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Summary: 1’st lecture
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• Order of phase transition can be determined by computing the Landau 
free energy.

• A thermal field theory is a field theory on .R3 ⇒ S1

• At high-temperature,  direction can be integrated out and obtain 
three-dimensional effective theory.

S1

• A non-perturbative fluctuation should be taken into account to 
determine the order of a thermal phase transition.



Outline
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• Review of the hot electroweak and QCD phase diagrams

• Particle physics models with ultra-supercooling

• Review of gravitational waves from a first-order phase transition



I try to explain following phase diagrams.
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rate through the electroweak crossover with Higgs mass
of 125 GeV.

2. Theory

The electroweak theory possess a set of infinite non-
trivial vacua (Fig. 1), each labeled by a Chern-Simons
number

nCS ≡
∫

d3x j0CS

= − g2

64π

∫
d3x ε i jkTr

(
AiAjk + i

g
3

AiAjAk

)
.

The Chern-Simons current jµCS is in turn related through
the axial anomaly to the baryon- and lepton-number cur-
rents

∂µ( jµB + jµL) = ng

(
g2

16π2 ε
αβµνAa

αβA
a
µν

)
, (2)

∂µ jµB = ng ∂µ jµCS , (3)

where the U(1) part of the theory is omitted. Transitions
between vacua are possible by surmounting the poten-
tial barrier through sphaleron transitions. The sphaleron
rate is strongly suppressed at low temperatures, where
the potential barrier is high. At temperatures above the
EWPT, though, transitions among vacua are made pos-
sible because of the availability of thermal energy.
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Figure 2: The order of the electroweak phase transition shown in
terms of Higgs mass [4]. The phase transition is first order up to
mH ∼ 70 GeV, where it becomes second order. For higher values
of the Higgs mass, the transition is a crossover.

Each transition changes nCS by one unit and the
baryon number by ng = 3

B(t f ) − B(ti) = ng [nCS (t f ) − nCS (ti)].

3. Theory on the lattice

We use large-scale lattice simulations and compute
the sphaleron rate, the Higgs field expectation value and
the critical temperature of the electroweak phase transi-
tion in the Standard Model.

The thermodynamics of the 4-dimensional elec-
troweak theory is studied in 3 dimensions through di-
mensional reduction [5], a perturbative technique giv-
ing the correspondence between 4D and 3D parameters.
The result is a SU(2) effective theory with the Higgs
field φ and gauge field Aµ (Fi j)

L =
1
4

Fa
i jF

a
i j + (Diφ)†(Diφ)+m2

3φ
†φ+λ3(φ†φ)2, (4)

and 3D effective parameters g2
3, λ3 and m2

3. The time
evolution of this effective SU(2) Higgs model is gov-
erned by Langevin dynamics [6]. The latter, however,
is very slow on the lattice and can be substituted by any
other dissipative procedure, heat bath in our case. One
heat-bath sweep through the lattice corresponds to the
real-time step ∆t = a2 σel/4 [7], where a is the lattice
spacing and σel is the non-abelian color conductivity,
the current response to infrared external fields.

4. Methods

In the symmetric phase we make use of canoni-
cal Monte Carlo simulations and approach the broken
phase. At very low temperatures, the rate is highly sup-
pressed and canonical methods do not work anymore.

Here, the computation is performed with multicanon-
ical methods [8, 9], which make use of a weight func-
tion that compensates the low-temperature suppression
in the baryon violation rate. The obtained sphaleron rate
is

Γ ≡ lim
t→∞
〈(nCS (t) − nCS (0))2〉

V t
. (5)

5. The sphaleron rate

The measured sphaleron rate is shown in Fig. 6
with a shaded error band. The freeze-out tem-
perature T∗ is solved from the crossing of Γ and
the Hubble rate, shown with the almost horizontal
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Universality and Columbia plot Philippe de Forcrand

Figure 1: (left) Columbia plot: we focus on the Nf = 3 chiral critical point (arrow), and its Nf = 4 analogue;
(right): adding a vertical axis for the chemical potential µ , a possible QCD chiral critical point occurs when
the surface swept by the µ = 0 chiral critical line intersects the physical quark masses’ vertical line.

1. Introduction

The QCD phase diagram summarizes the various behaviors of QCD as a function of temper-
ature T and matter density, or equivalently quark chemical potential µ . Since the chiral and the
center symmetry, which play crucial roles in the phase diagram, are both explicitly broken in QCD
by the quark masses, it is useful to consider these masses as QCD parameters: mu,d for the two
light quark masses considered degenerate for simplicity, and ms for the strange quark mass. Our
expectations for the µ = 0 phase diagram, projected along the T -direction, are contained in the
“Columbia plot” Fig. 1 (left).

The upper-right and lower-left corners of the Columbia plot are simpler to analyze:
- In the first, all quarks are infinitely massive. They decouple, and the resulting SU(Nc = 3) Yang-
Mills theory obeys the global Z(3) center symmetry, which is spontaneously broken at high tem-
perature via a first-order transition.
- In the second, all quarks are massless, and the theory obeys the global SU(Nf = 3) chiral sym-
metry, which is spontaneously broken at low temperature and restored at high temperature. For 3
massless flavors or more, one expects symmetry restoration to occur via a first-order transition [1],
because no 3d SU(Nf ),Nf � 3, second-order universality class is known [2].

In the middle of the Columbia plot, where both symmetries are badly broken explicitly, Monte
Carlo simulations indicate an analytic crossover as T is raised. Thus, there must exist two critical,
second-order lines separating the two first-order regions above from the central crossover region.
Because no particular symmetry is at play along these critical lines, their universality class should
be that of a 3d f 4 theory, i.e. that of the 3d Ising model.

A simple way to pin down the location of these two critical lines is to consider the Nf = 3
case, with all quark masses equal, shown as the diagonal of the Columbia plot. Two critical quark
masses should be observed, to be determined with high precision via Monte Carlo simulations. In
practice, it is difficult to adopt a reference scale, since an Nf = 3 theory is a distortion of real-world
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 [Forcrand and D’elia (2017)]
 [Kajantie, Laine, Rummukainen, Shaposhnikov (1996)]

 [Kajantie, Tsyin, Laine, Rummukainen, Shaposhnikov (1998)]



Hot QCD phase diagram Nc = 3, Nf = 2 + 1
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Universality and Columbia plot Philippe de Forcrand

Figure 1: (left) Columbia plot: we focus on the Nf = 3 chiral critical point (arrow), and its Nf = 4 analogue;
(right): adding a vertical axis for the chemical potential µ , a possible QCD chiral critical point occurs when
the surface swept by the µ = 0 chiral critical line intersects the physical quark masses’ vertical line.

