U" ! U  ]

O3 = tr[( " µ U" µ U  )2], O4 = tr[ " µ U" µ U  ]tr[ !   U + ! U  ]

O5 = tr[ " µ U" µ U  (!   U + U! )], O6 = tr[ !   U + U  ! ]2

O7 = tr[ !   U # U  ! ]2, O8 = tr[ !   U!   U + ! U  ! U  ]

(3)

These O1,..., 8 operators form a complete set and cap-
ture all non-perturbative e! ects including for example in-
stanton contributions. To see this, consider the e! ective
operator generated by the instanton diagram in Fig. 1

O" 1 = tr[cof !   U  ] + h.c., (4)

where the cofactor is given by cof!   = det( !   ) ( !   )" 1.
As expected, this operator is not independent of the
O1,..., 8 set. The easiest way to see this is by using the

Kaplan-Manohar identity for SU(3) matrices [1]

tr[cof !   U  ] =
1
2

!
tr[ !   U]2 # tr[ !   U!   U]

"
, (5)

which implies that

O" 1 =
1
4

(O6 + O7) #
1
2

O8. (6)

The upshot is that all of the QCD dynamics (to the given
order in expansion in the quark masses and derivatives)
is encoded in the coe" cients L 1,..., 8.

Large  counting reproducedNΛ = N1/3Λc



Not too surprising two cases very different 


 is really a weakly coupled theory — gauge group broken via ADS 
superpoential 


 has dynamics most like QCD — the global symmetry is broken even 
without SUSY breaking

F < N

F = N
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Dynamical Up-Quark Mass Generation
in AMSB QCD

The dynamical up quark mass in AMSB QCD  

¥ Contributions sizable as long as  
! s/m not too small and " =O(1)  

¥ Strictly speaking no information on actual QCD, since we 
always assumed m<<# 

¥ Naive extrapolation - take m=#c . At least effective theories 
themselves self-consistent (but may no longer describe 
QCD), for F=N need to also assume $>>1. 

5

The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:

A(H )
M Q

" "   U + U  " !
1
3

tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model

L (H,T )
1 = !

1
2M 2

H
tr

! "
A(H )

M Q
+ A(H )

kin + A(H )
! !

#2
$

!
1

2M 2
T

"
A(T )

M Q
+ A(T )

kin + A(T )
! !

#2
.

(23)

By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
1 = !

1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd
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18

µs

m
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(27)
Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in
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this limit. We can see that these expressions are sizable,
and in particular for the F = N caseµu /µ d = O(1) as
long as! = O(1) and µs/m is chosen to be not too small.

It remains unclear whether or how these AMSB QCD
results can be reliably extrapolated to real QCD in
the limit where the SUSY breaking scale becomes large
(m ! ! ). One naive guess would be to setm " O(! ),
assuming that all states obtaining masses from SUSY
breaking decouple from the dynamics once they are heav-
ier than ! . Note that for F < N , the theory allows for a
self-consistent extrapolation to m " O(! ), as the e" ec-
tive theory is fully solvable in this limit. This also holds
for F = N as long as" ! 1, which is expected sinceX
acts as a Lagrange multiplier that enforces the quantum
modiÞed constraint on the moduli space. Using such a
naive extrapolation one would obtain the following nu-
merical values:

µu

µd
# 0.01

!
F =3 ,N =4

! c = m, µ s /m =0 .5

"
. (28)

For F = N the result depends on the uncalculable pa-
rameter ! , usually assumed to be! " O(1). As an illus-
trative example, choosing! = 2 leads to

µu

µd
# 0.4

# F = N =3
! =2 , µ s /m =0 .5

$
. (29)

We should again emphasize that these numerical values
are obtained by extrapolating outside the regime of va-
lidity of our theory.

