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Dynamics of Universe



• Dynamics
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아인슈타인 방정식

geometry : RW metric matter in the Universe, perfect fluid
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: scale factor 의 시간에 따른 변화

Einstein 텐서 Energy-Momentum 텐서

metric tensor

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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3

energy momentum tensor

Most simplest Universe: homogenous and isotropic

ds2 = dt2 �R(t)2dx2
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ds2 = dt2 �R(t)2dx2
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dx: coordinate distance

R(t)dx: physical distance

Expansion of the Universe comes form R(t)



Einstein tensor

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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With FRW metric, Ricci tensor

Ricci scalar
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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To know how R changes, we need to solve Einstein equation, with
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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Eqs. 1, 2, 3 are connected by Bianchi identities and only two are independent.
Usually Eqs. 1 and 2 are taken.
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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Many kinds of matter content of our interest can be described by a simple
eq. of state
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We can solve the continuity equation,
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Radiation energy constant

Photons are in the Planck distribution and the energy density is 
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Baryons are                   numbers compared to the photons from BBN. 5 ! 10! 9 (1)
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We can go backward in time with values at present.
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Why does the Vacuum energy dominates recently?

Coincidence problem
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• Evolution of energy density

present
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Density parameters

Local geometry is related to the density in the Universe
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We can solve Friedmann equation with a given matter type
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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The age of the Universe
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

Tµ ! = ( p + ! )uµ u! ! pgµ ! (1)

d" 2 = dt2 ! hij dxi dxj hij = a2(t)#ij (2)

r 1R0H0 = z !
1
2

(1 + q0)z2 + á á á dL = R0r 1(1 + z) = H ! 1
0

!
z +

1
2

(1 ! q0)z2 + á á á
"

(3)

r 1 + á á á=
t0 ! t1

R(t0)
+

H0(t0 ! t1)2

2R(t0)
+ á á á (4)

# r 1

0

dr
"

1 ! kr 2
=

# t 0

t 1

dt"

R(t")
(5)

1
R(t1)

=
1

R(t0)
!

úR
R2

$
$
$
$
$
t 0

(t1 ! t0) +
1
2

%

2
úR2

R3 !
¬R

R2

&$
$
$
$
$
t 0

(t1 ! t0)2 + á á á (6)

1

2
úR

R
+ H 2 +

k
R2 = ! 8! Gp

ú" + 3 H (" + p) = 0
(1)

r1 =
2! 0z + (2 ! 0 ! 4)(

"
! 0z + 1 ! 1)

H0R0! 0(1 + z)
(2)

h = 0 .702± 0.024
#!

#
# 1 + z #! (3)

$ l

dA =
l
$

t0 4! r 2
1R2

0

A
4! r 2

1R2
0

R1

R0
=

1
1 + z

f (r 1) #
! r 1

0

dr
"

1 ! kr 2
=

! t 1

t 0

dt!

R(t !)
=

! R( t 0 )

R ( t 1 )

dR!

R! 2H

(4)

$" % &V

% V (%) =
1
2

m2%2

$" % &V(%amp ) $p% &0

(5)

3Hn eq & $&ann v%n2
eq

H =

"
8! G

3
" =

"
8! G

3
! 2

30
g" T 4

xf #
m
Tf

= log

#

$ $&v%gx (mT/ (2! ))3/ 2

3
%

8! G
3

! 2

30 g" T 4

&

' & 20! 25

(6)

! x h2 &
2.5 ' 10# 10

$&ann v%
(7)

Y & YTf =
nX

s

(
(
(
Tf

&
3H

s$&v%

(
(
(
(
Tf

(
1

$&v%Tf
=

xf

$&v%mX

xf =
m
Tf

(8)

n =
' (3)
! 2 gT3 logn Tf T & m ' (3) & 1.201 (9)

dn
dt

+ 3 Hn = (Collision terms) (10)

1

H 2 +
k

R2 =
8! G

3
" (1)

" ! R! 3(1+ ! ) " ! R! 4 (p =
1
3

" )

" ! R! 3 (p = 0)

" ! const (p = " " )

(2)

T µ"
;" = 0 R3d" = " (" + p)dR3 = " (1 + #)" dR3

p = #"
(3)

T µ
" = diag( " , " p, " p, " p) H #

úR(t)
R(t)

T µ" (4)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(5)

distance =
!

ds r = 0 r = r0 dt = d$ = d%= 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(6)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d$2 x y (7)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d$2 + r 2 sin$2d%2
#

(8)

d2
L #

L
4! F

(9)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(10)

1arcsec=
2!

360%60%60
9.46%1012 km (11)

% & (12)

' = (
) !
!

(13)

1

We can solve Friedmann equation with a given matter type

For k=0 (ßat), and 

H 2 +
k

R2 =
8! G

3
" (1)

" ! R! 3(1+ ! ) " ! R! 4 (p =
1
3

" )

" ! R! 3 (p = 0)

" ! const (p = " " )

(2)

T µ"
;" = 0 R3d" = " (" + p)dR3 = " (1 + #)" dR3

p = #"
(3)

T µ
" = diag( " , " p, " p, " p) H #

úR(t)
R(t)

T µ" (4)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(5)

distance =
!

ds r = 0 r = r0 dt = d$ = d%= 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(6)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d$2 x y (7)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d$2 + r 2 sin$2d%2
#

(8)

d2
L #

L
4! F

(9)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(10)

1arcsec=
2!

360%60%60
9.46%1012 km (11)

% & (12)

' = (
) !
!

(13)

1

R ! t2/ 3(1+ ! ) (1)

H 2 +
k

R2 =
8! G

3
" (2)

" ! R! 3(1+ ! ) " ! R! 4 (p =
1
3

" )

" ! R! 3 (p = 0)

" ! const (p = " " )

(3)

T µ"
;" = 0 R3d" = " (" + p)dR3 = " (1 + #)" dR3

p = #"
(4)

T µ
" = diag( " , " p, " p, " p) H #

úR(t)
R(t)

T µ" (5)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(6)

distance =
!

ds r = 0 r = r0 dt = d$ = d%= 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(7)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d$2 x y (8)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d$2 + r 2 sin$2d%2
#

(9)

d2
L #

L
4! F

(10)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(11)

1arcsec=
2!