1. Introduction

The QCD phase diagram summarizes the various behaviors of QCD as a function of temper-
ature T and matter density, or equivalently quark chemical potential µ . Since the chiral and the
center symmetry, which play crucial roles in the phase diagram, are both explicitly broken in QCD
by the quark masses, it is useful to consider these masses as QCD parameters: mu,d for the two
light quark masses considered degenerate for simplicity, and ms for the strange quark mass. Our
expectations for the µ = 0 phase diagram, projected along the T -direction, are contained in the
“Columbia plot” Fig. 1 (left).

The upper-right and lower-left corners of the Columbia plot are simpler to analyze:
- In the first, all quarks are infinitely massive. They decouple, and the resulting SU(Nc = 3) Yang-
Mills theory obeys the global Z(3) center symmetry, which is spontaneously broken at high tem-
perature via a first-order transition.
- In the second, all quarks are massless, and the theory obeys the global SU(Nf = 3) chiral sym-
metry, which is spontaneously broken at low temperature and restored at high temperature. For 3
massless flavors or more, one expects symmetry restoration to occur via a first-order transition [1],
because no 3d SU(Nf ),Nf � 3, second-order universality class is known [2].

In the middle of the Columbia plot, where both symmetries are badly broken explicitly, Monte
Carlo simulations indicate an analytic crossover as T is raised. Thus, there must exist two critical,
second-order lines separating the two first-order regions above from the central crossover region.
Because no particular symmetry is at play along these critical lines, their universality class should
be that of a 3d f 4 theory, i.e. that of the 3d Ising model.

A simple way to pin down the location of these two critical lines is to consider the Nf = 3
case, with all quark masses equal, shown as the diagonal of the Columbia plot. Two critical quark
masses should be observed, to be determined with high precision via Monte Carlo simulations. In
practice, it is difficult to adopt a reference scale, since an Nf = 3 theory is a distortion of real-world
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 [Forcrand and D’elia (2017)]

Colombia Plot (Expected phase diagram)

A zero baryon chemical potential is assumed.



Thermal Wilson loop
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• A Wilson line of an  gauge theorySU(Nc)

• At finite-temperature, Polyakov loop (Wilson line wrapping on the ) 
is a gauge-invariant operator.

S1

<latexit sha1_base64="dgSG1PqlEq7VfmdpLZXN28m8+ZM="></latexit>

U(xi, xf ) → P exp
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C
A

)
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C :

Gauge transformation: , W(xi, xf) ≃ U(xi)W(xi, xf)U†(xf) U(x) ′ SU(NC)
: gauge fieldAλ : generator of Ta SU(Nc)
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Confinement deconfinement phase?
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• For a pure  gauge theory, there is a thermal confinement-
deconfinement phase transition. ( : 1’st order )

SU(Nc)
Nc > 2

<latexit sha1_base64="SW7t9St1Ysf6S2C9+cKXqTdg9gE="></latexit>

lP → TrP exp

(∫

S1

A0

)
: confinement phaseΦlPℱ = 0
: deconfinement phaseΦlPℱ ⋯ 0

probe 
quark

Q :
, : free energy of the probe quarkΦlPℱ − e⟨Fq/T Fq



Confinement deconfinement phase?
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• A (fundamental) matter field makes the thermal confinement-
deconfinement phase transition to be smooth crossover.

<latexit sha1_base64="SW7t9St1Ysf6S2C9+cKXqTdg9gE="></latexit>

lP → TrP exp

(∫

S1

A0

)
probe 

quark
Q :

probe 
quark

Q : dynamical 
quark

q̄ : : deconfinement phaseΦlPℱ ⋯ 0
(A bound state formation by dynamical quark)

: confinement phaseΦlPℱ = 0
: deconfinement phaseΦlPℱ ⋯ 0

, : free energy of the probe quarkΦlPℱ − e⟨Fq/T Fq

• For a pure  gauge theory, there is a thermal confinement-
deconfinement phase transition. ( : 1’st order )

SU(Nc)
Nc > 2



Hot QCD phase diagram
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Universality and Columbia plot Philippe de Forcrand

Figure 1: (left) Columbia plot: we focus on the Nf = 3 chiral critical point (arrow), and its Nf = 4 analogue;
(right): adding a vertical axis for the chemical potential µ , a possible QCD chiral critical point occurs when
the surface swept by the µ = 0 chiral critical line intersects the physical quark masses’ vertical line.

1. Introduction

The QCD phase diagram summarizes the various behaviors of QCD as a function of temper-
ature T and matter density, or equivalently quark chemical potential µ . Since the chiral and the
center symmetry, which play crucial roles in the phase diagram, are both explicitly broken in QCD
by the quark masses, it is useful to consider these masses as QCD parameters: mu,d for the two
light quark masses considered degenerate for simplicity, and ms for the strange quark mass. Our
expectations for the µ = 0 phase diagram, projected along the T -direction, are contained in the
“Columbia plot” Fig. 1 (left).

The upper-right and lower-left corners of the Columbia plot are simpler to analyze:
- In the first, all quarks are infinitely massive. They decouple, and the resulting SU(Nc = 3) Yang-
Mills theory obeys the global Z(3) center symmetry, which is spontaneously broken at high tem-
perature via a first-order transition.
- In the second, all quarks are massless, and the theory obeys the global SU(Nf = 3) chiral sym-
metry, which is spontaneously broken at low temperature and restored at high temperature. For 3
massless flavors or more, one expects symmetry restoration to occur via a first-order transition [1],
because no 3d SU(Nf ),Nf � 3, second-order universality class is known [2].

In the middle of the Columbia plot, where both symmetries are badly broken explicitly, Monte
Carlo simulations indicate an analytic crossover as T is raised. Thus, there must exist two critical,
second-order lines separating the two first-order regions above from the central crossover region.
Because no particular symmetry is at play along these critical lines, their universality class should
be that of a 3d f 4 theory, i.e. that of the 3d Ising model.

A simple way to pin down the location of these two critical lines is to consider the Nf = 3
case, with all quark masses equal, shown as the diagonal of the Columbia plot. Two critical quark
masses should be observed, to be determined with high precision via Monte Carlo simulations. In
practice, it is difficult to adopt a reference scale, since an Nf = 3 theory is a distortion of real-world
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Colombia Plot (Expected diagram)

Robust 
Effective description 
by the Polyakov loop 
(Thermal Wilson line)

A smooth crossover is observed at physical points. 
(No definite phase transition) [Aoki, Endrodi, Fodor, Katz, Szyabo (2006)]

A restoration of ?U(1)A

Effective description by 
Pisarski and Wilczek

<latexit sha1_base64="NJlOckowymRcQwGs+4n9lTxinHY="></latexit>

→lP ↑
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→q̄q↑



Hot electroweak phase diagram
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rate through the electroweak crossover with Higgs mass
of 125 GeV.

