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Dynamics of Universe



e Dynamics : scale factor 2| A|ZH0]| [}E s}

- S1T(G
Gy = T

VA

Einstein &l A] Energy-Momentum ¥l 4]

geometry : RW metric matter in the Universe, perfect fluid

Most simplest Universe: homogenous and isotropic

metric tensor energy momentum tensor
Juv — (17 _R2 (t)7 _Rz(t)a _R2 (t))
gt = (17 _R_Q(t)a R_2(t)7 _R_Q(t))

ds® = dt* — R(t)*dx”

Tylu — dlag(p7 —pP, — D, _p)



ds® = dt* — R(t)*dx"

dx: coordinate distance

R(t)dx: physical distance

Expansion of the Universe comes form R(t)

4 Ki-Young Choi, Sungkyunkwan University, Korea



To know how R changes, we need to solve Einstein equation, with

. . 1
Einstein tensor Gu =Ry — §Rg“”
. R =1 3"
With FRW metric, Ricet tensor 700 = PR y
-1 R _RR 2
- Ri =1 R*2gz* Rz G
g0| — O | 1
N> Xin 0 . R RZ ’
. = | R? 0 _~n
gi = ! R(t) /ﬁ>+k1! 2 Ricciscalar R =! 6 §+@+@
| : —
. RE Kk R R K
gives Goo=3 =5+ =5 Gj = 20+ 55t 5z Ui

and Energy momentum tensor

Too= Qo Ty = ! Ti =g T =aiT =gi( p



gives (0,0) component in the zero-th order : Friedmann-Lemaitre equation

k 8G.

Ve

R{(t)

2 = H" —~7Z
gives (1,1) component in the zero-th order
R K
2_+H2+ — =18G Eq.3
= 2 0 (Eq.3)
The difference gives
R 4 G . for k=1
R ! 3 (" +3p) 1o LR _ 143!

HZR(to) ~° 2

Egs. 1, 2, 3 are connected by Bianchi identities and only two are independent.
Usually Egs. 1 and 2 are taken.



Energy-momentum conservation: o .
Continuity equation

T, =0 > | 'u+3H("+ p) =0 |(Eq.l)

or d(!R® =1 pd(R®

with equation of state D= p(n )

1
Radiation (p= §! )
(Cold) Matter (p=0)
Vacuum energy p="1)

(cosmological constant)



Many kinds of matter content of our interest can be described by a simple

eq. of state
D= #!
We can solve the continuity equation, U+3H("+ p)=0
d R
+ 1+") =0
dt 3 R( )
d! dR ! TR
— =1 3(1+")=— _ R(t)
| R ()= 1) Rey

! . R
IogG: I 3(1+ )IogR—O



@sition of present Unive)

l.=3HfME =1.88! 10 gem' 3

Radiation : 0.005 % : ordinary baryonic matters

Neutrinos :less than 5 %



At present time, 1. =3H2ZM2 =1.88! 10 ¥gcm 3
Photons are in the Planck distribution and the energy density i1s

lyo=ag Ty =4.64! 10 **gcm °

g" 5k4
Radiation energy constant ag = 15h3(E>;3 =7.5657! 10 Pergcm 3deg ¢
Therefore 1, o! 5" 10 °

Baryons are 5! 10 ° numbers compared to the photons from BBN.
g = myNg " 938MeV! 5! 10 °n
ni =421 cm' 3

Therefore g " 0.04




r ) At present time,

1 R** Radiation 10 =5 10 510
1 R °  (Cold) Matter 10 =19, +13 =0.329
. . . . " C
I I constVacuum ener
. 5 10, =0.687

We can go backward 1in time with values at present.

Matter density = Vacuum density at
' 11
"R '3 = 1 1/3

1y, =10 _* =1,=10 1 _ R _ 068 | 0.78
MM R, EL = Ry 032 e

or z! 0.2€

Why does the Vacuum energy dominates recently?

