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Introduction to neutrinos

What are neutrinos?
BThe fermions in the Standard Model
BOnly weak interaction(very small mass)

BIn the SM, the flavor of neutrinos are defined from the electroweak

gouter () (1) ()

Majorana type : v = v¢

B Majorana vs Dirac

Dirac type : v # v°
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Introduction to neutrinos

Neutrino mixing
MFlavor eigenstates (v, v,, v,) # Mass eigenstates (v, v, V3)

BNeutrino flavor eigenstates can be expressed as a superposition of mass
eigenstates using the PMNS matrix.

BMIn the case of Majorana neutrinos, two additional CP phases.

.Flavor PMINS matrix: U Majorana . Mass
eigenstate phase eigenstate
T 7
/e 1 0 0 C13 0 S13€ w0 C12 S12 0 1 0 0 1
lflu =10 Cag 593 0 1 0 —812 192 0 0 EiEﬁlﬂ 0 9
Vs 0 —s93 93 —_s13e® 0 c13 0 0 1 0 0 ei% )
L \ L J




Overview of our work(1)

H\\Ve study the oscillation probability of Majorana neutrino in quantum
field theory.

B \We focus on Majorana neutrinos and the effects of the Majorana
mass term.

s N
» We define the neutrino oscillation probability as the transition
probability between states with different lepton numbers.

\ Y
, )
» We define the vacuum as the eigenstate with zero lepton number
and zero particle number, and describe its time evolution through
S the Bogoliubov transformation. )




Overview of our work®)
Why use QFT?

» Chiral oscillations are particularly important when momentum is
small compared to the rest mass.
—>The oscillation formula of quantum mechanics, where the survival
probability is conserved to 1, is not applied.

Result

B\\We relates the lepton number eigenstates at different times.

B\We understand the time variation of lepton number in terms of
transition probabilities in a non-perturbative approach.

B\We present the physical picture that emerges from the Bogoliubov
transformation.




(2Hamiltonian and Time evolution of vacuum



The Hamiltonian of a Majorana neutrino in the 1-flavor case

B The Lagrangian for a 1-flavor Majorana neutrino

_ m
LM — vyt ouvy — 5 ((ML)CML + h.c.)

B The Hamiltonian of single Majorana field, excluding zero mode contribution

H=> h(pt)

peA

The Hamiltonian h(p,t) for each momentum
h(p:t) — IPI[NII(IJ‘J t) + Nﬁ{p& t} + Nﬂ(_pﬂ t) + Nﬁ(_P: t)]
_ _im[Bﬂ(p:t)+Bﬁ(p&t}_Bjr(p&t)_B:’;(pit)]

I ® Cooper pair operator
Bﬂ(pa t) - t‘](p,t)ﬂt(—p, t), Bﬁ(pst) — ﬂ(ll,t)ﬁ(—ll, t)

. . - ® Number operato
Defining bilinear operators gty

N,(p,t) = o' (p,t)a(p,t), Ngs(p,t) =B (p,t)B(p,1)
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Time evolution of vacuum

B Time evolution of annihilation operators in the Heisenberg picture

(p ff) . PEHT (pjh)e—fH'rj 9(ijf) . (J!HT 3( )P—EHT

a(p

1)10,)

= B(p,t)]0,t) =0

B Applying the final-state annihilation operator to the vacuum must result in zero.

a(p,t)|0,ts) = ¢’ HT o(p. t)e 70, ¢ 7)) =0.
-ﬁ'(P: ff)|0 tf> - EAHT.B(pa ’i)ﬁ 1HT|B': ?tf} = 0.

B The relation between the initial and final vacuum states

0,t¢) = ff:":'HT|U}t;) ‘ 0,t7) = H 0,t7)p = H e PAITI0, 1)

peA
B Time evolution of the vacuum in the p sector

0,t5)p = €"PHT|0 1),
1
= > —(rih(p,t:))"]0, ti)p

n!
T

pceA
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@ Time evolution of operators and
Bogoliubov transformation



Time evolution of operators

B Time evolution of annihilation operators (E, = Jp? +m2)

\
a(tp,ts) = (cns E,T — im sin E,7 | a(£p, ti) F ™ sin E,ral (Fp, t;)
Ep / 12
+p,tf) = EDSET—iMSiDET +p, t; Z{ZESiﬂE 81 (Fp, t;
I p E, p E, p

B Time evolution of Pair operator

B, [P; tf) = E'-'{P! t.f}ﬂf{_F! t.f}

. 2
= | cos B, — fi|—p| sin BT B&(p, i:‘) (= sin BT Bl (F:- ti)
E, E,

+ | cos E,T — iM sin E7 )| = sin E,m (1 — Na(p,ti) — No(—p, ti))