2. Theory

The electroweak theory possess a set of infinite non-
trivial vacua (Fig. 1), each labeled by a Chern-Simons
number

nCS ≡
∫

d3x j0CS

= − g2

64π

∫
d3x ε i jkTr

(
AiAjk + i

g
3

AiAjAk

)
.

The Chern-Simons current jµCS is in turn related through
the axial anomaly to the baryon- and lepton-number cur-
rents

∂µ( jµB + jµL) = ng

(
g2

16π2 ε
αβµνAa

αβA
a
µν

)
, (2)

∂µ jµB = ng ∂µ jµCS , (3)

where the U(1) part of the theory is omitted. Transitions
between vacua are possible by surmounting the poten-
tial barrier through sphaleron transitions. The sphaleron
rate is strongly suppressed at low temperatures, where
the potential barrier is high. At temperatures above the
EWPT, though, transitions among vacua are made pos-
sible because of the availability of thermal energy.
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Figure 2: The order of the electroweak phase transition shown in
terms of Higgs mass [4]. The phase transition is first order up to
mH ∼ 70 GeV, where it becomes second order. For higher values
of the Higgs mass, the transition is a crossover.

Each transition changes nCS by one unit and the
baryon number by ng = 3

B(t f ) − B(ti) = ng [nCS (t f ) − nCS (ti)].

3. Theory on the lattice

We use large-scale lattice simulations and compute
the sphaleron rate, the Higgs field expectation value and
the critical temperature of the electroweak phase transi-
tion in the Standard Model.

The thermodynamics of the 4-dimensional elec-
troweak theory is studied in 3 dimensions through di-
mensional reduction [5], a perturbative technique giv-
ing the correspondence between 4D and 3D parameters.
The result is a SU(2) effective theory with the Higgs
field φ and gauge field Aµ (Fi j)

L =
1
4

Fa
i jF

a
i j + (Diφ)†(Diφ)+m2

3φ
†φ+λ3(φ†φ)2, (4)

and 3D effective parameters g2
3, λ3 and m2

3. The time
evolution of this effective SU(2) Higgs model is gov-
erned by Langevin dynamics [6]. The latter, however,
is very slow on the lattice and can be substituted by any
other dissipative procedure, heat bath in our case. One
heat-bath sweep through the lattice corresponds to the
real-time step ∆t = a2 σel/4 [7], where a is the lattice
spacing and σel is the non-abelian color conductivity,
the current response to infrared external fields.

4. Methods

In the symmetric phase we make use of canoni-
cal Monte Carlo simulations and approach the broken
phase. At very low temperatures, the rate is highly sup-
pressed and canonical methods do not work anymore.

Here, the computation is performed with multicanon-
ical methods [8, 9], which make use of a weight func-
tion that compensates the low-temperature suppression
in the baryon violation rate. The obtained sphaleron rate
is

Γ ≡ lim
t→∞
〈(nCS (t) − nCS (0))2〉

V t
. (5)

5. The sphaleron rate

The measured sphaleron rate is shown in Fig. 6
with a shaded error band. The freeze-out tem-
perature T∗ is solved from the crossing of Γ and
the Hubble rate, shown with the almost horizontal

M. D’Onofrio et al. / Nuclear and Particle Physics Proceedings 273–275 (2016) 2363–23652364

• 1’st order for a light Higgs mass

• There is no local gauge-invariant 
order parameter.

 is not a gauge invariant.ΦHSMℱ
 is a gauge invariant, but 

there is no obvious global symmetry.
ΦH†

SMHSMℱ

[Elitzur(1975)]

• A smooth crossover for the observed 
Higgs mass



Higgs vs confinement phases
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A three-dimensional effective theory: 
  gauge theory with a fundamental Higgs fieldSU(2)

However, the (deep) Higgs phase and the confinement phase can be smoothly 
connected… (Fradkin-Shenker’s theorem)

<latexit sha1_base64="DcF+Ousy+8mIUOqC5NQs4zgYwyM="></latexit>

L =
1

4
F

2 + |DH|2 +m(T )2|H|2 + ω|H|4

 Higgs can be integrated out (would-be confinement phase)m2(T) > 0 :

 A gauge field can be integrated out (would-be Higgs phase)m2(T) < 0 :
A phase transition between confinement and Higgs phases?

[Fradkin, Shenker (1976), Banks, Rabinovici (1979)]



Lattice Simulation
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Only bosonic degrees of freedoms appear (suitable for lattice simulation).

At a physical point, a smooth crossover is observed (by a finite-size scaling).

On a finite box, path-integral is numerically computed.
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exponent. It is not excluded that g ≠ 0 for some choices
of the order parameter. (c) If there is no transition, x is
regular and remains finite when V ! ` (on a system with
periodic boundary conditions).
First we locate xmax approximately by investigating

a wide range of temperatures with small lattices, and
perform a series of simulations around the maximum
with progressively larger lattices. Figure 2 shows xsTpd
measured from a series of lattice sizes for m

p
H ≠ 60 and

120 GeV,bG ≠ 8. In them
p
H ≠ 60 GeV case we observe

[3] that the quantity xmaxyV approaches a constant when
V ! ` and the width of the peak of xsTpdyV decreases.
This is a clear signal of a first order transition (asymmetric
lattices were used for interface tension calculations).
The situation is markedly different when m

p
H ≠

120 GeV: now the value of xmax grows very slowly when
V increases and, within the statistical accuracy, approaches
a constant. The xsTpd data still display an unambiguous
peak at T

p
t

, 213 GeV, signaling that the provisional
transition has turned into a sharp—but regular—cross-
over. When T

p . T
p
t
the order parameter kfyfl remains

small, and when T
p is decreased below T

p
t
, kfyfl starts

to increase rapidly.
The continuous lines with the error bands in Fig. 2

have been obtained with the Ferrenberg-Swendsen mul-

FIG. 2. The fyf susceptibility x at m
p
H ≠ 60 and 120 GeV

plotted as a function of T
p around the maximum for lattices

of various sizes. Note that the 60 GeV plot shows x divided
by the volume. The continuous lines with error bands result
from multihistogram reweighting; the individual Monte Carlo
simulation points are shown for 483 and 603 lattices. The
maximum values xmax are plotted in Fig. 3.

tihistogram technique. This allows us to combine several
runs around the peak together; as an example, Fig. 2
shows the individual simulation points for 483, 643. The
error analysis is done with the jackknife method.
Them

p
H ≠ 120 GeV,bG ≠ 12 case behaves quite simi-

larly to the bG ≠ 8 data shown here, as do the m
p
H ≠

95 and 180 GeV cases. The maximum values xmax for
different m

p
H are shown as a function of V in Fig. 3.