360%60%60
9.46%1012 km (12)

% & (13)

1

then from

Radiation! ! R! 3(1+ ! ) ! ! R! 4 (p =
1
3

! )

! ! R! 3 (p = 0)

! ! const (p = " ! )

(1)

T µ"
;" = 0 R3d! = " (! + p)dR3 = " (1 + " )! dR3

p = "!
(2)

T µ
" = diag( ! , " p, " p, " p) H #

úR(t)
R(t)

T µ" (3)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(4)

distance =
!

ds r = 0 r = r0 dt = d# = d$ = 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d#2 x y (6)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d#2 + r 2 sin#2d$2
#

(7)

d2
L #

L
4%F

(8)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(9)

1arcsec=
2%

360%60%60
9.46%1012 km (10)

$ & (11)

' = (
) !
!

(12)

1

Matter

! ! R! 3(1+ ! ) ! ! R! 4 (p =
1
3

! )

! ! R! 3 (p = 0)

! ! const (p = " ! )

(1)

T µ"
;" = 0 R3d! = " (! + p)dR3 = " (1 + " )! dR3

p = "!
(2)

T µ
" = diag( ! , " p, " p, " p) H #

úR(t)
R(t)

T µ" (3)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(4)

distance =
!

ds r = 0 r = r0 dt = d# = d$ = 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d#2 x y (6)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d#2 + r 2 sin#2d$2
#

(7)

d2
L #

L
4%F

(8)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(9)

1arcsec=
2%

360%60%60
9.46%1012 km (10)

$ & (11)

' = (
) !
!

(12)

1

Vacuum energy

! ! R! 3(1+ ! ) ! ! R! 4 (p =
1
3

! )

! ! R! 3 (p = 0)

! ! const (p = " ! )

(1)

T µ"
;" = 0 R3d! = " (! + p)dR3 = " (1 + " )! dR3

p = "!
(2)

T µ
" = diag( ! , " p, " p, " p) H #

úR(t)
R(t)

T µ" (3)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(4)

distance =
!

ds r = 0 r = r0 dt = d# = d$ = 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d#2 x y (6)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d#2 + r 2 sin#2d$2
#

(7)

d2
L #

L
4%F

(8)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(9)

1arcsec=
2%

360%60%60
9.46%1012 km (10)

$ & (11)

' = (
) !
!

(12)

1

R ! t2/ 3(1+ ! ) R ! t1/ 2 (1)

H 2 +
k

R2 =
8! G

3
" (2)

" ! R! 3(1+ ! ) " ! R! 4 (p =
1
3

" )

" ! R! 3 (p = 0)

" ! const (p = " " )

(3)

T µ"
;" = 0 R3d" = " (" + p)dR3 = " (1 + #)" dR3

p = #"
(4)

T µ
" = diag( " , " p, " p, " p) H #

úR(t)
R(t)

T µ" (5)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(6)

distance =
!

ds r = 0 r = r0 dt = d$ = d%= 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(7)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d$2 x y (8)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d$2 + r 2 sin$2d%2
#

(9)

d2
L #

L
4! F

(10)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(11)

1arcsec=
2!

360%60%60
9.46%1012 km (12)

% & (13)

1

R ! t2/ 3(1+ ! ) R ! t1/ 2 R ! t2/ 3 R ! exp(Ht ) (1)

H 2 +
k

R2 =
8! G

3
" (2)

" ! R! 3(1+ ! ) " ! R! 4 (p =
1
3

" )

" ! R! 3 (p = 0)

" ! const (p = " " )

(3)

T µ"
;" = 0 R3d" = " (" + p)dR3 = " (1 + #)" dR3

p = #"
(4)

T µ
" = diag( " , " p, " p, " p) H #

úR(t)
R(t)

T µ" (5)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(6)

distance =
!

ds r = 0 r = r0 dt = d$ = d%= 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(7)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d$2 x y (8)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d$2 + r 2 sin$2d%2
#

(9)

d2
L #

L
4! F

(10)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(11)

1arcsec=
2!

360%60%60
9.46%1012 km (12)

% & (13)

1

R ! t2/ 3(1+ ! ) R ! t1/ 2 R ! t2/ 3 R ! exp(Ht ) (1)

H 2 +
k

R2 =
8! G

3
" (2)

" ! R! 3(1+ ! ) " ! R! 4 (p =
1
3

" )

" ! R! 3 (p = 0)

" ! const (p = " " )

(3)

T µ"
;" = 0 R3d" = " (" + p)dR3 = " (1 + #)" dR3

p = #"
(4)

T µ
" = diag( " , " p, " p, " p) H #

úR(t)
R(t)

T µ" (5)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(6)

distance =
!

ds r = 0 r = r0 dt = d$ = d%= 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(7)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d$2 x y (8)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d$2 + r 2 sin$2d%2
#

(9)

d2
L #

L
4! F

(10)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(11)

1arcsec=
2!

360%60%60
9.46%1012 km (12)

% & (13)

1

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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Many kinds of matter content of our interest can be described by a simple
eq. of state

For constant w, we can solve and obtain

! ! R! 3(1+ ! ) (1)

T µ"
;" = 0 R3d! = " (! + p)dR3 = " (1 + " )! dR3

p = "!
(2)

T µ
" = diag( ! , " p, " p, " p) H #

úR(t)
R(t)

T µ" (3)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(4)

distance =
!

ds r = 0 r = r0 dt = d# = d$ = 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d#2 x y (6)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d#2 + r 2 sin#2d$2
#

(7)

d2
L #

L
4%F

(8)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(9)

1arcsec=
2%

360%60%60
9.46%1012 km (10)

$ & (11)

' = (
) !
!

(12)

P# = (1 " r )2Pinf + r 2P$ (13)

1

! ! R! 3(1+ ! ) ! ! R! 4 p =
1
3

!

! ! R! 3 p = 0

! ! const p = " !

(1)

T µ"
;" = 0 R3d! = " (! + p)dR3 = " (1 + " )! dR3

p = "!
(2)

T µ
" = diag( ! , " p, " p, " p) H #

úR(t)
R(t)

T µ" (3)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(4)

distance =
!

ds r = 0 r = r0 dt = d# = d$ = 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d#2 x y (6)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d#2 + r 2 sin#2d$2
#

(7)

d2
L #

L
4%F

(8)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(9)

1arcsec=
2%

360%60%60
9.46%1012 km (10)

$ & (11)

' = (
) !
!