Coincidence problem




) At present time,

'l R"* Radiation 10 25" 10 50
I I R'°  (Cold) Matter 10 =12 +19 =0.26/°
1 const Vacuum ener

gy ) 19.=0.74"°

Radiation density = Matter density at

R 't 19 0.32
= M - " 640(
Ro 10~ 51 105

If we include neutrino in the relativistic particles,

Zeq = 3200 (70,000 years)



e Evolution of energy density

log !

Radiation-dominated Matter-dominated Vacuum-
dominated

Recombination
last scattering

l

neutrino decoupling
electron-positron annihilation
BBN

logt

1 sec T
T! 1MeV Zeq " 3200 (z=0)

present
T 1eV 10'7 sec



Critical density

K !
i i = Y T |
Friedmann equation R2H 2 3H2/8" G
Critical densi le " 3H
ritical density e
1] !
Density parameters ! " Total density ! = L =

¢ i

Local geometry is related to the density in the Universe

Closed k>0, ! >1
Flat k=0, ! =1
Open k<0 ! <1




Scale factor as a function of time

We can solve Friedmann equation with a given matter type

b2 # 813041
For k=0 (flat),and p= #" thenfrom H?= Fﬁu = ?lli g N
we obtain R t2/31+1)
- 1 1/ 2
Radiation (p = §!) R t
Matter (pi =0) R! t?3
Vacuum energy (p="1) R! exp(Ht)




. R .
The age of the Universe " 1+ z! X

' ' RRydR  dx
™ [] I O —
t R dR’ R R Ry Hx

1+2z)' * dx

0 (11 1o+

woqn a1 .11/ 2
i!iOX 1 3"]

For flat Universe, (! o0 = 1) , the age of the present universe is

1 1
lo = EH(I) ' Radiation (P = I_SI)
_ 2 11 ~ :
= 31+ )"IO >
to = §Hc') ' Matter (p=0)

Hyo'=9.78n" 11 10° yr

| gHg ' %9.3 Gyrs
= 3000h' 1 Mpc 3



Homogeneous and Isotropic Universe : FRW metric and Perfect fluid

g = (L =R (1), ~R*(t), ~F*(1)) 8S1TG T =(p+ Hugw T pgu
g = (=R, k20, -R20) | Gy = — T
C
K 8! G , _
H2+ —5 = ——" U+3H("+ p)=0
R 3
.y 1 1/ 2 11 R'4 iati (p= }')
Radiation (p = é') R t ' R Radiation 3
Matter (p' =0) R t23 11 R 3@+1) 11 R 3 (Cold) Matter (p=0)
'l const Vacuumenergy (p="1)
Vacuum energy(p="1) R I exp(Ht) (cosmological constant)




"#$%&H&E'()"*+" #-"+.&/0&

= ()

Expansion

12#3%&#"456&/#*&"o+$7#*&8/&91@&0%—31(t)

O2H3UEHS:58"SAH ORI 0% SR L

<8=)$++0$+8H#5)$5&/ 1, 1| E(n(M) " RE) *
>:19<8=)$+ +0$+845)85&) Mn ()" R()'
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Thermal Universe



” ' " © atom, molecule

© neucleus
+ . electron
&
O : :
/ \o o\ Recombination,
Q.+© *photon decoupling
cf' : CMB
* *
R .
\o'/? o\-
b} ) ' o o
) “~ [\ ™o
— }?C’/ﬁ)hotons
electrons,

Quark-hadron transitio BBEN light nuclel



The Standard Model of Particle Physics
@4"%)58&"$)=#()/$+8=4

BOSONS
Higgs 125 GeV

Name Mass Electric
GeV/c?2 | charge

\7_(/ 0

photon

matter constituents

W- 80.39 = FERMIONS spin = 172, 312, 512, ...