For m
p
H ≠ 35, 60, and 70 GeV we use 3 different lattice

spacings (bG ≠ 8, 12, 20); no systematic finite lattice
spacing effect can be observed (the scatter in m

p
H ≠

60 GeV is due to the large variation in lattice geometries:
some volumes are long cylinders, some cubes).
The pattern of Fig. 3 very clearly suggests that the

behavior of the system changes around m
p
H ≠ 80 GeV

from a first order transition to no transition or a second
order phase transition with small or zero g. At the critical
point, we cannot yet discern the true value of g; as an
example we plot the mean field value 2y3 in Fig. 3. A
second order transition at m

p
H . 80 GeV can be ruled

out by the study of the correlation lengths of the gauge-
invariant composite operators, describing scalar (p) and
vector (V ) excitations, p ≠ fyf, Vj ≠ ify

D
$

jf.
If the transition is of second order, the jump of the

order parameter kfyfl vanishes together with the mass
of the scalar excitation. At the same time, the vector
correlation length may remain finite at the transition point,
making the resolution of the nature of the transition to be
numerically very difficult because of the hierarchy of the
masses. A signature of this situation is a drastic increase
of the scalar correlation length at some ysxd.
If, on the contrary, there is no transition at x . xc, then

all the correlation lengths of the system are finite, and

FIG. 3. The maximum values xmax for different m
p
H as a

function of V . The dashed lines are ,V , V 2y3, V 0.
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Susceptibility:  volumeV :
1’st order Crossover

 [K. Kajantie, M. Laine, K. Rummukainen and M.E. Shaposhnikov (1996)]

<latexit sha1_base64="opRm+6x4qgnOHiG6nd3Mf2z8HDU="></latexit>ω

V

<latexit sha1_base64="py6BXhmoWW/8hyMsydONkJl7+UY="></latexit>ω

<latexit sha1_base64="V9jodi4NF3mzGK4mdWaJtk41xiY="></latexit>

ω → V ↑(H†
H ↓ ↑H†

H↔)2↔



Summary: No phase transitions in SM
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rate through the electroweak crossover with Higgs mass
of 125 GeV.

2. Theory

The electroweak theory possess a set of infinite non-
trivial vacua (Fig. 1), each labeled by a Chern-Simons
number

nCS ≡
∫

d3x j0CS

= − g2

64π

∫
d3x ε i jkTr

(
AiAjk + i

g
3

AiAjAk

)
.

The Chern-Simons current jµCS is in turn related through
the axial anomaly to the baryon- and lepton-number cur-
rents

∂µ( jµB + jµL) = ng

(
g2

16π2 ε
αβµνAa

αβA
a
µν

)
, (2)

∂µ jµB = ng ∂µ jµCS , (3)

where the U(1) part of the theory is omitted. Transitions
between vacua are possible by surmounting the poten-
tial barrier through sphaleron transitions. The sphaleron
rate is strongly suppressed at low temperatures, where
the potential barrier is high. At temperatures above the
EWPT, though, transitions among vacua are made pos-
sible because of the availability of thermal energy.
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Figure 2: The order of the electroweak phase transition shown in
terms of Higgs mass [4]. The phase transition is first order up to
mH ∼ 70 GeV, where it becomes second order. For higher values
of the Higgs mass, the transition is a crossover.

Each transition changes nCS by one unit and the
baryon number by ng = 3

B(t f ) − B(ti) = ng [nCS (t f ) − nCS (ti)].

3. Theory on the lattice

We use large-scale lattice simulations and compute
the sphaleron rate, the Higgs field expectation value and
the critical temperature of the electroweak phase transi-
tion in the Standard Model.

The thermodynamics of the 4-dimensional elec-
troweak theory is studied in 3 dimensions through di-
mensional reduction [5], a perturbative technique giv-
ing the correspondence between 4D and 3D parameters.
The result is a SU(2) effective theory with the Higgs
field φ and gauge field Aµ (Fi j)

L =
1
4

Fa
i jF

a
i j + (Diφ)†(Diφ)+m2

3φ
†φ+λ3(φ†φ)2, (4)

and 3D effective parameters g2
3, λ3 and m2

3. The time
evolution of this effective SU(2) Higgs model is gov-
erned by Langevin dynamics [6]. The latter, however,
is very slow on the lattice and can be substituted by any
other dissipative procedure, heat bath in our case. One
heat-bath sweep through the lattice corresponds to the
real-time step ∆t = a2 σel/4 [7], where a is the lattice
spacing and σel is the non-abelian color conductivity,
the current response to infrared external fields.

4. Methods

In the symmetric phase we make use of canoni-
cal Monte Carlo simulations and approach the broken
phase. At very low temperatures, the rate is highly sup-
pressed and canonical methods do not work anymore.

Here, the computation is performed with multicanon-
ical methods [8, 9], which make use of a weight func-
tion that compensates the low-temperature suppression
in the baryon violation rate. The obtained sphaleron rate
is

Γ ≡ lim
t→∞
〈(nCS (t) − nCS (0))2〉

V t
. (5)

5. The sphaleron rate

The measured sphaleron rate is shown in Fig. 6
with a shaded error band. The freeze-out tem-
perature T∗ is solved from the crossing of Γ and
the Hubble rate, shown with the almost horizontal

M. D’Onofrio et al. / Nuclear and Particle Physics Proceedings 273–275 (2016) 2363–23652364

 [Kajantie, Laine, Rummukainen, Shaposhikov (1996)]

Universality and Columbia plot Philippe de Forcrand

Figure 1: (left) Columbia plot: we focus on the Nf = 3 chiral critical point (arrow), and its Nf = 4 analogue;
(right): adding a vertical axis for the chemical potential µ , a possible QCD chiral critical point occurs when
the surface swept by the µ = 0 chiral critical line intersects the physical quark masses’ vertical line.

1. Introduction

The QCD phase diagram summarizes the various behaviors of QCD as a function of temper-
ature T and matter density, or equivalently quark chemical potential µ . Since the chiral and the
center symmetry, which play crucial roles in the phase diagram, are both explicitly broken in QCD
by the quark masses, it is useful to consider these masses as QCD parameters: mu,d for the two
light quark masses considered degenerate for simplicity, and ms for the strange quark mass. Our
expectations for the µ = 0 phase diagram, projected along the T -direction, are contained in the
“Columbia plot” Fig. 1 (left).