The large-N behavior of our result matches the expec-
tation that µu /µ d is suppressed in this limit, vanishing
altogether at leading order in 1/N . However, in the case
of F = N = 3 a sizable µu is generated. It is prob-
ably not too surprising that the result for this case is
quite di" erent (and much bigger) than for the F < N
case: theF = N case is truly strongly coupled, and the
origin of chiral symmetry breaking lies in the conÞning
dynamics (while for F < N the theory is actually weakly
coupled). In fact the resulting dynamical contribution
for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
# angle unphysical.

The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
e" ect.
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The dynamical up quark mass in AMSB QCD  

¥ Contributions sizable as long as  
! s/m not too small and " =O(1)  

¥ Strictly speaking no information on actual QCD, since we 
always assumed m<<# 

¥ Naive extrapolation - take m=#c . At least effective theories 
themselves self-consistent (but may no longer describe 
QCD), for F=N need to also assume $>>1. 
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The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:

A(H )
M Q

" "   U + U  " !
1
3

tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model

L (H,T )
1 = !

1
2M 2

H
tr

! "
A(H )

M Q
+ A(H )

kin + A(H )
! !

#2
$

!
1

2M 2
T

"
A(T )

M Q
+ A(T )

kin + A(T )
! !

#2
.

(23)

By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
1 = !

1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2
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324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd

µu

µd
&

'
((((((((()

(((((((((*

16
147

(N ! 1)(7N ! 3)
N (N + 3) 2

%
N + 3
3N ! 3

"
m

&3/N µs

m
(F = 3 < N )

7&
18

µs

m
(F = N = 3) .

(27)
Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in

6

this limit. We can see that these expressions are sizable,
and in particular for the F = N caseµu /µ d = O(1) as
long as! = O(1) and µs/m is chosen to be not too small.

It remains unclear whether or how these AMSB QCD
results can be reliably extrapolated to real QCD in
the limit where the SUSY breaking scale becomes large
(m ! ! ). One naive guess would be to setm " O(! ),
assuming that all states obtaining masses from SUSY
breaking decouple from the dynamics once they are heav-
ier than ! . Note that for F < N , the theory allows for a
self-consistent extrapolation to m " O(! ), as the e" ec-
tive theory is fully solvable in this limit. This also holds
for F = N as long as" ! 1, which is expected sinceX
acts as a Lagrange multiplier that enforces the quantum
modiÞed constraint on the moduli space. Using such a
naive extrapolation one would obtain the following nu-
merical values:

µu

µd
# 0.01

!
F =3 ,N =4

! c = m, µ s /m =0 .5

"
. (28)

For F = N the result depends on the uncalculable pa-
rameter ! , usually assumed to be! " O(1). As an illus-
trative example, choosing! = 2 leads to

µu

µd
# 0.4

# F = N =3
! =2 , µ s /m =0 .5

$
. (29)

We should again emphasize that these numerical values
are obtained by extrapolating outside the regime of va-
lidity of our theory.

The large-N behavior of our result matches the expec-
tation that µu /µ d is suppressed in this limit, vanishing
altogether at leading order in 1/N . However, in the case
of F = N = 3 a sizable µu is generated. It is prob-
ably not too surprising that the result for this case is
quite di" erent (and much bigger) than for the F < N
case: theF = N case is truly strongly coupled, and the
origin of chiral symmetry breaking lies in the conÞning
dynamics (while for F < N the theory is actually weakly
coupled). In fact the resulting dynamical contribution
for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
# angle unphysical.

The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
e" ect.
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Mechanism of non-perturbative quark mass?


: instantons 


: gaugino condensation


Presumably…

F = N − 1,N

F < N − 1

40

Dynamical Up-Quark Mass Generation
in AMSB QCD

The dynamical up quark mass in AMSB QCD  

¥ Contributions sizable as long as  
! s/m not too small and " =O(1)  

¥ Strictly speaking no information on actual QCD, since we 
always assumed m<<# 

¥ Naive extrapolation - take m=#c . At least effective theories 
themselves self-consistent (but may no longer describe 
QCD), for F=N need to also assume $>>1. 
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The relevant terms in the Lagrangian which include H
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M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
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three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:

A(H )
M Q

" "   U + U  " !
1
3

tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model

L (H,T )
1 = !

