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Self-introduction
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Hello. My name is Kohei Fujikura (藤倉浩平).

I am currently working on the Hamiltonian formulation of lattice gauge 
theories with tensor network approach.



Outline

•3: Phase transitions in Inflationary universe, (and the 
Hamiltonian formulation of lattice gauge theories)

•1: What is the order of phase transition?

•2: Hot phase diagrams in the SM, and gravitational wave 
spectra from first-order phase transitions
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Cosmological Phase Transition
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Early universe; finite temperature and (possibly finite density) system

Due to the cosmic expansion, a cosmic temperature cools down.
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Cosmological Phase Transitions
Cosmological first order phase transition  Formation of bubbles⇒

After bubble nucleations, they expand due to a pressure.

Very roughly speaking, bubble nucleations take place when  
the temperature of the Universe  mass scale of symmetry breaking≃

(There exists exceptions.)



Phase Transitions in BSM
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In this summer institute, many researchers give interesting 
presentations related to first-order cosmological phase transitions. 

I hope that this lecture is helpful to understand these presentations.

10 Presentations!
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1’st lecture: Order of thermal phase 
transition



Outline

•Application to the QCD chiral phase transition

•Phase Transition and Thermal Field Theory

•Simple model
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A main claim: 
Order of thermal phase transition 

 Infrared behavior of three-dimensional 
field theory

≃
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Introduction: Phase Transitions
Q. What is a (definition of) phase transition?

Textbook answer: th order phase transition takes place when 
th derivative of a free energy with respect to the temperature 

(or other parameters) becomes singular.

n′ 

n′ 

Landau’s answer: Singularities of a free energy are caused by 
change of underlying global symmetries of the ground state.

I would like to review Landau’s answer from now on.
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Landau’s argument (1)
A phase transition takes place when  develops an expectation value.Φ

Landau assumes a simple polynomial form of a free energy:

ℱ(Φ) = m2(T)Φ2 + λ(T)Φ4 + κ(T)Φ6 + ⋯

Ex) Ferromagnetic system (Ising model) 

Symmetric phase: Z2− m2(T > TC) > 0 ⇒ ⟨Φ⟩ = 0

Broken phase: Z2− m2(T < TC) < 0 ⇒ ⟨Φ⟩ ≠ 0
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Landau’s argument (2)

 2’nd order phase transition takes place.λ(T) > 0 :

A salient feature of the 2’nd phase transition: 
A correlation length diverges  at critical point. 

(Order parameter is continuous, but its derivative is not for .) 
1/m(T → Tc) → ∞

T

ℱ(Φ) = m2(T)Φ2 + λ(T)Φ4 + κ(T)Φ6 + ⋯
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Landau’s argument (3)

 1’st order phase transition takes place.λ(T) < 0, κ(T) > 0 :

A salient feature of the 1’st phase transition: 
A correlation length is always finite, but it jumps! 

(Order parameter also jumps!)
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A smooth crossover

When there exists the operator which explicitly breaks the symmetry, there 
is no definite phase transition, or 1’st order phase transition takes place 

(depending on the parameter).
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Landau Free Energy
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In principle, we can compute the Landau free energy from the first-principle 
approach for a given theory (action).

Method: imaginary time (Matsubara) formalism

<latexit sha1_base64="xjm8NFo/04e+hIqe128bpLRPZ6w="></latexit>
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Thermal effect (1)
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Thermal effect ~ Gibbs state

: The total Hamiltonian of the theoryH
 labels the (all possible) physical state.i

An expectation value is understood as the canonical ensemble:
<latexit sha1_base64="8aPU9OrS9AzsSZ1wvpXRT1Cmgi8="></latexit>

→Ô↑ = tr
(
ω̂ Ô

)
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ω =
∑

i

e→H/T |i→↑i|

Gibbs state is described by the following density matrix:



Thermal effect (2)
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In an infinite temperature limit the density matrix becomes T → ∞,
<latexit sha1_base64="Ue8vKLa/mPCngC6agvAGipzy7+k="></latexit>

ω = 1 =
∑

i

|i→↑i|

Any states is equally appears.

Expectation values are invariant under any unitary (internal) 
transformations.

<latexit sha1_base64="kHCv3a8qkSJFKwp44y4b2ir4OJ0="></latexit>

→Ô↑ ↓ →Û †
ÔÛ↑ = Tr(Û†

ÔÛ1) = Tr(Ô1) = →Ô↑.
This is the intuition of symmetry restoration at very high-temperature.