The upper-right and lower-left corners of the Columbia plot are simpler to analyze:
- In the first, all quarks are infinitely massive. They decouple, and the resulting SU(Nc = 3) Yang-
Mills theory obeys the global Z(3) center symmetry, which is spontaneously broken at high tem-
perature via a first-order transition.
- In the second, all quarks are massless, and the theory obeys the global SU(Nf = 3) chiral sym-
metry, which is spontaneously broken at low temperature and restored at high temperature. For 3
massless flavors or more, one expects symmetry restoration to occur via a first-order transition [1],
because no 3d SU(Nf ),Nf � 3, second-order universality class is known [2].

In the middle of the Columbia plot, where both symmetries are badly broken explicitly, Monte
Carlo simulations indicate an analytic crossover as T is raised. Thus, there must exist two critical,
second-order lines separating the two first-order regions above from the central crossover region.
Because no particular symmetry is at play along these critical lines, their universality class should
be that of a 3d f 4 theory, i.e. that of the 3d Ising model.

A simple way to pin down the location of these two critical lines is to consider the Nf = 3
case, with all quark masses equal, shown as the diagonal of the Columbia plot. Two critical quark
masses should be observed, to be determined with high precision via Monte Carlo simulations. In
practice, it is difficult to adopt a reference scale, since an Nf = 3 theory is a distortion of real-world

2

 [Forcrand and D’elia (2017)]

 [Kajantie, Tsyin, Laine, Rummukainen, Shaposhikov (1998)]
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• Review of the hot electroweak and QCD phase diagrams

• Particle physics models with ultra-supercooling

• Review of gravitational waves from a first-order phase transition
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Here, I consider the following situation and assume a mean 
field analysis is somewhat good.

It is known that theories with many bosonic degrees of freedoms 
or an approximate scale invariance realize the above situation.

<latexit sha1_base64="YYiqbNGIBBfp4aDLeYOPvIQPbtM="></latexit>

V (ω)
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ω
Potential barrier
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Cosmological Phase Transitions
Cosmological first order phase transition  Formation of bubbles⟩

After bubble nucleations, they expand due to a released energy.

Very roughly speaking, bubble nucleations take place when  
the temperature of the Universe  mass scale of symmetry breaking≠

(There exists exceptions.)



A decay rate of metastable state
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Nucleation of bubbles ~ decay of the metastable state

A metastable decay rate is estimated by the imaginary part of 
the energy (or free energy for a thermal system).

(It may be interesting to see the real-time evolution of the density matrix.)

:  Euclidean time, : the false vacuum state,  Hamiltonian, : decay rateT |FVℱ H : →

 can be regarded as the decay rate in the real time.→

<latexit sha1_base64="wQxByvJ9ldQdduw/sIcGdvON068="></latexit>

→FV|e→HT |FV↑ =
∫

Dωe→S[ω] ↓ e→i!V T/2

 [Coleman (1977), Linde (1981)]



Bounce Action

58

Bounce solution (with spherical symmetry):

A saddle-point approximation:
<latexit sha1_base64="ZlPNjAa69seYFruhqkKZzo/yUG8="></latexit>∫

Dω e→S[ω] → e→Scl[ωcl]

∫
D(εω)e→εωMεω

A numerical calculation is typically required.

<latexit sha1_base64="t6Q2S+sg5NMwPX/LyWQjyxxpnpc="></latexit>

M =
ω2S

ωεωε

∣∣∣∣
ω=ωcl

A single negative mode 
(Imaginary part)Bounce action
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D → 1

r

ωε

ωr
→ωV

ωε
= 0
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r =
√
ω2 + x2

: spacetime dimensionD
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Figure 1. The pedagogical introduction of the bounce equation and bounce solution for the first-
order PT. The upper left panel presents a schematic illustration of the effective potential at some
characteristic temperatures, for example, the inflection temperature Tinf when a second minimum is
about to appear, the degeneration temperature Tdeg when the second minimum is degenerated with
the first one, the transition temperature Ttra when the exit point of bounce solution is exactly sitting
at the true vacuum, the nucleation temperature Tnuc when there are enough nucleated bubbles for the
unbroken phase to be transited to the broken phase, and the vanishing temperature Tvan when the
potential barrier separating the two vacuums disappeares. The upper right panel presents a schematic
illustration of an equivalent particle moving in the inverse of field potential �V (�, T ) with Hubble
friction, where its position is labeled by the field value and its time is labeled by the radial coordinate
of bounce solution. The bottom left panel presents a schematic illustration of the shooting algorithm,
namely the particle is released from a finely adjusted exit point of bounce solution, above/below which
the particle overshoots/undershoots and oscillates around the inverse potential barrier. Only when
the appropriate exit point of bounce solution is found could the particle stand still at the origin. The
bottom right panel presents a schematic illustration of various field values evolving with the decreasing
temperature, for example, the field value �false/�true where the false/true vacuum sits, the field value
�zero where the potential crosses zero, the field value �max where the potential barrier lies, and the
field value �exit where the field penetrates from the other side of potential barrier. The first three
panels are also used in [4].

are ordinary-derivative-equations (ODEs), which can be easily solved using shooting algorithm
as shown in Fig. 1. The results are summarized in Fig. 2.

The upper left panel of Fig. 1 illustrates some characteristic temperatures from the ef-
fective potential (2.5), for example, the inflection temperature Tinf when a second minimum
is about to appear, the degeneration temperature Tdeg when the second minimum is degener-

– 6 –
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<latexit sha1_base64="FvYRI/EyHndlxyug0FpMmA8IpTA="></latexit>

!(T ) → T 4e→Scl(T )

A metastable decay rate per unit time and per unit volume:

The reaction rate depends on the cosmic time through the temperature:
<latexit sha1_base64="0Yys2e2Rc4FoSoUUIdtQYg3XOy0="></latexit>

!(T (t)) → T 4(t)e→Scl(T (t))

The bounce is typically sensitive to the temperature (the cosmic time).



Bubble Nucleation
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<latexit sha1_base64="MrBJmFEdhaNLgE9rvHRh+ROz55Q="></latexit>

P (t) = e→Nb(t)

: Expected number of bubblesNb

Bubble nucleation is treated as the stochastic process.