1
2M 2

H
tr

! "
A(H )

M Q
+ A(H )

kin + A(H )
! !

#2
$

!
1

2M 2
T

"
A(T )

M Q
+ A(T )

kin + A(T )
! !

#2
.

(23)

By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
1 = !

1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd

µu

µd
&

'
((((((((()

(((((((((*

16
147

(N ! 1)(7N ! 3)
N (N + 3) 2

%
N + 3
3N ! 3

"
m

&3/N µs

m
(F = 3 < N )

7&
18

µs

m
(F = N = 3) .

(27)
Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in
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this limit. We can see that these expressions are sizable,
and in particular for the F = N caseµu /µ d = O(1) as
long as! = O(1) and µs/m is chosen to be not too small.

It remains unclear whether or how these AMSB QCD
results can be reliably extrapolated to real QCD in
the limit where the SUSY breaking scale becomes large
(m ! ! ). One naive guess would be to setm " O(! ),
assuming that all states obtaining masses from SUSY
breaking decouple from the dynamics once they are heav-
ier than ! . Note that for F < N , the theory allows for a
self-consistent extrapolation to m " O(! ), as the e" ec-
tive theory is fully solvable in this limit. This also holds
for F = N as long as" ! 1, which is expected sinceX
acts as a Lagrange multiplier that enforces the quantum
modiÞed constraint on the moduli space. Using such a
naive extrapolation one would obtain the following nu-
merical values:

µu

µd
# 0.01

!
F =3 ,N =4

! c = m, µ s /m =0 .5

"
. (28)

For F = N the result depends on the uncalculable pa-
rameter ! , usually assumed to be! " O(1). As an illus-
trative example, choosing! = 2 leads to

µu

µd
# 0.4

# F = N =3
! =2 , µ s /m =0 .5

$
. (29)

We should again emphasize that these numerical values
are obtained by extrapolating outside the regime of va-
lidity of our theory.

The large-N behavior of our result matches the expec-
tation that µu /µ d is suppressed in this limit, vanishing
altogether at leading order in 1/N . However, in the case
of F = N = 3 a sizable µu is generated. It is prob-
ably not too surprising that the result for this case is
quite di" erent (and much bigger) than for the F < N
case: theF = N case is truly strongly coupled, and the
origin of chiral symmetry breaking lies in the conÞning
dynamics (while for F < N the theory is actually weakly
coupled). In fact the resulting dynamical contribution
for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
# angle unphysical.

The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
e" ect.
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The dynamical up quark mass in AMSB QCD  

¥ Contributions sizable as long as  
! s/m not too small and " =O(1)  

¥ Strictly speaking no information on actual QCD, since we 
always assumed m<<# 

¥ Naive extrapolation - take m=#c . At least effective theories 
themselves self-consistent (but may no longer describe 
QCD), for F=N need to also assume $>>1. 
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The relevant terms in the Lagrangian which include H
and T take the form

L (H,T ) =
M 2

H

2
tr[ H 2]! tr[ A(H ) [U]H ]+

M 2
T

2
T2 ! A(T ) [U]T,

(20)
where M (H,T ) is the e! ective mass of H and T and
A(H,T ) [U] is a U-dependent source term, which is dif-
ferent for each potential. A(H,T ) can be decomposed into
three parts A(H,T )

M Q
, A(H,T )

kin , A(H,T )
! ! , each coming from the

mass term, the kinetic term, and ! !-dependent terms, re-
spectively:

A(H )
M Q

" "   U + U  " !
1
3

tr[ "   U + U  " ],

A(T )
M Q

" tr[ "   U + U  " ],

A(H )
kin " #µ U#µ U  !

1
3

tr[ #µ U#µ U  ],

A(T )
kin " tr[ #µ U#µ U  ],

A(H )
! ! = 0 ,

A(T )
! ! " 1 ! cos! ! .