The same applies to the creation operator and [



Time evolution of eigenstates by Bogoliubov transformation

B The set of the states defined at arbitrary time t by applying the Pair operators on the
vacuum |0, t),

12,t)p = % [Bg(p,,t) + Bl(p, t}] 0,t)p,— 2-particle state

14,t)p = BL{PJ)B};(P: £)[0,t)p, - 4_partic|e state
B The relation between the ket vector at t = t¢ and the ket vector at t = ¢; as determined

by the operator e'*(P)T
(10.t5)p 2otp)p [ tp)p) =c™®7 (J0,t)y [2,t:)p [4,t:)p )

Gu(p,7) Gup,7) Gus(p,7)
:(H]wti}p 12,ti)p |41ti>p) Ga(p,7) Gaa(p,7) Gas(p,7)
Gay (P; T) Gy [Pv T) G:s:z(Pa ’T)

B G;;(p, ) denotes the matrix elements of the operator e"(P)T among the states at t = t;.

Gu(p,7) Gu(p,7) Gis(p,7) p(0t[\
GEI(P:T} GQ?(F:T:‘ Gi’?:(p:?_} — P(ltil ﬁth{pﬁ(mvti}P |2?ti}P |4?f'1':lp)
Ga1(p,7) Ga2(p,7) Gas(p,7) p{4, il
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Time evolution of eigenstates by Bogoliubov transformation

B The matrix G(p, 7) is obtained by expanding the unitary operator e*()? in a series and acting
on each eigenstate.

| f(p.7)? V2f(p,7)9(p. 7) g(p,7)
G(p,7)=e*PI" | —\2f(p,7)a(p,7)  1-29(p,7)>  V2f*(p.7)g(p,T)

g(paT)Q _'\/if*(p: T)g(paT) f*(p: T)2

(Determine the time evolution of the vacuum. h
f(p,7) = cosEpT — 3|E£| sin FpT,
P
m
1) = snE,r

L 9(p,7) £, sin B, 7 y

The vacuum at the final state is obtained by a superposition of
each eigenstate.

“:t_l":::pzf:ll[prj_:ll[]‘ iIL'.'l.:'[:r | ﬁlil [PrTHE‘ti}p | (:;'i-lliprle 1, t-':::p

lf?-;] [p. T]l | :
= Bl (p,t;) 4+ BL(p.t:) )| 0.t}
UE{:[IEP‘ "T::I ( ..ﬂ ) .I'-'l'

= Gn(p,7) L:}:]J[




Time evolution of eigenstates by Bogoliubov transformation

B The matrix G(p, 7) is obtained by expanding the unitary operator e*()? in a series and acting

on each eigenstate.

| f(p,7)* v2f(p,7)g(p,7) g(p.7)*
G(p,7) =e*PI" | —\2f(p,7)g(p,7)  1-29(p,7)>  V2f*(p,7)g(p,7)
g(paT)Q _'\/if*(p: T)g(paT) f*(p: T)2
(Determine the time evolution of the vacuum. h
f(p,7) = cosEpT — 3|E£| sin FpT, Final state
m p Vacuum
g(p7 T) = = sin EPT‘ |Ing’[tiglne l’:wuunljnbbeerroo
\_ Ep Y,

The vacuum at the final state is obtained by a superposition of

each eigenstate.

“:t_l":::pzf:ll[prj_:ll[]‘ iIL'.'l.:'[:r | ﬁlil [PrTHE‘ti}p | (:;'i-lliprle 1, t-':::p

Ga1(p.7) | fo ]
UEETLII[P. ‘T::' (Ert(prf:']l | Bj(p ilL.:])

= Gn(p,7) L:}:]J[

0.2} -

Initial states
4 ™
Vacuum

Lepton number O
Particle number O

- S/

4 N
Lepton number £2
Particle number 2

\/

Lepton number O
Particle number 4

Fig.1 : Superposition of each

eigenstate



4 S—Matrix and Probability



Introduction of the S-matrix

Initial state

Final state

p sector

@ - (000

q sector

[‘I.I’EICLILIFH ]

EmICORCORC D)

Fig.2: How to define the S-matrix in each momentum sector
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The S-matrix in the p sector

M Time evolution of the 1-particle and 3-particle states
oA (p,tr) (0,15 _[(Si sh ol(p,t:)0,t;),
BE*(PJI)“T(E tf) |U!tf>l:' 81:;[* 833* Bg(p?ti)&f(pztf) |0? tt}P‘

> In the case of the final state with 1-particle . and [“. —’.