Thermal effect (3)
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In the zero temperature limit  the density matrix becomes T → 0,

Only the ground state  appears.|0⟩

Therefore,  means an expectation value with respect to the 
ground state. ( -prescription)

⟨ . . . ⟩T→0
iϵ

(From this consideration, it is obvious that the finite temperature theory is 
identical to the ordinary QFT at .)T → 0

<latexit sha1_base64="UiXVfm9fW9MvFjbFCx8cimoPZxQ="></latexit>
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∑
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Liouville equation
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In quantum theory, time evolution of the density matrix is described by 
the quantum Liouville equation:

A formal solution of this equation:

<latexit sha1_base64="WHP8jJGfDac1xqcidSLGxvI2uJk="></latexit>

T
[
e
i
∫ t
ti

dt Ĥ
]
= lim

n→↑

tn→1<tn∏

n, tn+1=t, t0=ti

eiĤ(tn↓tn→1),

T̄
[
e
i
∫ t
ti

dt Ĥ
]
= lim

n→↑

tn→1>tn∏

n, tn+1=t, t0=ti

eiĤ(tn↓tn→1).
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∫ t
ti

dt Ĥ
]
ω̂(ti)T
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e
→i

∫ t
ti

dt Ĥ
]
.
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Gibbs state as imaginary time evolution
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A main claim: Gibbs state can be interpreted as the imaginary time 
evolution from the maximally entangled state .̂ρ = 1

Assumption: The Hamiltonian does not depend on time.

Let us set  and evolve the imaginary time from 
 to  (for a time-ordered product).

̂ρ(ti) = 1
ti = 0 t = − i/(2T)

<latexit sha1_base64="hlmh5myu0cEVdKH0w12mqT28hOo="></latexit>
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Path-integral Approach (I)
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A generic expression is too formal to compute some physical quantities.

<latexit sha1_base64="2TPwh5NUCCrwJ+1ovSj5t0zgPHE="></latexit>

Ĥ(ω̂q,q̂) =
1

2
ω̂
2
q + V (q̂).

For an illustrative purpose, let us consider one-dimensional quantum 
mechanics.

Canonical commutation relation:
<latexit sha1_base64="51kWUOJb5ncUG926i0VpryTx33M="></latexit>

[ω̂q(t), q̂(t)] = →i

Coherent state, .̂q |q⟩ = q |q⟩



Path-integral Approach (II)
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Inserting the complete set and perform the integration w.r.t :πq

The density matrix has the following path-integral representation:

<latexit sha1_base64="h5zOn9DjRRKmvvwVSlsQbaeJQBc="></latexit>

T
[
e
→i

∫ t
ti

dt Ĥ
]
= lim

n↑↓

tn→1<tn∏

n, tn+1=t, t0=ti

e→iĤ(tn→tn→1) = #

∫
Dq |q(t)→eiS↑q(ti)| , S =

∫
t

ti

dt

[
q̇2

2
↓ V (q)

]
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ω̂(t) = #

∫
Dq+Dq→ |q→(ti)→eiS→↑q→(t)|ω̂(ti)|q+(t)→eiS+↑q+(ti)|,

S± = ±
∫ t

ti

dt

[
q̇2±
2

↓ V (q±)

]



Periodic boundary condition
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Putting  and imaginary time evolution:̂ρ(ti) = 1

Hence canonical ensemble can be computed by the standard 
path integral approach with a periodic boundary condition.

Caution: Anti-periodic boundary condition is taken for a fermion field.

<latexit sha1_base64="f4B6NIkh+IpTg52+I6ieCJaEiWI="></latexit>
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e→Ĥ/T = #

∫

q(ω=→ε/2)=q(ω=ε/2)
Dq |q→(0)→e→ST ↑q+(0)|, ST =

∫
ε/2

→ε/2
dω

[
1

2

(
dq

dω

)2

+ V (q)

]

:same point



Field theory at finite-temperature
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Quantum field theory ~ each space points has a harmonic oscillator.
<latexit sha1_base64="n/20fuat1UZONLBBo3qUxoNChwA="></latexit>

q̂(t) → ω̂(t,x)

The summation is taken over all possible field configurations under the 
boundary condition  for bosons.ϕ(τ, x) = ϕ(τ + 1/T, x)