<latexit sha1_base64="1kNnt1FDNILu5YoXGioYlzlRBks="></latexit>

Nb →
∫

dt!H→3 → !H→4

A bubble nucleation takes place at    .P(tn) − ∞(0.1) ≃ →/H4 − 1

 A probability that any given point remains in the metastable state:P(t) :
<latexit sha1_base64="ziakfbMbXsGJA3sAaxJatY3EPP8="></latexit>

t

Condition: No nucleations in past light-cone : The Hubble parameterH − 1/t



Bubble Percolation

61

 A probability that any given point remains in the metastable state:P(t) :
<latexit sha1_base64="MrBJmFEdhaNLgE9rvHRh+ROz55Q="></latexit>

P (t) = e→Nb(t)

The universe soon fills by nucleated bubbles within the time scale .κ⟨1 ̂ H⟨1

Bubble nucleation is treated as the stochastic process.
2

result to finite velocity case in Sec. V, and finally sum-
marize in Sec. VI.

II. BASIC INGREDIENTS

In this section we summarize basic ingredients for the
calculation of GW spectrum. We first make clear the
assumption and approximations used in the paper. We
also explain the GW power spectrum around the time of
sourcing from bubble collisions, and then show how to
obtain the present spectrum.

A. Assumptions and approximations

1. Thin wall and envelope approximation

In this subsection, we introduce the key assumptions
to characterize the energy momentum tensor around the
bubble wall, namely thin-wall and envelope approxima-
tions.
First, we introduce the thin-wall approximation, where

all the energy of the bubble is assumed to be concen-
trated on the bubble wall with an infinitesimal width.
We introduce the infinitesimal wall width lB for compu-
tational simplicity. The energy momentum tensor TB

of the uncollided wall of a single bubble nucleated at
xN → (tN , !xN ) can be written as

TB
ij (x) = ρ(x) ̂(x − xN )i

̂(x − xN )j , (1)

with

ρ(x) =






4π

3
rB(t)

3 κρ0
4πrB(t)2lB

rB(t) < |!x− !xN | < r′B(t)

0 otherwise

(2)

and

rB(t) = v(t− tN ), r′B(t) = rB(t) + lB. (3)

Here x → (t, !x), the hat on the vector •̂ indicates the
unit vector in the direction of !•, v is the bubble wall
velocity, and ρ0 represents the energy density released
by the transitionc. Also, κ indicates the efficiency fac-
tor, which determines the fraction of the released energy
density which is transformed into the energy density lo-
calized around the walld [31]. In addition, the Latin in-

c Though the corresponding quantity is latent heat and not en-
ergy density in thermal environment, we use the word “energy
density” throughout the paper, since

d This corresponds to the energy density of the bulk fluid around
the wall when the bubble wall reaches a terminal velocity, while
it is regarded as the energy density of the wall itself when the
scalar field carries most of the energy. In the former case with
so-called Jouguet detonation, the efficiency factor is related to
the parameter α introduced later [44].

FIG. 1: Rough sketch of how the phase transition looks with
the envelope approximation. Collided walls are neglected as
a source of GWs, and all spacial points are passed by bubble
walls only once.

dices run over 1, 2, 3 throughout the paper. Second, we
assume that the energy momentum tensor of the bubble
walls vanishes once they collide with others. In the liter-
ature this is called envelope approximation, whose valid-
ity in bubble collisions is confirmed in e.g. Ref. [28]. See
Fig. 1 for a rough sketch of this approximation. These
two assumptions make the calculation of the GW spec-
trum rather simple, as we will see later. Also, we regard
the model-dependent quantities v, ρ0 and κ as free pa-
rameters constant in time.

2. Transition rate

We assume that the bubble nucleation rate per unit
time and volume can be written in the following form:

Γ(t) = Γ∗e
β(t−t∗), (4)

where t∗ indicates some fixed time typically around the
transition time, Γ∗ is the nucleation rate at t = t∗, and
β is assumed to be a constant. This parameter β is often
calculated with the instanton method from underlying
models [45, 46], and the typical time span of the phase
transition is given by δt ∼ β−1. We also assume that the
phase transition completes in a short period compared
to the Hubble time, i.e. β/H $ 1, which typically holds
for thermal phase transitions [31].

B. GW power spectrum around the transition time

In the following we express the GW spectrum in terms
of the correlator of the energy-momentum tensor, follow-
ing Ref. [37].

<latexit sha1_base64="1kNnt1FDNILu5YoXGioYlzlRBks="></latexit>

Nb →
∫

dt!H→3 → !H→4

<latexit sha1_base64="Yky1t9pazEm46Rp7R4MUHzqcAKw="></latexit>

!(t) = !ne
ω(t→tn)

Typically, a reaction rate is quite fast!

<latexit sha1_base64="SYfPHcctVbyVCDS3y6Jf6S8WU2A="></latexit>

P (t) → exp(↑eω(t→tn))
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!ω

The released energy density

Bubble radius at percolation
<latexit sha1_base64="nuO9Lax2nBzDr0rzXvY1VFPMRg4="></latexit>

R→ → ω
↑1 ↑ H

↑1
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Sources of GW spectra:

• Bubble collisions (a vacuum contribution)

• thermal environment (energy injected by the moving bubble wall)
[Hindmarsh, Huber, Rummukainen, Weir (2013, 2015, 2017)]

And so many works…

[Kosowsky, Turner, Watkins (1992); Kosowsky, Turner (1993)]

[Kamionkowski, Kosowsky, Turner (1993)]

[Caprini, Durrer, Servant (2007)]

[Huber, Konstandin (2008)]

[Jinno, Konstandin, Rubira, Stomberg (2022)]

[Jinno, Konstandin, Rubira (2021)]

[Auclair, Caprini, Cutting, Hindmarsh, Rummukainen, Steer et al. (2022)]

[Jinno, Takimoto (2016,2017)]
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Energy density of GW: ϵGW = EGW/V − GN×ϵ2×ρ×t

Normalized peak amplitude: ≪GW − ϵGW/ϵrad − π2 ⇒ (H/κ) ⇒ H×ρ

Energy of GW:  ( : lifetime of the source of GW)EGW − PGW×ρ ×ρ

Quadrupole formula: PGW − GN
·E2
kin − GNE2

kin×t⟨2

: Newton constant, :power of GWGN PGW

The released energy: Ekin − ×ϵ ⇒ V
: released energy density, : volume×ϵ V − R3

* − ×t3

×t − κ⟨1, π = ×ϵ/ϵrad

[Kamionkowski, Kosowsky, Turner (1993)]
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fpeak → 10→5 ↑ T↑
100GeV

↑ ω/H

A large released energy and slow transition rate amplify the GW spectra.

Peak frequency today:

Electroweak phase transition with   typical peak frequency m   
LISA, DECIGO and BBO are good.