(12)

1

Radiation! ! R! 3(1+ ! ) ! ! R! 4 (p =
1
3

! )

! ! R! 3 (p = 0)

! ! const (p = " ! )

(1)

T µ"
;" = 0 R3d! = " (! + p)dR3 = " (1 + " )! dR3

p = "!
(2)

T µ
" = diag( ! , " p, " p, " p) H #

úR(t)
R(t)

T µ" (3)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(4)

distance =
!

ds r = 0 r = r0 dt = d# = d$ = 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d#2 x y (6)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d#2 + r 2 sin#2d$2
#

(7)

d2
L #

L
4%F

(8)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(9)

1arcsec=
2%

360%60%60
9.46%1012 km (10)

$ & (11)

' = (
) !
!

(12)

1

! ! R! 3(1+ ! ) ! ! R! 4 (p =
1
3

! )

! ! R! 3 (p = 0)

! ! const (p = " ! )

(1)

T µ"
;" = 0 R3d! = " (! + p)dR3 = " (1 + " )! dR3

p = "!
(2)

T µ
" = diag( ! , " p, " p, " p) H #

úR(t)
R(t)

T µ" (3)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(4)

distance =
!

ds r = 0 r = r0 dt = d# = d$ = 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d#2 x y (6)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d#2 + r 2 sin#2d$2
#

(7)

d2
L #

L
4%F

(8)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(9)

1arcsec=
2%

360%60%60
9.46%1012 km (10)

$ & (11)

' = (
) !
!

(12)

1

(Cold) Matter

! ! R! 3(1+ ! ) ! ! R! 4 (p =
1
3

! )

! ! R! 3 (p = 0)

! ! const (p = " ! )

(1)

T µ"
;" = 0 R3d! = " (! + p)dR3 = " (1 + " )! dR3

p = "!
(2)

T µ
" = diag( ! , " p, " p, " p) H #

úR(t)
R(t)

T µ" (3)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(4)

distance =
!

ds r = 0 r = r0 dt = d# = d$ = 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d#2 x y (6)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d#2 + r 2 sin#2d$2
#

(7)

d2
L #

L
4%F

(8)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(9)

1arcsec=
2%

360%60%60
9.46%1012 km (10)

$ & (11)

' = (
) !
!

(12)

1

! ! R! 3(1+ ! ) ! ! R! 4 (p =
1
3

! )

! ! R! 3 (p = 0)

! ! const (p = " ! )

(1)

T µ"
;" = 0 R3d! = " (! + p)dR3 = " (1 + " )! dR3

p = "!
(2)

T µ
" = diag( ! , " p, " p, " p) H #

úR(t)
R(t)

T µ" (3)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(4)

distance =
!

ds r = 0 r = r0 dt = d# = d$ = 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d#2 x y (6)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d#2 + r 2 sin#2d$2
#

(7)

d2
L #

L
4%F

(8)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(9)

1arcsec=
2%

360%60%60
9.46%1012 km (10)

$ & (11)

' = (
) !
!

(12)

1

Vacuum energy 
(cosmological constant)

! ! R! 3(1+ ! ) ! ! R! 4 (p =
1
3

! )

! ! R! 3 (p = 0)

! ! const (p = " ! )

(1)

T µ"
;" = 0 R3d! = " (! + p)dR3 = " (1 + " )! dR3

p = "!
(2)

T µ
" = diag( ! , " p, " p, " p) H #

úR(t)
R(t)

T µ" (3)

dp(t) =
! r p

0

R(t)dr
$

1 " kr 2
= R(t)

! t

o

dt"

R(t")

ds2 = 0
! t

o

dt"

R(t")
=

! r p

0

dr
$

1 " kr 2

(4)

distance =
!

ds r = 0 r = r0 dt = d# = d$ = 0

s =
!

ds = R(t)
! r 0

0

dr
$

1 " kr 2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r 2d#2 x y (6)

ds2 = dt2 " R2(t)
"

dr2

1 " kr 2 + r 2d#2 + r 2 sin#2d$2
#

(7)

d2
L #

L
4%F

(8)

1.49%108 km L sin(p) = 1AU L &
1AU

p

1parsec(P C) =
1AU

1arcsec
& 3.26Lys

(9)

1arcsec=
2%

360%60%60
9.46%1012 km (10)

$ & (11)

' = (
) !
!

(12)

1

These apply separately for coexsting radiation, matter and cosmological 
constant, if there is no interactions between them.
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. Therefore
at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

! r ! E (t) n(t) " R(t)! 4

! m ! M n (t) " R(t)! 3 (1)
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The Standard Model of Particle Physics

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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• Thermal equilibrium
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.
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hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
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The radiation and relativistic particles in thermal equilibrium the density
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I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.
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quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.
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plasma decreases. So the phase transition happens. At 100 MeV the quark-
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from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

! 0 ! 1 ! 0.01 Y! " 1 T # M h (1)

! =
!

f ("x, "k, t )E ("k) d3k

p =
!

f ("x, "k, t )ki vi d3k

p =
!

f ("x, "k, t )ki ki

E
d3k

(2)

Tµ" =
"

8#G
gµ" = ! ! K (3)

p =
1
3

! p = 0 p = ! ! (4)

|"k| # m, |"k| $ m E =
"

m2 + "k2 E % m E % |"k| (5)

T00 = ! , T0i = Ti 0 = 0 , Tij = $ij p gµ" uµ u" = +1 (6)

1

29



P==#TO#()/$+8=&0#)/&#+"#$%&#$%&/5)=#&A2#)"*#/&=)$+.+0$+8

! R =
" 2

30
g! T 4 pR =

1
3

! R
" 2

90
g! T 4 (1)

n = g
!

mT
2"

" 3/ 2

e" (m " µ ) /T ! = mn p = nT ! ! (2)

! =
" 2

30
gT4 ! =

7
8

!
" 2

30

"
gT4 p =

!
3

(3)

(m ! T), µ ! T (4)

f (÷p) =
1

exp((E " µ)/ T ) ± 1
µ (5)

gm # T E2 = |#p|2 + m2

n =
g

(2" )3

#
f (÷p)d3p

! =
g

(2" )3

#
E(÷p)f (÷p)d3p

! =
g

(2" )3

#
|#p|2

3E
(÷p)f (÷p)d3p

(6)

(! 0 = 1)

t0 =
2

3(1 + $)
H " 1

0

t0 =
2
3

H " 1
0 t0 =

1
2

H " 1
0

(7)

t =
# t

0
dt =

# R(t )

0

dR#

úR#

= H0

# (1+ z) ! 1

0

dx
[1 " ! 0 + ! 0x" (1+3 ! ) ]1/ 2

(8)

dp(t) =
# r p

0

R(t)dr
$

1 " kr 2
= R(t)

# t

o

dt#

R(t#)

=
1

H0(1 + z)

# (1+ z) ! 1

dx

[x2(1 " ! 0) + ! 0x1" 3! ]1/ 2

(9)

1

G+$%T ! M Z g! = 106.75 (1)

A + B " øX + X A + B # øX + X (2)

T ! m T $ m (3)

log ! log
!