<latexit sha1_base64="tAwJYoE7qWG9AmFDBmif/+4N5ZA="></latexit>

Z = Tr e→ωH =

∫
Dω e→S[ε]

The thermal partition function is now defined on Euclidean :R3 × S1



Outline

•Application to the QCD chiral phase transition

•Phase Transition and Thermal Field Theory

•Simple model
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Example: (continuum) Ising model
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<latexit sha1_base64="68Y17pOQ1UuqxhqTDoB+n5oqpig="></latexit>

S =

∫ 1/(2T )

→1/(2T )
dω

∫
d3x

[
1

2
(εϑ)2 +

1

2
m2ϑ2 +

ϖ

4
ϑ4

]

Let us consider the following example.

There exists a  symmetry: .Z2 ϕ → − ϕ

At zero-temperature with  leads to 
spontaneous symmetry breaking, . 

m2 < 0
⟨ϕ⟩ ≠ 0

<latexit sha1_base64="tAwJYoE7qWG9AmFDBmif/+4N5ZA="></latexit>

Z = Tr e→ωH =

∫
Dω e→S[ε]



Feynman rule at finite temperature
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You can perturbatively evaluate the path integral using the standard 
Feynman diagram technique.

Because of the periodic (or anti-periodic boundary) condition, propagator 
is replace by the sum of discrete frequencies. 

There are no zero-modes for fermion fields (anti-periodic condition).

<latexit sha1_base64="xw+xHEb4BD8A6us6zxn9lQK7Lj0="></latexit>
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ωB,n = 2εnT
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ωF,n = 2ε

(
n+

1

2

)
T

Loop integral:
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∫
d3p

(2ω)3



P. Ginsparg / Phase transitions 393 

(a) (b )  

Fig. 1. Scalar propagators: (a) n ffi 0 mode, Co) sum of n ~ 0 modes. 

X X  X X  
(o) (b) (c) {d) 

Fig. 2. Scalar quartic interaction vertices. 

© 
Fig. 3. Leading contribution to the mass squared term in 12el t. 

V 

O QQQ 

Fig. 4. Some higher-order contributions to gaf. 

8 Q /x 

Fig. 5. Two-loop contributions to tree approximation mass term in l~eff. 

and  wave- func t ion  renormal iza t ions ,  and  to the N-po in t  funct ions  of the effective 
theory  of  the n = 0 mode .  Since all n ~ 0 p ropaga to r s  have  the inf rared  cutoff  
2~r/fl, fl sets the scale for the es t imat ion  of these graphs.  We are  thus led to a 
charac te r i za t ion  of  the graphs  of  the theory  by  their  o rde r  in )~ and  ft. 

A g raph  with V vertices,  N ex te rna l  legs, and  superf ic ial  degree  of  d ivergence  
I D = - V -  ~ N + 3 (ca lcula ted  using 3 as the d imens ion  of all  m o m e n t u m  integra-  

t ions) has  assoc ia ted  to it a fac tor  

(Xl/~)v/~ -" = xv/~ :/'-~ . (2.4a) 

Let V b, V¢, and  V d be the n u m b e r  of  vert ices of  the types dep ic ted ,  respect ively,  in 
figs. 2 b - d .  Then  V = V b + V¢ + V d, N = 2V b + V¢, and  the fac tor  (2.4a) becomes  

( ~//3 ) v B- n ~ ~(,/2×O/2× N- 2) + V, + 2 Vd). (2.4b) 

Effective action for zero-mode
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Let us focus on the lightest field and integrating out all massive modes. 
(Kaluza Klein modes)

<latexit sha1_base64="drEoNeL5tCblCKbQ9x04RLhuVpY="></latexit>
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R3

Length scale
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ω(ε,x) =
→∑

n=↑→

(
ωn(x)e

iωnε + ω↓
n(x)e

↑iωnε
)

: zero mode (External legs) 
 : Integrated out (Internal lines)

ϕn=0
ϕn≠0

[P. Ginsparg (1980)]



Landau free energy
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A mean field approximation:

However, you cannot believe the analysis based on the mean 
field analysis at .m2(TC) = 0

The resultant effective action at finite temperature with one-loop:
<latexit sha1_base64="xzB71WZxwEni+ECd6ZCf8wsZk9g="></latexit>
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Se! =
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d3x

[
1

2
(ωεn=0)

2 +
m2

3(T )

2
ε2
n=0 +

ϑ3(T )

4
ε4
n=0

]
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m2
3(T ) → m2 + ωT 2, (m2 < 0)



Infrared divergence
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There is a non-perturbatively large correction at .m2
3(T) = 0

 mass dimension 1/2,  mass dimension 1.λ3 : m3 :
Perturbative expansion is justified when α ≃ λ2

3 /m3 < 1

A three-dimensional field theory is superenomalizable and is strongly 
coupled at infrared.