Gai(p,7) ]
V(p.t)0.t)) = al(p.t/)G [ 2108 Bi(p.t;) + Bl(p.t; 0.;
a'(p,ty) [0, tr), = a'(p,ty)Gui(p, 7) exp v’iG“(p;r)( a(p,ti) + By(p, )) 10, ti)p

= 21 f(p, 1)l (p, ) [0, 1) p | P (g (p, T)[BY (b, t:)o (p, :) 10, 1)

» In the case of the final state with 3-particle . and [“.]_’[ “.J

Bi(p,t7)al(p,17)10,17), = P g(p, 7[al (p,1:) 0,13) )+ P17 1* (o, 1) B(p, t)a} (b, 1:) [0, 1),

B The matrix elements for S-matrix in the p sector

Sp'* Sp™\ _ il (£(:7) —9(p.7)
Spt Sy g(p,7) f*(p.7)



The S-matrix in the g sector

B In the q sector, the eigenvalue of the lepton number for the state is even. To express the state with
lepton number (1 > 0), we use |+, t) while we use |n, t) to denote a n(n > 0) particle state.

Using this,

: , [+2,t7)q = 197 f(a,7)g(a, ) |0, t)q + > | f (@, 7)[* |42, ti) g
the 2-particle state is

+ 17 (—g(q, 7)) [=2, ti)q + MU (—*(q, 7)9(a, 7)) 14, 1),

i

1
200 = 7542 g + 1240 IR
5 q q . .
‘/_ |_2: tf}q — E21|q|7'f'(q? T)Q‘(q? T) |UJ t’i)q + cgthlT (_Q(qJ T.)Q) |-|_21 ti)q

+ 2197 | f(q, 7)[* | =2, t) g + €21V (= f*(a, T)g(a, 7)) |4, 8:) -

For convenience, the four eigenstates are renamed as
|913t>q — |03t>q ’ |923t>q — |+2:~t>q ’ |931t>q — |_2:~t>q r‘94pt)q — ‘43 t)q

4
|gj"'ff>q — ZS;;IC* |€k‘: t’é}q
k=1

B The matrix elements for S-matrix in the q sector

fla,7)?  —fla,7)g9(a,7) —f(a,7)g(q,7) 9(q,7)?
g _ g | f@n9@7)  [f(a,7)) —g(a,7)*>  —f*(a,7)g(q,7)
T fla,T)g(a,7)  —g(q,7)? fla, D) —f*(a,7)g(a,T)

g(q,7)? fa,7)g(a,7)  f*(a,7)9(q,7) (f*(q,7))?
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Probability

Neutrino transition probability in the p sector

Neutrino transition probability in the g sector

2
‘p-l-l—}-l—l (p, T} — ‘p({L f--il'|l‘.'_l‘(p? tf)f_ki-(p? tt)l{]ﬂ ti}p‘
::LS;HEF

2
Piis 1(p,7) = [o(0,t71Ba(p, tr)alp, t)a (b, )]0, ti)p|

2312
= ISp |-

9 ql|?
lal0ias 7161, tidal” = | S5

Po,0,,(a,7) =

The sum of these transition probabilities over the
possible final states

Z Po, -0, (a, T ‘Sh

Jg=1 Jg=1

=1

The survival probability

The chiral oscillation probability

4
gl 12 o
13 1Py
qFp Jq=1

= |Sp [P = f(p,7)|*
= 1—(1—2?%)sin? E,T

Rf—w []}3"1 T) —

-1 Y sy

q#PpEA Jq=1
= |S3'[* = lg(p, 7)I”
= (1 — v?) sin” EpT

Rf—}vyu P N
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-PU—HJ[I}?T) — H Z |Séq'|2|5pl:l .
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Probability

2 4

Fig.3: The survival probability P,_,,(p, T)

P(v->vVvYv)

10}
0.8/
06
04
02 '

mt

Fig.4: The chiral oscillation probability P,,_,7%(p, T)

Red line(relativistic case) : v = 0.99, Green line: v = 1/+/2, Blue line(non-relativistic case) : v = 0.1

Period Oscillation Patterns
Relativistic neutrino 0.1V2r Survival probability: oscillates around 1
Red line:v = 0.99 T= o Chiral oscillation probability: oscillates around 0
Non-relativistic neutrino T = R Both survival and chiral oscillation probabilities oscillate
Blue line:v =0.1 m between O and 1

The oscillation probability is conserved : P,_,,,(p,7) + P,_,v(p,7) =1
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Summary

B\\e show that the state developed from the vacuum state is a of the vacuum state,
the 2-particle state, and the 4-particle state and the time evolution can be
described as the Bogoliubov transformation.