1
T

"
(4)

(z = 0)

(z % 0.4)

(z % 5000)

(5)

!
R
R0

" " 1

=
! 0

M

! 0
R

=
0.26

5 & 10" 5 % 5000 = 1 + z (6)

! M = ! 0
M

!
R
R0

" " 3

= ! v = ! 0
v

1
1 + z

=
R
R0

=
!

0.74
0.26

" " 1/ 3

% 0.7

z % 0.4

(7)

! M

! R
% 5000 (8)

! 0
R = 5 & 10" 5! 0

c ! 0
M = ! 0

DM + ! 0
B = 0 .26! 0

c ! 0
vac = 0 .74! 0

c (9)

P(t) '
1

R(t)
n(t) '

1
R3(t)

(10)

k = +1 k = 0 k = ( 1 (11)

= R(t) & sin" 1 r sinh" 1 r r (12)

1

T ! M Z g! = 106.75

T " M Z
(1)

A + B # øX + X A + B $ øX + X (2)

T ! m T " m (3)

log ! log
!

1
T

"
(4)

(z = 0)

(z % 0.4)

(z % 5000)

(5)

!
R
R0

" " 1

=
! 0

M

! 0
R

=
0.26

5 & 10" 5 % 5000 = 1 + z (6)

! M = ! 0
M

!
R
R0

" " 3

= ! v = ! 0
v

1
1 + z

=
R
R0

=
!

0.74
0.26

" " 1/ 3

% 0.7

z % 0.4

(7)

! M

! R
% 5000 (8)

! 0
R = 5 & 10" 5! 0

c ! 0
M = ! 0

DM + ! 0
B = 0 .26! 0

c ! 0
vac = 0 .74! 0

c (9)

P(t) '
1

R(t)
n(t) '

1
R3(t)

(10)

k = +1 k = 0 k = ( 1 (11)

1

U+,,0#)"*#V?6:0:"#6&8:5&0#":"?/&=)$+.+0$+8#)"*#$%&#
&"&/,7#*&"0+$7#+0#04((/&00&*2

T ! M Z g! = 106.75

T " M Z T " M W
(1)

A + B # øX + X A + B $ øX + X (2)

T ! m T " m (3)

log ! log
!

1
T

"
(4)

(z = 0)

(z % 0.4)

(z % 5000)

(5)

!
R
R0

" " 1

=
! 0

M

! 0
R

=
0.26

5 & 10" 5 % 5000 = 1 + z (6)

! M = ! 0
M

!
R
R0

" " 3

= ! v = ! 0
v

1
1 + z

=
R
R0

=
!

0.74
0.26

" " 1/ 3

% 0.7

z % 0.4

(7)

! M

! R
% 5000 (8)

! 0
R = 5 & 10" 5! 0

c ! 0
M = ! 0

DM + ! 0
B = 0 .26! 0

c ! 0
vac = 0 .74! 0

c (9)

P(t) '
1

R(t)
n(t) '

1
R3(t)

(10)

k = +1 k = 0 k = ( 1 (11)

1

Q?6:0:"#6&8:5&0#":"?/&=)$+.+0$+8#

)"*#0:#:"#

1 MeV = 1 .1605! 1010 K (1)

H 2 =
8! G

3
" " g! T 4

!
úR

R

" 2

=
1

4t2

t = 0 .301g" 1/ 2
!

M P

T 2 #
#

T
MeV

$ " 2
(2)

s =
4
3

"
T

s =
2! 2

45
g! sT 3

g! S =
%

bosons

gi

#
Ti

T

$ 3

+
7
8

%

fermions

gi

#
Ti

T

$ 3 (3)

s(T) =
" (T) + p(T)

T
(4)

s(T)R3 = constant d(s(T)V ) =
d(" (T )V ) + p(T)dV)

T
(5)

g! = 4 + 8 ! 2 + 2 + 2 ! 2 + 2 +
7
8

(72 + 12 + 6) = 106 .75 (6)

! ! ,0 $ 5 ! 10" 5 (7)

T! ,0 = 2 .725K " ! ,0 = aB T 4
! ,0 = 4 .64! 10" 34 g cm" 3

aB =
8! 5k4

B

15h3c3 = 7 .5657! 10" 15 erg cm" 3 deg" 4
(8)

T ! 1 MeV (9)

n " R" 3 g! =
%

bosons

gi +
7
8

%

fermions

gi (10)

" coll % H log" X g! = 102.75 g! = 96.75 (11)

A + B & A + B A + B & C + D log
&m

T

'
(12)

T # 1 eV T # 1 MeV (13)

(r 1, 0, 0) (r 1, 0, #) (14)

l =
(

ds =
(

R(t1)r 1d# = R1r1# #=
l

R1r1
dA = R1r1 (15)

1

@:/#&"$/:(7#*&"0+$7F##########)$#%+,%#$&5(&/)$4/&#6&;:/&#
&=&8$/:"?(:0+$/:"#)""+%+=)$+:"02#

Y !
n
s

= constant g! S = g! (1)

s(T)R3 = constant T " g" 1/ 3
! R" 1 (2)

1012 sec# 1 eV EA , EB $ mX (3)

µA + µB = µC + µD (4)

5 %10" 9 ! B = mN NB & 938 MeV%5 %10" 9n! n! = 421 cm" 3 ! B & 0.04
(5)

p + p + n + n ' 4He p + n ' D + " D + D ' He3 + n D + D '
(6)

(1H) ( 4He) D, T
n
np

# 10" 5 7Li
n
np

# 10" 10
(7)

T" = 1 .945 K ! (T) =
#2

30
%2 %T 4 +

7
8

%
#2

30
%3 %2T 4

" =
3.363

2
! ! (8)

T ! me s =
#2

45
g! ST 3

g! S,before T 3 = g! S,af ter T 3
!

g! S,before = 2 +
7
8

%4 g! S,af ter = 2

T!