Example)
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What can we learn from this analysis?
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Let us summarize the situation again.

• A finite-temperature field theory is a field theory on .R3 × S1

• We can obtain effective action by integrating out all massive modes.

• The resultant zero-modes effective action is defined in three spatial 
dimension and is strongly coupled at infrared (at a transition point).

• (Roughly speaking,  direction shrinks at long distance physics.)S1



Order of phase transition
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An effect of non-perturbative fluctuation should be included.

• Renormalization group (RG) analysis( -expansion, functional RG method)ϵ

• Lattice simulation

• Conformal bootstrap



Renormalization group analysis
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A non-perturbative effect is included as the renormalization group effect.

• First-order phase transition

• Second-order phase transition

No stable infrared fixed point 
Fluctuation-induced first-order phase transition

Attract to the infrared fixed point

New minimum appears
[P. H. Ginsparg (1980)]<latexit sha1_base64="YuJ0w7eF+mI+QltZPJ70PFKttLA="></latexit>
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With RG effect
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Without RG effect

<latexit sha1_base64="YuJ0w7eF+mI+QltZPJ70PFKttLA="></latexit>

V (ωn=0)

<latexit sha1_base64="p0bW/HNeMD/ij0Ee0Wx8ZrVGGw8="></latexit>

ωn=0

<latexit sha1_base64="LnOd01C8J9YCoLOsmhoGOB0fFVg="></latexit>

T = TC

With and without 
RG effect



Question
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Now the problem is the following. 
Starting from the three-dimensional effective theory:

Is there stable IR fixed point at  ?m2
3(TC) = 0

<latexit sha1_base64="xzB71WZxwEni+ECd6ZCf8wsZk9g="></latexit>
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∫
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ε4
n=0

]
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expansion: compute Feynman diagram in ( )-dim with  
(and finally takes the extrapolation ).

ε− 4 − ε ϵ ≪ 1
ε → 1

Renormalization group equation at one-loop:

At the fixed-point, correlation length diverges. 
 2’nd order transition! (Also confirmed by other methods)⇒

[ K.G. Wilson and M.E. Fisher (1972)]

IR stable fixed-point
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Pisarski and Wilczek (1984) applied this analysis to the QCD chiral phase 
transition. SU(NF)L × SU(NF)R × U(1)V × UA(1) → SU(NF)V × U(1)V

Is there infrared stable fixed point? (Order of phase transitions)

Effective action:
<latexit sha1_base64="zYa5i5mpP3at/kdo+dpP7x7MTH0="></latexit>

Se! =

∫
d3x

[
Tr(ω!ω!†) +M2(T )!!† + u(Tr!!†)2 + vTr(!!†!!†) + c0 det!+ c, c.

]

Order parameter (chiral condensate):  ( )q̄iqj ∼ Φ → UΦV† U, V ∈ U(NF)

Axial anomaly 
( )U(1)A
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Results (based on the -expansion with one-loop analysis)ϵ

However, this conclusion is based on the extrapolation, .ϵ → 1

The phase diagram of dense QCD 12

Nf = 2 Nf � 3
U(1)A symmetric (c0 = 0) Fluctuation-induced 1st order 1st order
U(1)A broken (c0 6= 0) 2nd order [O(4) universality] 1st order

Table 2. Order of the chiral phase transition conjectured from the chiral e↵ective
theory with massless Nf flavours with and without the U(1)A anomaly.

E↵ects of temperature T enter through the parameters a0, b1 and b2. Note that ⌦sym

is bounded from below as long as b1 + b2/Nf > 0 and b2 > 0 are satisfied. The
renormalization group analysis of (16) on the basis of the leading-order ✏(= 4 � D)
expansion leads to a conclusion that there is no stable IR fixed point for Nf >

p
3 [36].