!V_j 80.39 +1 Leptons spin =1/2 Quarks spin =1/2

W bosons Flavor Mass Electric Flavor AISIZ':SX' Electric
A 91.188 0 GeVic2 | charge ass | charge
W

Y e (0-0.13)x10-9 0 0.002 2/3
S (Eelen) Gl =1 € electon  0.000511 1 W) owm 0005 173
GM’;J/S/SZ W maciie o 1(0.009-0.13)x10-9 0 ) charm 1.3 2/3
eV/c charge
M muon 0.106 ~1 §) stange | 0.1 ~1/3
\g/ 0 0 heaviest B -9

Vi neutrino* | (0.04-0.14)x10 0 Q) tor 173 2/3

I/ tau 1.777 -1

@ bottom 4.2 _1/3J
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¢ Thermal equilibrium

"HEURE 8 () +",  #-"+ . &IO&E
G+$00h+":+"+$&H HS+5&FHSYEHOT0S&EH=& )OS HSY08HSY0&/5)=HEAL+

3%&/5)=#&A4+=+6/-CH'RS+B8HE&A2H#DHE%&S5+8)=#&A2

| T

A+B! A+B A+B! C+D
67#&=)0$+8#08)$B&/+", 67#+"&=)0$+8#08)$B&/+",
B#8%)",&0#&" &/, 7#)"*#/& 0% K & B#8%)",&0#"456&/0#:;#3$%&
$%E&H*+0$/+64$+:"H#;4"BS+:" 0(&8+&0#)"*#0)$#0;7
S H@E&E/S5+?1+/))8#; . /#,&/5+:"0#)" 6&PG&&"H#8%&5+8)=#(:$&"
J:0&?K+"0$&+"#;:/#6:0:"0 _

Ha + U = Hc * Hp

"HEY0&/5)=HE&AL+=+6/+A5HSYo8HE" $I: (TH+OH#E)'+5+HE&*#)"*#8:"0$)"$2



3%&/5)=#&A4+=+6/+45B#

1

(%)0&##++03/+648+" #4884 () = ey sy

E? = |p|*+ m? @&I5+721+1)8#::[#:8/5+:"0B#D1#
Ll B#8%&5+8)=H(:$&"$+)= J:0&7?K+"0$&+"#;:/#6:0:"0B#?1

"A56&/#*&"0+$7  n = (2?)3 f(p)d°p
9%

&% THE0+$T " = (2!9)3 E(p)f (p)d3p
9 |# ° 3

/&004/& -

( P 217 3 = (BT (p)d~p

HABH+"$&/)=#*&,[&&O# #,/&&*:5



@:/#+0:$/.(+8#*+0%/+64%+:"F d®p = pPdpd = 4!

| ! (E2| m2)1/2

m exp[(E! wW/T]lx1
S 21 m2\l/2
n —_J (E »m ) EZdE

12 EdE
9
2 n expl[(E!' wiT]x 1
9
6

n=

| ! (E2| m2)3/2

n exp[(E! w/T]x 1dE

9

| 2
| 2
| 2

P=r7

<+&5)"H#HE&S$)H;4"8+:" e
@)=

L1 1 (3) =1.202. ..
)t Y gy vl

"(X) o el '(4) = 55

E2! m?EdE



1
In the thermal (kinetic) equilibrium, "(P)= SoreTyy5 7

"#3%08H#8=)$+.+0$+8#=+5+$#L)$#%0+, %oH#SEB(R)TH4EMPRR G = I§
(m! T), i/ u! T

J:00:" =T L € )P T = " 1g 27017
Y + = 309 = w2 9 n~ 304(3)
7 "2 31(3) 74
&/5+ l = — — 4 = - 7 3 "=
@ 5 35 97 n= 255 gl B Tagim S 31507

"#$%8&#":"?2/1&=)$+.+0$+8#=+5+$#L) $#=:G#$ &I HFLLMPHH &
m! T F#J:=$H5)""#04((/&00&*F

@:/#6:3%#):0:"#) #@&/5+:"F

! 3/ 2 3

"=mn o n=g o g (mb Wi E"=m+ 5T

p=nT!
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PO755&%/7

QY68 "HEYEHE 5 (=& H#:+&=*0H%).&#":"?.)"+0%+" #8%&5+8)=#(:$&"$+)=+
((:0+$&H0+,"#S #S%E&+/#)"$+()/[§nB=&FH )