T"
=

!
11
4

" 1/ 3

= 1 .401

(9)

T & (M P G2
F )" 1/ 3 & 1 MeV (10)

1 MeV = 1 .1605%1010 K " & G2
F E 2 # G2

F T 5

H =

#
#2

90
g1/ 2

!
T 2

M P

(11)

H 2 =
8#G

3
! " g! T 4

$
úR

R

%2

=
1

4t2

t = 0 .301g" 1/ 2
!

M P

T 2 #
!

T
MeV

" " 2
(12)

1

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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Fig. 3: The effective numbers of relativistic degrees of freedom asa function of temperature, assuming a quarkÐ
hadron transition temperature of 150 MeV and 400 MeV (dashed)
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! wk ! 0(10! 2)T5/M 4
W . (48)

The expansion rate, on the other hand, is just

H =
!

8! GN "
3

" 1/ 2

=
!

8! 3

90
N (T)

" 1/ 2

T2/M P ! 1.66N (T)1/ 2T2/M P . (49)

The Planck massM P = G! 1/ 2
N = 1 .22" 1019 GeV.

Neutrinos will be in equilibrium when! wk > H or

T > (500M 4
W )/M P )1/ 3! 1 MeV. (50)

The temperature at which these rates are equal is commonly referred to as the decoupling or freeze-out
temperature and is deÞned by

! (Td) = H (Td). (51)

For temperaturesT > T d, neutrinos will be in equilibrium, while forT < T d they will not. Basically, in
terms of their interactions, the expansion rate is just too fast and they neverÔseeÕthe rest of the matter
in the Universe (nor themselves). Their momenta will simplyredshift and their effective temperature
(the shape of their momenta distribution is not changed fromthat of a blackbody) will simply fall with
T ! 1/R.

The relationRT ! const is a direct consequence of the energy conservation equation(6). Indeed,
usings = dp/dT , this equation can be rewritten as

d
dt

(R3s) = 0 , (52)

making it more a statement of conservation of (comoving) entropy than energy (which is not conserved
in comoving coordinates).

Soon after neutrino decoupling, thee± pairs in the thermal background begin to annihilate (when
T <! me). Because the neutrinos are decoupled, the energy releasedheats up the photon background

8

]C2#^=+.&F#1__`2Wa``b

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

(T ! m) (T " m) g! (1)

(µ+ = # µ" )

n+ # n" =
g

2! 3

! #

m
(E 2 # m2)1/ 2EdE

"
1

1 + exp[(E # µ)/T ]
#

1
1 + exp[(E + µ)/T ]

#

$
gT3

6! 2

"
! 2

$ µ
T

%
+

$ µ
T

%3
#

$ 2g
&

mT
2!

' 3/ 2

sinh(
µ
T

) exp(#
m
T

)

(2)

%E& '
"
n

=
! 4

30#(3)
T $ 2.701T

%E&=
7! 4

180#(3)
$ 3.151T

%E&= m +
3
2

T

(3)

1

31



T ! 100 MeV (1)

T " M Z g! = 106.75

T # M Z T # M W T # mtop
(2)

A + B $ øX + X A + B % øX + X (3)

T " m T # m (4)

log ! log
!

1
T

"
(5)

(z = 0)

(z ! 0.4)

(z ! 5000)

(6)

!
R
R0

" " 1

=
! 0

M

! 0
R

=
0.26

5 & 10" 5 ! 5000 = 1 + z (7)

! M = ! 0
M

!
R
R0

" " 3

= ! v = ! 0
v

1
1 + z

=
R
R0

=
!

0.74
0.26

" " 1/ 3

! 0.7

z ! 0.4

(8)

! M

! R
! 5000 (9)

! 0
R = 5 & 10" 5! 0

c ! 0
M = ! 0

DM + ! 0
B = 0 .26! 0

c ! 0
vac = 0 .74! 0

c (10)

P(t) '
1

R(t)
n(t) '

1
R3(t)

(11)

1

c4)/N?%)*/:"#$/)"0+$+:"

T$/:",#+"$&/)8$+:"#6&8:5&0#$::#0$/:",#)"*#)==#A4)/N0#
8:56+"&#+"$:#5&0:"0#)"*#6)/7:"02

@:/#6)/7:"0F#6)/7:"0#)"*#)"$+?6)/7:"0#)""+%+=)$&#)"*#
:"=7#/&5)+"0#$%&#*+;;&/&"8&#:;#6)/7:"0#)"*#)"$+?6)/7:"02#

P$#(/&0&"$#-"+.&/0&#:"=7#/&5)+"0#6)/7:"0

L>^#)"$+?6)/:"0#)/:4"*#40M2#

3%)$#5&)"0#6)/7:"0#)/&#5:/&#$%)"#)"$+?6)/7:"02#

3%&#5&$%:*#$:#,&"&/)$&#5:/&#6)/7:"0#$%)"#)"$+?6)/7:"0#
+0#8)==&*#6)/7:,&"&0+02#

! B =
nB

n!
! 6 " 10! 9

(1)

Y #
n
s

= constant g" S = g" (2)

s(T)R3 = constant T $ g! 1/ 3
" R! 1 (3)

1012 sec% 1 eV EA , EB & mX (4)

µA + µB = µC + µD (5)

5 " 10! 9 " B = mN NB ! 938 MeV" 5 " 10! 9n! n! = 421 cm! 3 ! B ! 0.04
(6)

p + p + n + n ' 4He p + n ' D + # D + D ' He3 + n D + D '
(7)

(1H) ( 4He) D, T
n
np

% 10! 5 7Li
n
np

% 10! 10
(8)

T" = 1 .945 K " (T) =
$2

30
" 2 " T 4 +

7
8

"
$2

30
" 3 " 2T 4

" =
3.363

2
" ! (9)

T ! me s =
$2

45
g" ST 3

g" S,before T 3 = g" S,af ter T 3
!

g" S,before = 2 +
7
8

" 4 g" S,af ter = 2

T!