B\We find that the Lepton number oscillation (+1 —- —1) isnotv — v, but a
transition v = vvv . This is because the Majorana mass term creates anti-
neutrino pair from the vacuum and it appears through time.

B The expectation value of the lepton number in [1] equals to the difference of the
survival probability and the chiral oscillation probability.

Pysu(0,7) = Posuon(p,7) = 1 = 2(1 — 0?) sin® Epr = (v(p, ;)| L(p, t7) |v(p, t:))

[1]T.Morozumi et.al Phys. Rev. D 108, no.5, 056009 (2023) [arXiv:2106.02783 [hep-ph]].

Future work

B We will expand this formula to the three—flavor case.
B We need to discuss how the oscillation probability is affected when the matter

effects are considered.




Thank you for listening




Back up



Reason to exclude zero mode 1)

B To quantize the Majorana field, the standard approach is to introduce the creation and annihilation
operators for massive Majorana field.

This approach is not suitable for the purpose to compute the transition amplitude among the

states with definite lepton numbers.
& why?

» Majorana particles are indistinguishable from their antiparticles, and 1-particle mass eigenstate
obtained by applying the creation operator on the time invariant vacuum, does not carry the definite
lepton number.

B The creation and annihilation operators are chosen in such way that the one particle state has the
definite lepton number.

This is achieved by expanding the field operator with massless plane wave spinors and creation
and annihilation operators associated with them.

N

At the expense of introducing massless spinors, the time evolution of the operators become complex
and the vacuum is time dependent.




Reason to exclude zero mode 2

B The lepton number operator is simply written as the difference of the number operators
for neutrino and anti-neutrino.

L(t) — L(pat)a
ng Z Non-zero mode

» The momentum zero mode cannot be expressed in terms of particle and
antiparticle creation and annihilation operators.
» A massless spinor cannot express the spinor corresponding to the momentum

zero mode of a massive Majorana field.

L We need to exclude the zero mode.

If we keep the zero mode, one must attribute the mass parameter to operators for
the zero mode and the lepton number operator can not be simply expressed by the
difference of the number operators for neutrino and anti-neutrino.



The Lagrangian of a Majorana neutrino in the 1-flavor case

B The Lagrangian for a 1-flavor

[1]T.Morozumi et.al Phys. Rev. D 108, no.5, 056009 (2023)
[arXiv:2106.02783 [hep-ph]].

, m
LM = opinto,vy, — b ((I/L)

‘vr + h.c.)

Rewriting in terms of
the chiral field n

vp(x,t) = (n(f f))

m

L =nligtd,n — — (—T}T?I,Ug’fj* + -r;Tz'ggf;)

2

B Expansion of the left-handed Majorana neutrino field in a

1-flavor using massless spinors u; and v;.

%) = [ B (alp. s (p)e + (b, un (e )

L n(x t)zf TP t1a(p, )¢ (np) — B (—p. )_(—np)]eP*
" Jeea @myry2pl T Ho—{np

Expressing the chiral field n using
creation and annihilation operators.

ﬁ Components of u;, vy ﬁ
0

ur(p) = —vr(p) = m(ﬂi’—(“p))

np - o ¢+ (np) = £é+(np),

¢ 7 COS = —P_i% sin 2
q“l(}‘l- (HP) ( . ﬂ ) 1 ‘i’—(ﬂp) — ( ié 0 2)
et 2 SHE €2 COS 5

bl =

\ ¢4(—mp) =i¢p_(np), ¢_(—mp)= i¢+{np)-/

+ [a(=p, t)¢—(—np) — bi(p, t)¢_(np)]e P>}



The Hamiltonian of a Majorana neutrino in the 1-flavor case

B The path-integral expression of the action for Majorana neutrino for a single flavor case

4 0
/d:r;dn’f [d‘fﬂd{"]ieiﬁ”[mﬁu] — [ /dndnfﬁ(nn}ﬁ(ng)e‘s[ﬂh V(@) = (n(m_f))
. . o N

J

S, 0] = S[n][— i [ dt(ehm i)~ [ d'ac Stil = [ d'ak, L= (i 9,)n - (~nfioun + nion)

K’ 1 3 . too—nd
L' =i (ic"d,)n — %(—ﬂ*i@ﬂf + mioan) | %(ﬁgﬂu — ﬂgfn)] mo(t) = VvV _/d x1)(x, 1), '5(“[!]5(’-'?3) = / dggdfﬂﬂ%m "o%0)

\

B All the constraints and gauge fixing-like conditions.
constraints | ¢'(x) | ¢*(x) | 3 | & | @° | #° | &7 | &°

Ty — irﬁ Mt Tlo ﬁg UFSY ﬂg{fl 51] fg;.