T

_ i: e 21/ 2 1 1
el =g (BT MR OB T WT] 1+ expl(E + WiT ]
T3 2$u% $u0/@#
62 ! T T (T! m)
& 30
. mT : M m \
29 o smh(?)exp(! ?) (T" m)
N0 B#":"?.)"+0%+",#)0755&%/7#LJ)/7:,&"&0+0M
N an "® 4 63 10 1
|

K=&8%$/:"0#)" *#(:0+$/:"0
396&#)0755&$/ 7TH+0H#$Y&H0)5&H) 0#SY) S #6)/ 7" H* A&HS HSY&H#8%)/ &

>&A4%/+":0
I$#8)"HO&H=)/ &#t+"H#(/+"8+(=&H)"*#8:"$/+64S&H#S: #$%&H#8:05+8#&" &/, TH#

26



n 2

3:$)=HK'&I, TH & O+$TB 1= —_gT*
5:0$=7#:/-5#/8=)5+ +0$+84#()/$+8°80

A
O = O g | O ?
bosons fermions
2n2
K"$/:(7T#*&"0+$7 $= = 0sT"
I
Os = Oi T g | Oi T
bosons fermions

K"$/:(7#+0#8:"0&/ . &*#+"#3%E&H8.5:.+" #..=45&F#(T)R® = constant
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3+5&2$85(8/)$4/&H/8=)$+:"

"H#)*+)$+:" 2% 5+") $&MH&/)F

1
Radiation (p = 5!)

Matter (p = 0) R! t¥3
Vacuum energy(p="1) R! exp(Ht)
8! G "2
2 — n 4 _
R* = T | O T R — %gu T4
1T N NT 2
_ ~12Mp T
t=0.301g "’ o
’ 3 .
1#0&8#R#1#0&S mz= L

.

10'% sec! 1 eV )




T# My

P$#%+ %H$E5(8/)$AI&HEA8YH=)/ &IHSY) " FH&=&8$/:?G&)NH#O8)=&F#)==#1
)/&H#5)00=8.00#) " *#+"H#$Y 8HSY0&/5)=HEAA+=+6/+A5#)"*#/&=)$+.+0$+82

n2 1 n2 A
!R:%Q!T“ PR = 3'R= 559 T

3
G+$%#&:&8%+.&#*&,/&&0#: #:/8&&*:5F
O

bosons fermions

.
g =4+8 ! 2+2+2 1 242+ —(72+12+6)=106.75

Lo Lo ST

U+,,0#*:46=&%,=4:"0 Q?6:0:" "&4%/+":0
8%)/,&*#=&($:"0
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1 MeV =1.1605! 101°K
T# M, P==#TO#()/$+8=8&0#)/&H#+"#$%E&H#S%E&I5)=HEA2H)" *#

n 2
R= g T G+$% g = 106.75

?2LYZ[M\19
T" Mp $:(?A4)/N#*&8:4(=8&0#;/:5#/&=)$+.+0$+8#()/$+8=&02

. . g =93.04

To M, Ut O#)"#V26:0 #688:5804""2/&=)5+. +0$+8H)"H#$Y
&"&] T#*&"0+$TH#+0#04((/&00&*2

2% O = 89.04
T" My Q?6:0:"#6&8:5&0#":"?/&=)$+.+0$+8#
O = 83.04

)" HOH"H#

@ HE&" S/ (TH*&" O+ SFEHHEHIHH) $HY%+ YoHS&5(8)) $4/8H6&:; I &:H
&=&8$/"2(:0+$/:"H#)" +%+=)$+:"02#

30



100 L L L L L D L e e L L D

N(T)

Log(T/MeV)

Fig. 3: The effective numbers of relativistic degrees of freedora &sction of temperature, assuming a quarki
hadron transition temperature of 150 MeV and 400 MeV (dashed ]CZ#A:+ S&F#1 2Wa''b
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C4)IN?%)*/"#$/)"0+$+" T ! 100 MeV