This implies that the thermal phase transition described by (16) is of the fluctuation-
induced first order for two or more flavours.

In QCD, however, there is U(1)A anomaly and the correct chiral symmetry is
SU(Nf)L⇥SU(Nf)R⇥U(1)B⇥Z(2Nf)A for Nf massless quarks. The lowest dimensional
operator which breaks U(1)A symmetry explicitly while keeping the rest of chiral
symmetry is the Kobayashi–Maskawa–’t Hooft (KMT) term [89, 90, 91, 92];

⌦anomaly = �c0

2

�
det�+ det�†�

. (17)

The coe�cient c0, which is T -dependent in general, dictates the strength of U(1)A
anomaly. In the instanton picture [91, 92], c0(T = 0) is proportional to the instanton
density ninst, which is perturbatively evaluated as [7]

c0(T = 0) / ninst(⇢, T = 0) =
⇣8⇡2

g2

⌘2Nc

e�8⇡2/g2

⇢
�5

, (18)

with ⇢ being a typical instanton size.
For Nf = 3 the KMT term becomes a cubic invariant in the order parameter.

Hence, ⌦[�] = ⌦sym +⌦anomaly leads to the chiral phase transition of first order. For
Nf = 2, on the other hand, the KMT term becomes a quadratic invariant. Also the
chiral symmetry in this case is SU(2)L ⇥ SU(2)R ⇠= SO(4). Such an e↵ective theory
with O(4) symmetry has a Wilson-Fisher type IR fixed point as long as the coe�cient
of the quartic term of � is positive. Therefore, if the chiral phase transition of massless
Nf = 2 QCD is of second order, its critical exponents would be the same as those in
the 3D O(4) e↵ective theory according to the notion of universality. In Table 2 we
summarize the Ginzburg-Landau-Wilson analysis from the chiral e↵ective theory [36].

In the real world, none of quark is exactly massless: For example, mu = (1.5–
3.3)MeV, md = (3.5–6.0)MeV and ms = 105+25

�35
MeV at the renormalization scale of

2GeV [93]. Therefore, it is useful to draw a phase diagram by treating quark masses as
external parameters. This is called the Columbia plot [94] as shown in figure 3 where
the isospin degeneracy is assumed (mu = md ⌘ mud). The first-order chiral transition
and the first-order deconfinement transition at finite T are indicated by the left-bottom
region and the right-top region, respectively. The chiral and deconfinement critical
lines, which separate the first-order and crossover regions, belong to a universality
class of the 3D Z(2) Ising model except for special points at mud = 0 or ms = 0 [95].

If the chiral transition is of second order for massless Nf = 2 case, the Z(2) chiral
critical line meets the mud = 0 axis at ms = m

tri

s
(tricritical point) and changes its

universality to O(4) forms > m
tri

s
[96]. The tricritical point atms = m

tri

s
is a Gaussian

fixed point of the 3D �
6 model (that is, the critical dimension is not 4 but 3 at the
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Tr(ω!ω!†) +M2(T )!!† + u(Tr!!†)2 + vTr(!!†!!†) + c0 det!+ c.c.

]
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QCD-like dynamics is well-motivated in the physics 
beyond the standard model. (Composite Higgs model)

G H C NG rH = rSU(2)⇥SU(2) (rSU(2)⇥U(1)) Ref.
SO(5) SO(4) X 4 4 = (2,2) [11]

SU(3) ⇥ U(1) SU(2) ⇥ U(1) 5 2±1/2 + 10 [10, 35]
SU(4) Sp(4) X 5 5 = (1,1) + (2,2) [29, 47, 64]
SU(4) [SU(2)]2 ⇥ U(1) X⇤ 8 (2,2)±2 = 2 · (2,2) [65]
SO(7) SO(6) X 6 6 = 2 · (1,1) + (2,2) �
SO(7) G2 X⇤ 7 7 = (1,3) + (2,2) [66]
SO(7) SO(5) ⇥ U(1) X⇤ 10 100 = (3,1) + (1,3) + (2,2) �
SO(7) [SU(2)]3 X⇤ 12 (2,2,3) = 3 · (2,2) �
Sp(6) Sp(4) ⇥ SU(2) X 8 (4,2) = 2 · (2,2) [65]
SU(5) SU(4) ⇥ U(1) X⇤ 8 4�5 + 4̄+5 = 2 · (2,2) [67]
SU(5) SO(5) X⇤ 14 14 = (3,3) + (2,2) + (1,1) [9, 47, 49]
SO(8) SO(7) X 7 7 = 3 · (1,1) + (2,2) �
SO(9) SO(8) X 8 8 = 2 · (2,2) [67]
SO(9) SO(5) ⇥ SO(4) X⇤ 20 (5,4) = (2,2) + (1 + 3,1 + 3) [34]