T"
=

!
11
4

" 1/ 3

= 1 .401

(10)

T ! (M P G2
F )! 1/ 3 ! 1 MeV (11)

1 MeV = 1 .1605" 1010 K " ! G2
F E 2 % G2

F T 5

H =

#
$2

90
g1/ 2

"
T 2

M P

(12)

H 2 =
8$G

3
" $ g" T 4

$
úR

R

%2

=
1

4t2

t = 0 .301g! 1/ 2
"

M P

T 2 %
!

T
MeV

" ! 2
(13)

1

32



P$#$&5(&/)$4/&#

!"#$%&#-"+.&/0&F#(%:$:"0F#&=&8$/:"0F#(:0+$/:"0F#)"*#"&4$/+":0#

)/&#/&=)$+.+0$+8F#)"*#05)==#"456&/#:;#":"?/&=)$+.+0$+8#6)/7:"0#

L(/:$:"0#)"*#"&4$/:"0M#/&5)+"02#3%&7#)/&#+"#$%&#$%&/5)=#&A4+=+6/+45#
67#G&)N#+"$&/)8$+:"02

T ! 1 MeV (1)

n ! R! 3 g" =
!

bosons

gi +
7
8

!

fermions

gi (2)

! coll " H log ! X g" = 102.75 g" = 96.75 (3)

A + B # A + B A + B # C + D log
" m

T

#
(4)

T $ 1 eV T $ 1 MeV (5)

(r 1, 0, 0) (r 1, 0, " ) (6)

l =
$

ds =
$

R(t1)r 1d" = R1r1" " =
l

R1r1
dA = R1r1 (7)

H0dL = z +
1
2

(1 %q0)z2 + á á á zeq & 3200 (380, 000 years) (8)

úR2 = H 2
0 R2

0

%
!

i

" i 0

&
R
R0

' ! 1! 3!

%(" 0 %1)

(

(9)

k = ( " 0 %1)R2
0H 2

0 H 2 =

)
úR

R

* 2

=
8#G

3

!

i

! i %(" 0 %1)
R2

0H 2
0

R2
(10)

H 2 &
8#G

3
! " %1 =

k
H 2R2 !

1
! R2 ! R R2 (11)

2
úR

R
+ H 2 +

k
R2 = %8#Gp

ú! + 3 H (! + p) = 0 p = p(! ) " i '
! i

! c
" =

!

i

" i =

+
i ! i

! c

(12)

r1 =
2" 0z + (2 " 0 %4)(

(
" 0z + 1 %1)

H0R0" 0(1 + z)
(13)

h = 0 .702± 0.024
$#

$
' 1 + z $# (14)

1

T::"#$%&#"&4$/+":0#)/&#*&8:4(=&*#;/:5#$%&#$%&/5)=#(=)05)2

!"$&/)8$+:"#/)$&#

1 MeV = 1 .1605! 1010 K (1)

H 2 =
8! G

3
" " g! T 4

!
úR

R

" 2

=
1

4t2

t = 0 .301g" 1/ 2
!

M P

T 2 #
#

T
MeV

$ " 2
(2)

s =
4
3

"
T

s =
2! 2

45
g! sT 3

g! S =
%

bosons

gi

#
Ti

T

$ 3

+
7
8

%

fermions

gi

#
Ti

T

$ 3 (3)

s(T) =
" (T) + p(T)

T
(4)

s(T)R3 = constant d(s(T)V ) =
d(" (T )V ) + p(T)dV)

T
(5)

g! = 4 + 8 ! 2 + 2 + 2 ! 2 + 2 +
7
8

(72 + 12 + 6) = 106 .75 (6)

! ! ,0 $ 5 ! 10" 5 (7)

T! ,0 = 2 .725K " ! ,0 = aB T 4
! ,0 = 4 .64! 10" 34 g cm" 3

aB =
8! 5k4

B

15h3c3 = 7 .5657! 10" 15 erg cm" 3 deg" 4
(8)

T ! 1 MeV (9)

n " R" 3 g! =
%

bosons

gi +
7
8

%

fermions

gi (10)

" coll % H log" X g! = 102.75 g! = 96.75 (11)

A + B & A + B A + B & C + D log
&m

T

'
(12)

T # 1 eV T # 1 MeV (13)

(r 1, 0, 0) (r 1, 0, #) (14)

l =
(

ds =
(

R(t1)r 1d# = R1r1# #=
l

R1r1
dA = R1r1 (15)

1

K'()"0+:"#/)$&#1 MeV = 1 .1605! 1010 K ! " G2
F E 2 # G2

F T 5

H =

!
! 2

90
g1/ 2

!
T 2

M P

(1)

H 2 =
8! G

3
" $ g! T 4

"
úR

R

# 2

=
1

4t2

t = 0 .301g" 1/ 2
!

M P

T 2 #
$

T
MeV

%" 2
(2)

s =
4
3

"
T

s =
2! 2

45
g! sT 3

g! S =
&

bosons

gi

$
Ti

T

%3

+
7
8

&

fermions

gi

$
Ti

T

%3 (3)

s(T) =
" (T) + p(T)

T
(4)

s(T)R3 = constant d(s(T)V ) =
d(" (T )V ) + p(T)dV)

T
(5)

g! = 4 + 8 ! 2 + 2 + 2 ! 2 + 2 +
7
8

(72 + 12 + 6) = 106 .75 (6)

" ! ,0 " 5 ! 10" 5 (7)

T! ,0 = 2 .725K " ! ,0 = aB T 4
! ,0 = 4 .64! 10" 34 g cm" 3

aB =
8! 5k4

B

15h3c3 = 7 .5657! 10" 15 erg cm" 3 deg" 4
(8)

T ! 1 MeV (9)

n $ R" 3 g! =
&

bosons

gi +
7
8

&

fermions

gi (10)

! coll % H log" X g! = 102.75 g! = 96.75 (11)

A + B & A + B A + B & C + D log
' m

T

(
(12)

T # 1 eV T # 1 MeV (13)

(r 1, 0, 0) (r 1, 0, #) (14)

1

J:$%#6&8:5&0#0+5+=)/#)$

T ! (M P G2
F )! 1/ 3 ! 1 MeV (1)