TS/ #+"$&/)8$+:"#6&8:5&0#F: . #0%/:" #)"*#)==#A4)/INO#
8:56+"&#+"$:#5&0:"0#)"*#6)/7:"02

@:/#6)/7:"OFH#B)/T:"0H)"*#)"$+26)/7:"0H)" +%+=)$&H)"*#
=T HI&S)+ OHSY8H +:: &/& S&HHE) T OH)"*#) " $+76)/7:"02#

PSH#(/&08&"$#-"+.&I0&#:"=TH#/&5)+"0#6)/ "0
L>AE)"$+26)/:"0#)/: 4" H#40M B
396)$#58&)"O#6)/7:"OH#)/&H#5:18#$%6)"#)"$+76)/7:"02#

g = —=1 6" 10 °

306&H#58 3% HE:#,&"&)) SEHE:I&HB)/T:"0HSY) "#)"$+26)/7:"0#
+O#8)==&JH:,&"80+@2

32



1 MeV =1.1605! 109K

P$H#SE5(8))S4/I&A 1| 1 MeV

"H$Y0&H-"+.&IOKFHS: "OF #&=&8S$/:"OF #(:0+$/:"OF #) " *#" &AGH+": 0#
)I&#]&=)$+.+BH)BHOB)==#"456&/#: 1" 2/18&=)$+.+0$+8#6) /7 #O#
L(/:$:"0#) *#" &A%/ OMH&S)+"02#3%& T#)/&H+"#SY&H SV &/5) =H#E&AL+=
67#G&)N#+"$&/)8$+:"02

g =10.75 begaras
T:"#$Y%08H"&AS/+":0#)/&H*&8: 4 (=8 . 5#$%&H$Y&/5)=#(=)05)2
1"$&/)8%+:"#/)P&H# K'()I"O+:"#/)$&#
| = nly! G2T° — | ? 112 T2
: n'v'! GF T H gog; Mo

J:$%#68&8:5&0#0+5+=)/#)$
T! (MpG2) Y31 1 MeV [#$d1#08&82

>&AS/+":0H#)&HOS+==H/&=)$+.+0$+8F#);$&/H#:/Q&H&?: ASH: #" &AS/+"
O = 10.75
33



K"/ (746" 0+$7
"HSY08/5) =HEAM+=+6/+A5HSYRHE S/-(TH+ " H)HE:5: +" #.. =AD&H+0H#;+ &*:
s(T)R?3 = constant

@/:5#3%&H#0&8:"*#=)G#.;#$%&/5:*7")5+80F

d(' (T)V)+ p(T)dV
T

d(s(T)V) =
3%&#8: & +8+&"$0#  #*SH#,+.&0F

(T) + p(T)
T

@:/#5)00=&00#L/&=)$+.+0$+8M#()/$+8=&0F#

s(T) =

4
- 3T
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3:3)=H#&"S/:(T#*&"0+$7

>&,=&8%$+" #SV&H05)==#8:"$/+64%+:"#;/:5#":"?/&=)$+.+0$+B#()/$+8=&(
G&#:6$)+"#S%&H)((/+5)S&FHBASH, *H#) *#8:".&"+&"$#&'(/8&00+:"02

G%&/&

bosons fermions
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l
E:5()/&*#$:#$%8&H#(%:$:"#" A56&/#+&"0+$7 N = (2) gT3

$%&/E&H+OH)HI&=)S+:"

o 2

S:1.809!5n! S = 4_59!31_3
) *HPX)TH

s = 7.04n, G+$% gs=3.91

K'$/:(7#+0#8:"0&/.&*#+"#$%&H#8:5:.+" #..=45& F#

s(T)R? = constant =P | T! glR"!

Q%&"#$%&H#" 456 &/#.#0(&8+&O0#+"#$%E&H8:5:.+" #..=45&#+0#8:"0%)"$

_ 3 _ n _
N = nR®=const. = | Y! S D Const. | g M#6)/7:" #4568/
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"#P008L' ()" +", #-"+.&/I0&F#$%&EH070S&5H#*:&0#": $H=&)*#$ . #$%&H#$%&/
E&AL+=+06/+45#8& & "HG+$%H+": +"+$&#:  #P+5&2

i +GHnx)= " WHnZ " (n5)?)