B anti-commutation relations among n and n'

{n(x,t),n'(y,8)} = 6 (x —y) - % {n(x,8),n(y,t)} = {n'(x,£),n' (y, 1)} = 0.

B Hamiltonian (Chiral Field Representation)
H = [d3x [n*ia -Vn+ %(—'.';,'Jrz}:rgzq]L + nicrgn)]



Commutation relation of h(p, t)

Commutation relations of Cooper pair operator and Number operator

t), Ba(q,t)] = —Ba(p,t)0pq

La, )] = Bl (p,t)dpq,

[Ba(p.t), Bl(q,t)] = (1 = Na(p,t) = Na(—P. 1))dpq;
(a,t)] = 0.

L

Commutation relation of the Hamiltonian for different momentum p # q

[h(p,t), h(q,t)] =0

The set of the operators {a(+p, t), 5(+p,t), aT(£p, t), 5T (£p, t)} and their bilinear operators in which appear
in h(p, t) are called as operators of p sectors. For instance, the operator a(p) and a(—p) withp € A are
classified as the operators in the same p sectors.




Time evolution of creation and annihilation operators

. - R
B Plane wave expansion of the left-handed neutrino field
ip-x T —ip-X
%) = [ B (alp. Dus(p)e + 6, un(p)e )
. W,
[1]A.Salim Adam et.al Phys. Rev. D 108, no.5, 056009 (2023) [arXiv:2106.02783 [hep-ph]].
Yy = v + (v)© [2]A. S. Adam et.al doi:10.31526/ACP.BSM-2021.29 [arXiv:2105.04306 [hep-phl].
( )
B Plane wave expansion of the massive Majorana field
LB .
Ym(x,t) = / (2@% (am(p, Nu(p, N)e " Fet=Px) 4l (p, A)u(p, k}ﬂ““‘“_"'x})
N | DAt y

B The relation between the massless spinor operator a(p, t), b(p, t) and the Majorana
operator a,, (p, t).

V2[p| (Ep + |pl) ( —ikipt umn T iFpt
a(+p,t) = apy (£p, —)e et & ay(Fp, —)e'P

v 2|p| (Ep + |p|) . im o
b(xp,t) = L e —ilipt i iBpt
(+p, 1) 2, apm(£p, +)e Ep+|p|ﬂmz(¢rh+)f



Time evolution of eigenstates by Bogoliubov transformation

B The time evolution of the bra vector can be derived from the matrix element G;;(p, 7).

L Time evolution of vacuum
|U}tf>13 - ﬁih{P!ti)TloktﬂP}
l . TL
rl = Y —(Tih(p,1:))"[0, t:)p
Series expansion of the unitary operator Sg(p, 7) = )T (k = %) i
0 —i 0
(rih(p)) ( 10,t)p [2.t)p Mty ) =iV2mr ([0t 2ty [4.ta)p )|| @ V2R i

0 i 22k

The action of e™®)7 gn the bra vector
MO (10,6 2ty [tidp ) = ( 10.t)p [2t)p [ti)p ) eAGVED

The matrix G(p, T) is

G(P?T:} — Fﬂ[l 2mT)



Probability (3-flavor)

We extend the 1-flavor case to 3-flavor. The transition amplitude of flavors is given by

Aosp = (0,ts|as(p,ts)al (p,t;)]0,t;)

3
- ZVQJVQ*J [fj(paT)GiTG%TGi’T — gj(qu-) Z G%ﬂicifcif
7=1

?;!<j!
i #j #J
3
~ Z ngV;j e'ti (p)T(|p| >> m) The term induced by
j=1 the Majorana mass term

where V, ; is PMNS matrix elements, f;(p, 7), g;(P, 7),G11, G2, are given by

fi(p,7) = cos E;(p)T — ZELP()L) sin B;(p)T Giﬂ(P) = €2i|p|T(fz'(Pa T))Q

9P = gy BT 41 (p) = V2RI £, (p,7)gu(p. )
i\P
In the low-energy region, as in the 1-flavor case, numerous pair creations are
expected.




Work in progress

e Critical views on chiral oscillations
[3]A.Yu.Smirnov arXiv: 2505.06116[hep-ph]

Chiral interactions, chiral states and "chiral neutrino oscillations”

[4]E.Akhmedov arXiv: 2505.20982[hep-ph]

On chirality and chiral neutrino oscillations

D

We are presently discussing a rebuttal to this view.
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