κ/H − 102 ≃ Hz

(with possible suppression factors.)

<latexit sha1_base64="kH0nYLNcpG0fu9aiRx0KajfyZ2E="></latexit>

!GW → 10→5 ↑ ω
2 ↑ (H/ε)↑H”ϑ
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A main claim: GW signals are computed by a two-point function .ΦTTT
ij TTT

ij ℱ

GW spectra ~ tensor perturbation on the fixed background:

An energy density of gravitational wave : ϵGW − Φ ·hij
·hijℱ ⇒ M2

Pl

 is sourced by the energy momentum tensor via Einstein eq.:hij
<latexit sha1_base64="ZxphKGzrl4pchIMLN7WF2X4Aank="></latexit>

hij(t,k) →
∫ t

ti

dtG(t↑ t→,k)TTT
ij (t→,k)/M2

Pl

(Ensemble average)

<latexit sha1_base64="j/jTeoKtxyJ3YRqupcQE6glb0AU="></latexit>

ds2 = →dt2 + (ωij + 2hij)dx
2

Green function
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A bubble kinetic energy is a source of the gravitational wave spectra.
Surprisingly, an analytic estimate of  is found 

(under thin and envelope approximations).
ΦTTT

ij TTT
ij ℱ

An analytic expression beyond the envelope approximation is also derived.
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FIG. 7: Plot of the GW spectrum ∆ (blue) for v = 1, 0.1
and 0.01 from top to bottom. Red and yellow lines corre-
spond to single and double bubble spectrum ∆(s) and ∆(d),
respectively.
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FIG. 8: Plot of the expansion coefficient (∆(d)/v3)(1) in
Eq. (72) (blue) and an auxiliary line proportional to k−1

(black). This figure shows that (∆(d)/v3)(1) scales as k−1

for high frequencies.

VI. DISCUSSION AND CONCLUSIONS

In this paper, we have derived analytical expressions
for the gravitational wave (GW) spectrum from bub-
ble collision during cosmological first-order phase tran-
sition, with thin-wall and envelope approximations in a
flat background. (see Eqs. (54) and (63)). The point is
that we have only to know the two-point correlator of the
energy-momentum tensor →T (x)T (y)〉, which in fact can
be expressed in an analytic way. As a result, it is found
that the most of the contributions to the spectrum come
from single-bubble contribution to the correlator, and in
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v
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fpeak!Β

FIG. 9: Plot of the peak frequency fpeak/β as a function of the
bubble wall velocity v. The blue line is numerically calculated
from the analytic expression (70) and (71), while the red line
corresponds to the fitting formula (74).
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FIG. 10: Plot of the GW amplitude at the peak ∆peak scaled
by v3. The blue line is numerically calculated from the ana-
lytic expression (70) and (71), while the red line corresponds
to the fitting formula (75).

addition the fall-off of the spectrum at high frequencies
is found to be proportional to f−1. We have also pro-
vided some fitting formulae for the spectrum (Eq. (67)
and Eqs. (74)–(77)).

The key assumption which makes the analytic formulae
quite simple is the thin-wall approximation, because this
assumption enables us to classify various contributions to
→T (x)T (y)〉 just as “single-bubble” and “double-bubble”
in Sec. III. Therefore, it will be possible to extend our
method to more general setups as long as we adopt the
thin-wall approximation. For example, it may be possi-
ble to consider more general bubble nucleation rate or to
include expansion of the universe. In addition, it is pos-
sible to calculate the GW spectrum analytically without
the envelope approximation [42]. We leave such studies
as future work.
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!(k) → k3
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!(k) → k→1

2

result to finite velocity case in Sec. V, and finally sum-
marize in Sec. VI.

II. BASIC INGREDIENTS

In this section we summarize basic ingredients for the
calculation of GW spectrum. We first make clear the
assumption and approximations used in the paper. We
also explain the GW power spectrum around the time of
sourcing from bubble collisions, and then show how to
obtain the present spectrum.

A. Assumptions and approximations

1. Thin wall and envelope approximation

In this subsection, we introduce the key assumptions
to characterize the energy momentum tensor around the
bubble wall, namely thin-wall and envelope approxima-
tions.
First, we introduce the thin-wall approximation, where

all the energy of the bubble is assumed to be concen-
trated on the bubble wall with an infinitesimal width.
We introduce the infinitesimal wall width lB for compu-
tational simplicity. The energy momentum tensor TB

of the uncollided wall of a single bubble nucleated at
xN → (tN , !xN ) can be written as

TB
ij (x) = ρ(x) ̂(x − xN )i

̂(x − xN )j , (1)

with

ρ(x) =






4π

3
rB(t)

3 κρ0
4πrB(t)2lB

rB(t) < |!x− !xN | < r′B(t)

0 otherwise

(2)

and

rB(t) = v(t− tN ), r′B(t) = rB(t) + lB. (3)

Here x → (t, !x), the hat on the vector •̂ indicates the
unit vector in the direction of !•, v is the bubble wall
velocity, and ρ0 represents the energy density released
by the transitionc. Also, κ indicates the efficiency fac-
tor, which determines the fraction of the released energy
density which is transformed into the energy density lo-
calized around the walld [31]. In addition, the Latin in-

c Though the corresponding quantity is latent heat and not en-
ergy density in thermal environment, we use the word “energy
density” throughout the paper, since

d This corresponds to the energy density of the bulk fluid around
the wall when the bubble wall reaches a terminal velocity, while
it is regarded as the energy density of the wall itself when the
scalar field carries most of the energy. In the former case with
so-called Jouguet detonation, the efficiency factor is related to
the parameter α introduced later [44].

FIG. 1: Rough sketch of how the phase transition looks with
the envelope approximation. Collided walls are neglected as
a source of GWs, and all spacial points are passed by bubble
walls only once.

dices run over 1, 2, 3 throughout the paper. Second, we
assume that the energy momentum tensor of the bubble
walls vanishes once they collide with others. In the liter-
ature this is called envelope approximation, whose valid-
ity in bubble collisions is confirmed in e.g. Ref. [28]. See
Fig. 1 for a rough sketch of this approximation. These
two assumptions make the calculation of the GW spec-
trum rather simple, as we will see later. Also, we regard
the model-dependent quantities v, ρ0 and κ as free pa-
rameters constant in time.

2. Transition rate

We assume that the bubble nucleation rate per unit
time and volume can be written in the following form:

Γ(t) = Γ∗e
β(t−t∗), (4)

where t∗ indicates some fixed time typically around the
transition time, Γ∗ is the nucleation rate at t = t∗, and
β is assumed to be a constant. This parameter β is often
calculated with the instanton method from underlying
models [45, 46], and the typical time span of the phase
transition is given by δt ∼ β−1. We also assume that the
phase transition completes in a short period compared
to the Hubble time, i.e. β/H $ 1, which typically holds
for thermal phase transitions [31].