(21)

Note that at this order in M Q there is no mixing between
H and T. Solving the equation of motion for H and T
yields

H =
A(H ) [U]

M 2
H

, T =
A(T ) [U]

M 2
T

. (22)

Substituting the solution back into L (H,T ) results in the
e! ective Lagrangian of the nonlinear sigma model

L (H,T )
1 = !

1
2M 2

H
tr

! "
A(H )

M Q
+ A(H )

kin + A(H )
! !

#2
$

!
1

2M 2
T

"
A(T )

M Q
+ A(T )

kin + A(T )
! !

#2
.

(23)

By the same token, we integrate out! ! , which contains
the ! ! meson:

L (! ! )
1 = !

1
2M !2

!

"
A(! ! )

M Q
+ A(! ! )

kin

#2
, (24)

where

A(! ! )
M Q

" tr[ "   U + U  " ]

A(! ! )
kin = 0 .

(25)

This term generatesO7 which gives an additional contri-
bution to the mass of the ! meson, due to! ! ! ! mixing.

The low-energy constants obtained from our matching
procedure forF < N and F = N are listed in Table I. For
F < N , they are expanded in powers of 1/N , while for
F = N , the expansion is in powers of 1/ $. Note that the
limit $ # $ corresponds toX becoming non-dynamical,
i.e. an inÞnitely heavy genuine Lagrange multiplier. In

Theories F = 3 < N F = N = 3

F0 2f F <N
0 ! O(N 1/ 2) 2!!

!

B0
7N " 3
N +3

m
2

3! m
2

L 1 " ! 3

36Nm 3 ! O(N 0) " ! 2

6! m 2 + 4
9! 2 "

L 2 0 0

L 3
! 3

108 m 3 ! O(N 1) ! 2

2! m 2 " 1
! 2 "

L 4 " ! 3

42Nm 3 ! O(N 0) " ! 2

18! m 2 + 16
81! 2 "

L 5
! 3

378 m 3 ! O(N 1) ! 2

6! m 2 " 13
27! 2 "

L 6 " 5! 3

1764 Nm 3 ! O(N 0) ! 2

216 ! m 2 + 5
486 ! 2 "

L 7 " N ! 3

972 m 3 ! O(N 2) ! 2

36! m 2 " 19
324 ! 2 "

L 8
! 3

5292 m 3 ! O(N 1) ! 2

72! m 2 " 17
324 ! 2 "

TABLE I. The parameters of ! PT in the lowest and next-to-
leading order quark mass expansion for F < N and F = N .
F is speciÞcally taken as 3. LargeN counting is added in the
F < N columnn.

this regime, the vacuum structure can still be determined
even whenm # " , provided that $ % 1.

The large-N counting is added for theF < N case, us-
ing the N -dependence in the translation from the holo-
morphic to the canonical scale|" | " N 1/ 3" c [27, 28],
where " c is the physical QCD scale

|" | =
%

b0

8%2

& b1
2b2

0
" c , (26)

with b0 = 3N ! F and b1 = 6N 2 ! 2NF ! 4F (N 2 " 1)
2N .

Note that the large N -behavior for the " PT parameters,
except for L 1 and L 2, matches estimates in the litera-
ture [6, 10Ð12]. L 1 and L 2 are known to scale asN 1,
and are typically dominated by the exchange of vector
mesons [31]. However, since the potentials considered in
this paper include only pseudoscalar Þelds and omit vec-
tor and axial-vector resonances, the contributions toL 1

and L 2 are suppressed.

DYNAMICAL UP QUARK MASS IN AMSB QCD

We are now ready to present the dynamical up quark
mass in QCD-like theories. Using Eq. (11) along with
the values ofL 4, L 6, and B0 from Table I, we Þnd

µu

µd
&

'
((((((((()

(((((((((*

16
147

(N ! 1)(7N ! 3)
N (N + 3) 2

%
N + 3
3N ! 3

"
m

&3/N µs

m
(F = 3 < N )

7&
18

µs

m
(F = N = 3) .