1 MeV = 1 .1605" 1010 K ! ! G2
F E 2 # G2

F T 5

H =

!
! 2

90
g1/ 2

"
T 2

M P

(2)

H 2 =
8! G

3
" $ g" T 4

"
úR

R

# 2

=
1

4t2

t = 0 .301g! 1/ 2
"

M P

T 2 #
$

T
MeV

%! 2
(3)

s =
4
3

"
T

s =
2! 2

45
g" sT 3

g" S =
&

bosons

gi

$
Ti

T

%3

+
7
8

&

fermions

gi

$
Ti

T

%3 (4)

s(T) =
" (T) + p(T)

T
(5)

s(T)R3 = constant d(s(T)V ) =
d(" (T )V ) + p(T)dV)

T
(6)

g" = 4 + 8 " 2 + 2 + 2 " 2 + 2 +
7
8

(72 + 12 + 6) = 106 .75 (7)

" ! ,0 ! 5 " 10! 5 (8)

T! ,0 = 2 .725K " ! ,0 = aB T 4
! ,0 = 4 .64" 10! 34 g cm! 3

aB =
8! 5k4

B

15h3c3 = 7 .5657" 10! 15 erg cm! 3 deg! 4
(9)

T ! 1 MeV (10)

n $ R! 3 g" =
&

bosons

gi +
7
8

&

fermions

gi (11)

! coll % H log" X g" = 102.75 g" = 96.75 (12)

A + B & A + B A + B & C + D log
' m

T

(
(13)

1

:/#$d1#0&82

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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3. Warm Dark Matter

Besides hot and cold dark matter, the early uni-
verse can also provide warm dark matter (WDM) can-
didates whose velocity dispersion lies between that of
hot and CDM. The presence of WDM reduces the
power at small scales due to larger free-streaming
length compared to that of a CDM (Bode et al., 2001;
Sommer-Larsen and Dolgov, 2001).

The origin of WDM can be found within ster-
ile states. For instance, the see-saw mechanism
for the active neutrino masses from the SM singlet
states (Gell-Mann and Slansky, 1980; Minkowski, 1977;
Mohapatra and Senjanovic, 1981; Yanagida, 1979) would
naturally generate masses to the activem(! 1,2,3) !
y2"H #2/M N , and sterile neutrinos m(! a) ! M N (a > 3)
in Eq. (152), if we take i, j = 1 , á á án + 3. The typi-
cal mixing angles in this case are:" ai ! y2

ai "H #2/M 2
N .

In order to explain the neutrino masses from atmo-
spheric and solar neutrino data,n = 2 is su! cient, how-
ever for pulsar kicks (Kusenko, 2006; Kusenko and Segre,
1996, 1999), supernovae explosion (Fryer and Kusenko,
2006; Hidaka and Fuller, 2006, 2007), as well as sterile
neutrino as a dark matter candidate (Abazajian et al.,
2001; Asakaet al., 2005; Dodelson and Widrow, 1994;
Dolgov and Hansen, 2002; Petraki and Kusenko, 2008;
Shi and Fuller, 1999), we require at leastn = 3, so in
total 6 sterile Majorana states, for a review on all these
e" ects, see (Kusenko, 2009). The presence of such extra
sterile neutrinos is also supported by ø! µ $ ø! e oscillations
observed at LSND (Aguilar et al., 2001), and the recent
results by MiniBoone (Aguilar-Arevalo et al., 2010).

A sterile neutrino with a KeV mass can be an ideal
WDM candidate which can be produced in the early
universe by oscillation/conversion of thermal active neu-
trinos, with a momentum distribution signiÞcantly sup-
pressed from a thermal spectrum (Abazajianet al., 2001;
Dodelson and Widrow, 1994). A typical free-streaming
scale is given by, see (Abazajian and Koushiappas, 2006)

#F S % 840 Kpc h! 1
!

1 KeV
ms

" !
< p/T >

3.15

"
, (191)

wherems is the mass of the sterile ßavor eigenstate, 0.9 &
"p/T #/ 3.15 & 1 is the mean momentum over tempera-
ture of the neutrino distribution and ranges from 1 (for a
thermal) to ! 0.9 (for a non-thermal) distribution. Very
stringent bounds on the mass of WDM particles have
been obtained by di" erent groups. Typically, the bounds
range from ms & 10 ' 20 KeV (95 % CL) (mW DM &
2 ' 4 KeV), see (Kusenko, 2009). It is quite plausible to
imagine a mixed dark matter scenario, where more than
one species contributed to the total dark matter abun-
dance. If there is a fraction of sterile neutrinos or WDM,
then the above bounds can even be relaxed.

B. WIMP production

1. Thermal relics

At early times it is assumed that the dark matter parti-
cle, denoted byX is in chemical and kinetic equilibrium,
i.e. in local thermodynamic equilibrium. The dark mat-
ter will be in equilibrium as long as reactions can keep
X in chemical equilibrium and the reaction rate can pro-
ceed rapidly enough as compared to the expansion rate
of the universe, H (t). When the reaction rate becomes
smaller than the expansion rate, then the particleX can
no longer be in its equilibrium, and thereafter its abun-
dance with respect to the entropy density becomes con-
stant. When this occurs the dark matter particle is said
to be Òfrozen out.Ó

The equilibrium abundance of X relative to the en-
tropy density depends upon the ratio of the mass of
the particle to the temperature. Let us deÞne the vari-
able Y ( nX /s , where nX is the number density of
X with mass mX , and s = 2 $2g" T 3/ 45 is the en-
tropy density, where g" counts the number of relativistic
d.o.f. The equilibrium value of Y , YEQ ) exp(' x) for
x = mX /T * 1, while YEQ ! constant for x + 1.