B. GW power spectrum around the transition time

In the following we express the GW spectrum in terms
of the correlator of the energy-momentum tensor, follow-
ing Ref. [37].

[Jinno, Takimoto (2016)]

[Jinno, Takimoto (2017)]
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A bulk motion of fluid leads to the source of gravitational wave spectra, 
 ( : four velocity).Tij

fluid − ×ϵ ⇒ UiUj Uλ

[Hindmarsh, Huber, Rummukainen, Weir (2013, 2015, 2017)]

A non-linear fluid dynamics requires the numerical investigation:

It turns out that sound wave contribution is larger than bubble collisions.

setup: Scalar + perfect fluid dynamics

Bubble:

Fluid:
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FIG. 2: Top: time series of Uφ and U f (9), showing the
progress of the phase transition; the curves for Uφ and U f

are individually identified for the ‘intermediate’ case. Bot-

tom: time series of ρGWR−1
∗ [(ε̄ + p̄)−2U

−4

f ]tend , showing the
evolution of the gravitational wave energy density relative to
an estimate of the square of the final fluid shear stresses.

Uφ and U f, defined so that

(ε̄+ p̄)U
2

φ =
1

V

∫

d3xτφii and (ε̄+ p̄)U
2

f =
1

V

∫

d3xτ fii

(9)
where ε̄ and p̄ are the time-dependent, volume-averaged
rest-frame energy density and pressure respectively.
The squares of these quantities give an estimate of the

size of the shear stresses of the field and the fluid relative
to the background fluid enthalpy density, while U f tends
to the r.m.s. fluid velocity for U f ! 1. We see that
Uφ grows and decays with the total surface area of the
bubbles of the new phase, while the mean fluid velocity
grows with the volume of the bubbles, and then stays
constant once the bubbles have merged. We have no
explicit viscosity, and the slight decreasing trend in U f,
visible for the intermediate transition, arises from the
well-known numerical viscosity of donor-cell advection,
νnum " U fδx.
Fig. 2 (bottom) shows the GW energy density scaled
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  (
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FIG. 3: Gravitational wave power spectra during the phase
transition, for the intermediate strength transition, from fluid
only (black) and both fluid and field (grey). From bottom to
top, the times are t = 600, 800, 1000, 1200 and 1400 T−1

c .
The red dashed line indicates the expected k−1 behaviour.

by the final value of (ε̄ + p̄)2U
4

f and the average bubble

size at collision R∗ = L/N1/3
b , where Nb is the number

of bubbles in the simulation volume. The scaling enables
comparison to a model discussed around Eq. (12), which
predicts a linear growth in ρGW at late times, sourced
by persistent perturbations in the fluid. The GW energy
density rises linearly after the bubbles have fully merged
with similar slopes, which supports the model. Note that
the GWs from detonations (η = 0.1) behave similarly to
those from deflagrations.

In Fig. 3 we show the time development of the GW
power spectrum as the intermediate strength phase tran-
sition proceeds. We see that strong growth happens be-
tween t = 600T−1

c and t = 1000T−1
c as the bubbles

merge (see Fig. 2). For t ! 1000T−1
c there is evidence

of the expected k−1 power spectrum, but it becomes less
clear as the GW power continues to grow, sourced by
the persistent fluid perturbations. At the shortest length
scales, we see a vw-dependent exponential fall-off.

To establish the nature of these fluid perturbations, we
show in Fig. 4 the time development of the longitudinal
(compressional) and transverse (rotational) components
of the fluid velocity power spectrum. At all times, it
is clear that most of the fluid velocity is longitudinal,
indicating that the perturbations are mostly compression
waves. Turbulence generally develops at high Reynolds
number Re in the transverse components, characterised
by a power-law behaviour of the power spectrum. Given
the bubble separation scale R∗, we can estimate the value
of Re, due entirely to the numerical viscosity, as Renum =
U fR∗/νnum ∼ 102. There is no firm evidence of a power
law at high k, but it is unclear whether Re is large enough
for turbulence to develop here.

We can now form a clearer picture of the fluid per-
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→ω̈+↑2ω→ εV

εω
= ϑUµεµω
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ωµT
µω
fluid = →εUµωµϑ

: set by hand in the simulationϕ
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• Review of the hot electroweak and QCD phase diagrams

• Particle physics models with ultra-supercooling

• Review of gravitational waves from a first-order phase transition



How do we realize the ultra-supercooling?
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In any cases, GW spectra from a phase transition with a large released 
energy density and a slow transition rate are good.

What kind of theories lead to this situation (ultra-supercooling)?
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ω → !ε/εrad → O(1)
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Ultra-supercooled phase transition
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An approximate scale invariance (Ex. Coleman-Weinberg)

In the exact scale (or conformal) invariance, there is no transition.
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m2ω2 → Eω3 + εω4

: Slowly-varying functionP[τ]

A smallness of the explicit breaking of scale invariance leads to 
significant supercooling.
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m2ω2

(Mass term is forbidden by the 
scale invariance)

[Witten (1980)]



Ultra-supercooled Universe in BSM
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Ultra-supercooled phase transitions realize various BSM physics.

• QCD with many flavors (AdS dual: Randall-Sundrum model)
[Creminelli, Nicolis, Rattazzi (2001), Randall, Servant (2006), Baratella, Pomarol, Rompineve (2018), 

KF, Nakai, Yamada (2019) … and so many works]



Ultra-supercooled Universe in BSM
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Ultra-supercooled phase transitions realize various BSM physics.

• QCD with many flavors (AdS dual: Randall-Sundrum model)

• A radical consequence: the graceful exit problem? QCD-induced 
electroweak phase transition?

• There remains many questions on the wall dynamics (at least for me).
[Witten (1980), Iso, Serpico, Shimada (2017), Harling Servant(2017)]

[Creminelli, Nicolis, Rattazzi (2001), Randall, Servant (2006), Baratella, Pomarol, Rompineve (2018), 
KF, Nakai, Yamada (2019) … and so many works]

The energy density can be dominated by the metastable state : π ∼ ϵPT /ϵrad ∈ 1
A mini-inflation can takes place.  

QCD chiral phase transition may occur before electroweak phase transition…



Summary of the second lecture

74

• No thermal phase transitions in the SM.

• A nearly scale-invariant theory leads to the ultra-supercooling.

• First-order cosmological phase transitions lead to gravitational wave 
production.