[SU(3)]2 SU(3) 8 8 = 10 + 2±1/2 + 30 [8]
[SO(5)]2 SO(5) X⇤ 10 10 = (1,3) + (3,1) + (2,2) [32]

SU(4) ⇥ U(1) SU(3) ⇥ U(1) 7 3�1/3 + 3̄+1/3 + 10 = 3 · 10 + 2±1/2 [35, 41]
SU(6) Sp(6) X⇤ 14 14 = 2 · (2,2) + (1,3) + 3 · (1,1) [30, 47]

[SO(6)]2 SO(6) X⇤ 15 15 = (1,1) + 2 · (2,2) + (3,1) + (1,3) [36]

Table 1: Symmetry breaking patterns G ! H for Lie groups. The third column denotes whether the
breaking pattern incorporates custodial symmetry. The fourth column gives the dimension NG of the coset,
while the fifth contains the representations of the GB’s under H and SO(4) ⇠= SU(2)L ⇥ SU(2)R (or simply
SU(2)L ⇥U(1)Y if there is no custodial symmetry). In case of more than two SU(2)’s in H and several di↵erent
possible decompositions we quote the one with largest number of bi-doublets.

in turn contains the previous SU(2)L ⇥U(1)Y ). This ensures that the actual custodial SU(2)C

is left unbroken after the Higgs gets its VEV, avoiding excessively large contributions to the

T -parameter of order ⇠ v2/f 2. In this case the coset must contain a 4-plet representation of

SO(4) (that is a 4 = (2,2) of SU(2)L ⇥SU(2)R). In Table 1 we have introduced the column C

to mark the cases with custodial symmetry H � SU(2) ⇥ SU(2), with X, while for the cases

with only H � SU(2) ⇥ U(1) this column is left blank. Notice however, that if there are GB’s

in addition to the single Higgs which are charged under SU(2)⇥SU(2), such as extra doublets

or triplets (under either of the two SU(2)’s), the SU(2)C does not generically remain unbroken

when all the scalars get a VEV. In such a case SO(4) is not large enough, and extra SU(2)’s

or extra discrete symmetries are required to ensure an unbroken custodial symmetry. When

there are additional SU(2)’s, misaligned VEV’s can be allowed if a large enough “custodial”

symmetry is present for SU(2)C to remain unbroken in the vacuum, while for the case with dis-

crete symmetries, the extra parities must enforce vanishing VEV’s for the additional scalars.

15

[Bellazzini, Csaki, Serra (2014)]

List of chiral symmetry breaking pattern  in composite Higgs model𝒢 → ℋ
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4

G ! H PT dynamics Model Order

SO(N) ! SO(N � 1)
[70, 71] N = 5 [72] 2’nd

N = 9 [73] 2’nd

SO(9) ! SO(5)⇥ SO(4) This work [69] 1’st

SU(2N) (U(2N)) ! Sp(2N)
[63] N = 2 [7, 74–76] anomaly

N = 3 [74, 77] 1’st

SU(N) (U(N)) ! SO(N) [64] N = 5 [74, 78, 79] 1’st

TABLE I. The order of a phase transition associated with spontaneous breaking of a global symmetry. The first column denotes
the symmetry breaking pattern, G ! H. The second column gives a reference performing the analysis based on the argument
of universality, while the third column summarizes the corresponding composite Higgs models. The fourth column shows the
order of the phase transition, and “anomaly” indicates that the order of the phase transition depends on the restoration of the
axial anomaly. See the main text for detailed discussions.