(27)
Note that due to our assumption m > M Q , µu /µ d does
not diverge when m # 0 sincems must also vanish in
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this limit. We can see that these expressions are sizable,
and in particular for the F = N caseµu /µ d = O(1) as
long as! = O(1) and µs/m is chosen to be not too small.

It remains unclear whether or how these AMSB QCD
results can be reliably extrapolated to real QCD in
the limit where the SUSY breaking scale becomes large
(m ! ! ). One naive guess would be to setm " O(! ),
assuming that all states obtaining masses from SUSY
breaking decouple from the dynamics once they are heav-
ier than ! . Note that for F < N , the theory allows for a
self-consistent extrapolation to m " O(! ), as the e" ec-
tive theory is fully solvable in this limit. This also holds
for F = N as long as" ! 1, which is expected sinceX
acts as a Lagrange multiplier that enforces the quantum
modiÞed constraint on the moduli space. Using such a
naive extrapolation one would obtain the following nu-
merical values:

µu

µd
# 0.01

!
F =3 ,N =4

! c = m, µ s /m =0 .5

"
. (28)

For F = N the result depends on the uncalculable pa-
rameter ! , usually assumed to be! " O(1). As an illus-
trative example, choosing! = 2 leads to

µu

µd
# 0.4

# F = N =3
! =2 , µ s /m =0 .5

$
. (29)

We should again emphasize that these numerical values
are obtained by extrapolating outside the regime of va-
lidity of our theory.

The large-N behavior of our result matches the expec-
tation that µu /µ d is suppressed in this limit, vanishing
altogether at leading order in 1/N . However, in the case
of F = N = 3 a sizable µu is generated. It is prob-
ably not too surprising that the result for this case is
quite di" erent (and much bigger) than for the F < N
case: theF = N case is truly strongly coupled, and the
origin of chiral symmetry breaking lies in the conÞning
dynamics (while for F < N the theory is actually weakly
coupled). In fact the resulting dynamical contribution
for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
# angle unphysical.

The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
e" ect.
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modiÞed constraint on the moduli space. Using such a
naive extrapolation one would obtain the following nu-
merical values:

µu

µd
# 0.01

!
F =3 ,N =4

! c = m, µ s /m =0 .5

"
. (28)

For F = N the result depends on the uncalculable pa-
rameter ! , usually assumed to be! " O(1). As an illus-
trative example, choosing! = 2 leads to

µu

µd
# 0.4

# F = N =3
! =2 , µ s /m =0 .5

$
. (29)

We should again emphasize that these numerical values
are obtained by extrapolating outside the regime of va-
lidity of our theory.

The large-N behavior of our result matches the expec-
tation that µu /µ d is suppressed in this limit, vanishing
altogether at leading order in 1/N . However, in the case
of F = N = 3 a sizable µu is generated. It is prob-
ably not too surprising that the result for this case is
quite di" erent (and much bigger) than for the F < N
case: theF = N case is truly strongly coupled, and the
origin of chiral symmetry breaking lies in the conÞning
dynamics (while for F < N the theory is actually weakly
coupled). In fact the resulting dynamical contribution
for the F = N case could potentially account for the en-
tire mass of the up quark without requiring an explicit
up quark Yukawa coupling, thereby rendering the QCD
# angle unphysical.

The fundamental origin of the dynamical up-quark
mass is strongly tied to the generation of the e" ective
low-energy superpotential from which it arises, in com-
bination with the supersymmetric mass term and the
supersymmetry breaking e" ects. It is well-known that
for F = N $ 1 the ADS superpotential is generated by
weakly-coupled instantons [19], while forF < N $ 1 it is
due to gaugino condensation in the unbrokenSU(N $ F ).
For F = N a quantum modiÞed constraint on the moduli
space arises from the dynamics, which is implemented by
the Lagrange multiplier Þeld X . The exact origin of the
quantum modiÞed constraint remains unknown, however,
it is consistent with being a strongly-coupled instanton
e" ect.
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