The precise value ofYEQ can be computed exactly
by solving the Boltzmann equation (Kolb and Turner,
1988):

únX + 3 Hn X = '" %v#(n2
X ' (neq

X )2) , (192)

where dot denotes time derivative,%is the total annihila-
tion cross section,v is the velocity, bracket denotes ther-
mally averaged quantities, andneq is the number density
of X in thermal equilibrium:

neq = g (mT / 2$)3/ 2 e! m X /T , (193)

where T is the temperature. In terms of Y = nX /s and
x = mX /T , and using the conservation of entropy per
comoving volume (sa3 = constant), we rewrite Eq. (192)
as:

dY
dx

= '
"%v#s
Hx

#
Y 2 ' (Y eq)2$

. (194)

In the case of heavyX , the cross section can be expanded
with respect to the velocity in powers of v2, "%v# = a +
b"v2#+ O("v4#) + ... % a + 6 b/x , where x = mX /T and
a, b are expressed in GeV! 2. Typically a ,= 0 for s-wave
annihilation, and a = 0 for p-wave annihilation. We
can rewrite Eq. (194) in terms of a new variable: # =
Y ' Y eq,

# # = ' Y eq# ' f (x)# (2Y eq + # ) , (195)

where prime denotesd/dx , and

f (x) =
$g"

45
mX M P(a + 6 b/x )x! 2 . (196)
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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3. Warm Dark Matter

Besides hot and cold dark matter, the early uni-
verse can also provide warm dark matter (WDM) can-
didates whose velocity dispersion lies between that of
hot and CDM. The presence of WDM reduces the
power at small scales due to larger free-streaming
length compared to that of a CDM (Bode et al., 2001;
Sommer-Larsen and Dolgov, 2001).

The origin of WDM can be found within ster-
ile states. For instance, the see-saw mechanism
for the active neutrino masses from the SM singlet
states (Gell-Mann and Slansky, 1980; Minkowski, 1977;
Mohapatra and Senjanovic, 1981; Yanagida, 1979) would
naturally generate masses to the activem(! 1,2,3) !
y2"H #2/M N , and sterile neutrinos m(! a) ! M N (a > 3)
in Eq. (152), if we take i, j = 1 , á á án + 3. The typi-
cal mixing angles in this case are:" ai ! y2

ai "H #2/M 2
N .

In order to explain the neutrino masses from atmo-
spheric and solar neutrino data,n = 2 is su! cient, how-
ever for pulsar kicks (Kusenko, 2006; Kusenko and Segre,
1996, 1999), supernovae explosion (Fryer and Kusenko,
2006; Hidaka and Fuller, 2006, 2007), as well as sterile
neutrino as a dark matter candidate (Abazajian et al.,
2001; Asakaet al., 2005; Dodelson and Widrow, 1994;
Dolgov and Hansen, 2002; Petraki and Kusenko, 2008;
Shi and Fuller, 1999), we require at leastn = 3, so in
total 6 sterile Majorana states, for a review on all these
e" ects, see (Kusenko, 2009). The presence of such extra
sterile neutrinos is also supported by ø! µ $ ø! e oscillations
observed at LSND (Aguilar et al., 2001), and the recent
results by MiniBoone (Aguilar-Arevalo et al., 2010).

A sterile neutrino with a KeV mass can be an ideal
WDM candidate which can be produced in the early
universe by oscillation/conversion of thermal active neu-
trinos, with a momentum distribution signiÞcantly sup-
pressed from a thermal spectrum (Abazajianet al., 2001;
Dodelson and Widrow, 1994). A typical free-streaming
scale is given by, see (Abazajian and Koushiappas, 2006)

#F S % 840 Kpc h! 1
!

1 KeV
ms

" !
< p/T >

3.15

"
, (191)

wherems is the mass of the sterile ßavor eigenstate, 0.9 &
"p/T #/ 3.15 & 1 is the mean momentum over tempera-
ture of the neutrino distribution and ranges from 1 (for a
thermal) to ! 0.9 (for a non-thermal) distribution. Very
stringent bounds on the mass of WDM particles have
been obtained by di" erent groups. Typically, the bounds
range from ms & 10 ' 20 KeV (95 % CL) (mW DM &
2 ' 4 KeV), see (Kusenko, 2009). It is quite plausible to
imagine a mixed dark matter scenario, where more than
one species contributed to the total dark matter abun-
dance. If there is a fraction of sterile neutrinos or WDM,
then the above bounds can even be relaxed.

B. WIMP production

1. Thermal relics

At early times it is assumed that the dark matter parti-
cle, denoted byX is in chemical and kinetic equilibrium,
i.e. in local thermodynamic equilibrium. The dark mat-
ter will be in equilibrium as long as reactions can keep
X in chemical equilibrium and the reaction rate can pro-
ceed rapidly enough as compared to the expansion rate
of the universe, H (t). When the reaction rate becomes
smaller than the expansion rate, then the particleX can
no longer be in its equilibrium, and thereafter its abun-
dance with respect to the entropy density becomes con-
stant. When this occurs the dark matter particle is said
to be Òfrozen out.Ó

The equilibrium abundance of X relative to the en-
tropy density depends upon the ratio of the mass of
the particle to the temperature. Let us deÞne the vari-
able Y ( nX /s , where nX is the number density of
X with mass mX , and s = 2 $2g" T 3/ 45 is the en-
tropy density, where g" counts the number of relativistic
d.o.f. The equilibrium value of Y , YEQ ) exp(' x) for
x = mX /T * 1, while YEQ ! constant for x + 1.

The precise value ofYEQ can be computed exactly
by solving the Boltzmann equation (Kolb and Turner,
1988):

únX + 3 Hn X = '" %v#(n2
X ' (neq

X )2) , (192)

where dot denotes time derivative,%is the total annihila-
tion cross section,v is the velocity, bracket denotes ther-
mally averaged quantities, andneq is the number density
of X in thermal equilibrium:

neq = g (mT / 2$)3/ 2 e! m X /T , (193)

where T is the temperature. In terms of Y = nX /s and
x = mX /T , and using the conservation of entropy per
comoving volume (sa3 = constant), we rewrite Eq. (192)
as:

dY
dx

= '
"%v#s
Hx

#
Y 2 ' (Y eq)2$

. (194)

In the case of heavyX , the cross section can be expanded
with respect to the velocity in powers of v2, "%v# = a +
b"v2#+ O("v4#) + ... % a + 6 b/x , where x = mX /T and
a, b are expressed in GeV! 2. Typically a ,= 0 for s-wave
annihilation, and a = 0 for p-wave annihilation. We
can rewrite Eq. (194) in terms of a new variable: # =
Y ' Y eq,

# # = ' Y eq# ' f (x)# (2Y eq + # ) , (195)

where prime denotesd/dx , and

f (x) =
$g"

45
mX M P(a + 6 b/x )x! 2 . (196)
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