)" +00+=)$+:"#8/:00#088$+:"
LPMH#QY6&" #+"$&/1)8$+:"#+0#/8=)$+.&=THOS/:" &IHSY)" HEY 8¢

3HNy " |$ amn VUNE " NZ)| @:==:GO#$%E&/5)=H&AL+=+(
q

LIMHQUOE #+"$81) 8+ "#+0#18=)$+.8=THG&)N&/HSY) " H#$Yo&#
3HNx & [$ ann VUHNK " ngq)|
>456&/1*&"0+$TH#*&B/&)080H: "= TH ARHSH&'()"O+:"

n! R °
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12#0&*+)$&*#6 7#)#5)00=& 00#()/$+8=8&0#=+N&H#(%:$:"

"$&/)8%+: "#/)$&# K0+ "#/)$&#
3 7 _ w2 12 4, TR
!!n'v'Tﬁ— T H= 559 v

| >H  +0#:6$)+"&#;:/#F | "?Mp ! 10 GeV

92#O&*+)$&*#E TH#)#5)00+.&#()/$+8=80#=+N&HVF#Q#6:0:"0

T2
= nlv! G2T® H = —Ogllzl\;
. P
GF! @
!

3%&/5)=#&AA+=+6/+45#+0#5)+"$)+"& )"/

4/ 3

m
X MeV

100 GeV
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1&8:4(=+" #:;#5)00+.&#()/$+8=&0r 1 my

3an | |$ ann V%nx ) ngq)l

QUO&" #PY0&HB: ==+0+:"H+0H#&;;+8+&"$H$%) " #HSU&HE&' ()'O+:"1/) SEFHSVo&H(
8)"#,&5#S:#3%&H#$%E&/5)=#&A4+=+6/+452

A+B! X+ X

|4&HS HSY&HE' ()" 0+ "FHSYRHSES (&/)S4/&H: HSY&HOTOS&5H*&8/&) OGOHC
300&/&.::/&H#HSYEHSEE (&) $AI8H6&8:5&0H#68=:GHIYEH5)00#: :#HSYo&H ()/$+8
S8 " HSV&H*& "0+ TH+OHE (:"&"$+)==T#04((/8&00&*2

A+B" X+ X

3%&#:((:0+$&#*+/&8F+:"#04((/&00&*#BK"8R#H " my
N=THS%E&EH)"" +%+=)$+."#*+/&BS+:"#+0#&;; +8+&"FHP ANEE(H#FY&HFY&/5

J:=$H5)""#04((/&00&*f
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"#$%&/5)=H&AA+=+6/+4b .o | H

PFJ#)/&#=+,%$&/H$%)" #




NASH HRAL+=+6/+A5H+"HSYEHE' ()" +" #-"+.&I0&H

QU H+"$&/)BE+"H+0H/&=)$+.&=THG &)N&/HS%) " #$%&H&'()"0-
3HNX & [$ ann VHNK " N5yl

>A56&/#*&"0+$7#*&8/&)0&0#: "= T#*4&#$:#&'()"0+:"
n R'3

E:"0+*&/+", s(T)R* = constant
306&#)64"*)"8& FHQF#68&8:5&048:"0$)"$#): $&/4#:/8&H&?:452

N
Y | S = constant
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"HEVORHE () +" -+ &IO&FH#: ASH: #$Y&/5)=H#&AA+=+6/+45F

logn

BHN )=

" AN ()

)" +%+=)$+:"#8/:00#0&¢E

A+B" X+ X

$3
ﬂ e! (m! wW)/T

J&E&HE&?: 45# G Y
""?/&=)$+.+0$+8

@/I&&&HE HTSH
$&5(&/)$4/&
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' (3)

||2

3
gl 2| 2
S = gl TS
gL'M=n/s

J&&H&?. 4$H# G % & " #/&=)$+.+05+8

— $%&/5)=#&A4+=+6/+45
J&&H&? 4ASHGCU & "#"."?/1&=)$+.+0$+8

" 32
- I m/T
n=9g S e

5Z23/&% - —
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