For N > 2, the e↵ective Lagrangian of Eq. (1) is known
as the Heisenberg model which describes the phase transi-
tion of the Heisenberg ferromagnetic system in condensed
matter physics. The RG analysis has been carried out by
utilizing the ✏-expansion technique at the one-loop level
in refs. [71, 87]. In the ✏-expansion, one calculates loop
corrections to �3 in 4 � ✏ dimensions instead of directly
working in three dimensions. Using the standard MS sub-
traction, the RG equation at m2(T = TC) = 0 is given
by [89]

��3 ⌘ µ
@�3

@µ
= �✏�3 + (N + 8)

�2
3

8⇡2
, (2)

where µ is the renormalization scale. It can be seen that
there exists a stable fixed point at �⇤

3 = 8⇡2✏/(N + 8),
which is called the Wilson-Fisher fixed point [90]. We
finally obtain the result in three dimensions by the ex-
trapolation of ✏ ! 1. Since the attractive IR fixed point
exists, the phase transition associated with the symme-
try breaking SO(N) ! SO(N � 1) is expected to be
of the second-order, and its property is characterized by
the fixed point. For this symmetry breaking pattern, the
presence of the IR fixed point has been also reported by
the analysis of 1/N expansion [91].

B. SU(2N) (U(2N)) ! Sp(2N)

We next consider phase transitions in composite Higgs
models whose symmetry breaking patterns are given by
SU(2N) ! Sp(2N) with N = 2 [7, 74–76] and N =
3 [74, 77]. Such a global symmetry breaking is realized
in a QCD-like theory with 2N flavors of quarks belong-
ing to the pseudo-real representation under a given gauge
group [92]. For N = 2, ref. [7] has presented a UV com-
pleted composite Higgs model that contains the top part-
ner and satisfies the requirement of anomaly matching.
In this case, one can discuss the chiral phase transition
by using the Nambu-Jona-Lasinio (NJL) model as well
as the argument of universality. We will describe the dis-
cussion of the phase transition based on the NJL model
in appendix A.

The spontaneous breaking SU(2N) ! Sp(2N) can
be described by an order parameter which belongs to
the second-rank anti-symmetric tensor representation of
SU(2N), �ab = ��ba (a, b = 1, 2, · · · , 2N). This field
transforms as � ! U�UT under the SU(2N), where U
denotes a SU(2N) matrix. If �ab gets a vacuum expec-
tation value (VEV) of the form �ab / Jab where Jab is
the invariant tensor of Sp(2N), the SU(2N) symmetry is
broken to Sp(2N). As in the case of the previous subsec-
tion, one can write down the three-dimensional e↵ective
theory of the current system as

LE =Tr
�
@i�

†@i�
�
+m2(T )Tr

�
�†�

�
+

u

4

�
Tr

⇥
�†�

⇤�2

+
v

4
Tr

⇥
�†�

⇤2
+ c(T ) (Pf(�) + h.c.) ,

(3)

where we have neglected higher-dimensional operators of
O(�†�)3, and Pf(�) denotes pfa�an of �ab leading to
the U(1) breaking by the axial anomaly. If c (TC) = 0,
the flavor symmetry is enhanced to G = U(2N). There-
fore, the universality class of the system is a↵ected by
the (non-)presence of the axial anomaly. At zero temper-
ature, the VEV �ab / Jab is realized for m2(T = 0) < 0
[93, 94]. The stability of the potential requires u > 0 and
u+ v/N > 0.
The phase transition has been investigated in ref. [63]

by using the ✏-expansion technique at the one-loop order
in the context of a SU(2) gauge theory with 2N flavors
of quarks belonging to the fundamental representation.
Let us first discuss the case without the axial anomaly,
i.e. c(TC) = 0, where the symmetry breaking pattern is
U(2N) ! Sp(2N). The RG equations of the e↵ective
Lagrangian (3) are given by [63]

�u ⌘ µ
@u

@µ
= �✏u+

2N2 �N + 4

⇡2
u2 +

4N � 2

⇡2
uv +

3

2⇡2
v2 ,

�v ⌘ µ
@v

@µ
= �✏v +

4N � 5

2⇡2
v2 +

6

⇡2
uv .

(4)

In this case, there is no stable IR fixed point for N > 1,
and the RG flow drives v into the unstable region. This
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One-loop analysis
Collaborators and I analyze the phase transition dynamics in 

composite Higgs model.
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• Order of phase transition can be determined by computing the Landau 
free energy.

• A thermal field theory is a field theory on .R3 × S1

• At high-temperature,  direction can be integrated out and obtain 
three-dimensional effective theory.

S1

• A non-perturbative fluctuation should be taken into account to 
determine the order of a thermal phase transition.


