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• Around 40 % of the relativistic energy in the early Universe

• Weak interaction with Nuclei

• Non-zero mass of neutrinos

Neutrinos in Cosmology

:	Affect	the	expansion	of	the	Universe

:	Decoupling	of	neutrino	and	affect	the	BBN

:	CMB	anisotropies,	CMB	lensing	and	the	Large	Scale	Structure

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Basic of neutrinos



Fundamental	particles	

in	the	Standard	Model

Higgs



Neutrinos	around	us	:	

Natural	radioactivity

Cosmic	rays	from	outside	of	Earth	

Solar	neutrinos

Reactors	produce	neutrinos

Cosmic	neutrino	background	

Supernova,	gamma-ray	burst,	active	galactic	nuclei

GZK	neutrinos

etc



Solar	neutrinos



Atmospheric	neutrinos

Muon	decay



RENO Experimental Setup 

Far Detector 

Near Detector 

(120"m.w.e.)"

(450"m.w.e.)"

Total"
16.8"GWth"

Reactor	neutrinos



Weak	interactions	of	three	flavour	neutrinos

Charged	current

Neutral	current



Neutrino	oscillations

interaction	eigenstates mass	eigenstates

Interaction	eigenstates	are	different	from	the	mass	eigenstates

and	they	are	mixed.

A	flavour	eigenstate	oscillates	during	the	propagation.



pure	electron	

neutrinos	are	

produced

the	number	of

electron	neutrinos

are	reduced

oscillation



Summary	of	neutrino	properties	for	cosmology
I. INTRODUCTION

Neutrino mass parameters [1]

�m2
� = (7.58+0.22

�0.26)⇥ 10
�5

eV
2,

|�m2
A| = (2.35+0.12

�0.09)⇥ 10
�3.

(1)

We define

�m2
ab ⌘ m2

a �m2
b . (2)

Normal hierarchy

m1 < m2 < m3, �m2
A = �m2

31 > 0, �m2
� = �m2

21 > 0,

m2(3) = (m2
1 +�m2

21(31))
1/2.

(3)

For the lightest neutrino mass is massless,

m1 = 0,m2 = 0.00870632,m3 = 0.0484768,
X

m

= 0.057183 (4)

Inverted hierarchy

m3 < m1 < m2, �m2
A = �m2

32 < 0, �m2
� = �m2

21 > 0,

m2 = (m2
3 +�m2

23)
1/2, m1 = (m2

3 +�m2
23 ��m2

21)
1/2.

(5)

For the lightest neutrino mass is massless,

m1 = 0.047688,m2 = 0.0484768,m3 = 0,
X

m

= 0.0961654 (6)

When the sum of neutrino is given we can find the mass spectrum.

Case A :
P

m⌫ = 0.06 eV

NH : m1 = 0.002425, m2 = 0.00904, m3 = 0.0485 ,

IH : not available.

Case B :
P

m⌫ = 0.1 eV

NH : m1 = 0.02247, m2 = 0.024098, m3 = 0.05343 ,

IH : m1 = 0.047822, m2 = 0.048608, m3 = 0.0035699.

Case C :
P

m⌫ = 0.15 eV

NH : m1 = 0.0423667, m2 = 0.0432521, m3 = 0.0643812 ,

IH : m1 = 0.0580903, m2 = 0.0587391, m3 = 0.0331705.
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solar	neutrino

atmospheric	neutrino
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Neutrino	total	mass



Standard Cosmology:
Thermal decoupling of neutrinos

• Expansion of the Universe

• Thermal history 

- Big Bang Nucleosynthesis 
- Radiation-Matter equality
- Photon decoupling : Cosmic Microwave Background
- Structure formation

- Neutrino decoupling, electron-positron annihilation



Redshift (z) 

gµν
λ1

λ0
=

R(t1)

R(t0)
≡ 1 + z (1)

k > 0, Ω > 1 k = 0, Ω = 1 k < 0, Ω < 1 (2)

k

R2H2
=

ρ

3H2/8πG
− 1 ≡ Ω− 1

ρc ≡
3H2

8πG
Ω ≡ ρ

ρc

(3)

q0 =
Ω0

2
q0 = Ω0 q0 = −Ω0 (4)

q0 ≡ − 1

H2
0

R̈(t0)

R(t0)
= Ω0

1 + 3ω

2
(5)

R ∝ t2/3(1+ω) R ∝ t1/2 R ∝ t2/3 R ∝ exp(Ht) (6)

H2 +
k

R2
=

8πG

3
ρ (7)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(8)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(9)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (10)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(11)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(12)

1

The spectroscopy gives direct measurement of redshift and also the scale 
factor when it is was emitted.

The wavelength of light is redshifted due to the expansion

Therefore redshift can denote the distance to the object or the time 
when the light was emitted interchangeably.

z=0 denotes the present time and larger z means earlier time or more distant 
objects.



Redshift 



Expanding Universe
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Hot	soup	of	fundamental	particles	in	the	early	Universe



At	temperature	

In	the	Universe,	photons,	electrons,	positrons,	and	neutrinos	

are	relativistic,	and	small	number	of	non-relativistic	baryons	

(protons	and	neutrons)	remains.	They	are	in	the	thermal	equilibrium	
by	weak	interactions.

T ! 1 MeV (1)

n ∝ R−3 g∗ =
∑

bosons

gi +
7

8

∑

fermions

gi (2)

Γcoll " H log ρX g∗ = 102.75 g∗ = 96.75 (3)

A+B ↔ A+B A+B ↔ C +D log
(m

T

)

(4)

T ∼ 1 eV T ∼ 1 MeV (5)

(r1, 0, 0) (r1, 0, θ) (6)

l =

∫

ds =

∫

R(t1)r1dθ = R1r1θ θ =
l

R1r1
dA = R1r1 (7)

H0dL = z +
1

2
(1− q0)z

2 + · · · zeq & 3200 (380, 000 years) (8)

Ṙ2 = H2
0R

2
0

[

∑

i

Ωi0

(

R

R0

)−1−3ω

− (Ω0 − 1)

]

(9)

k = (Ω0 − 1)R2
0H

2
0 H2 =

(

Ṙ

R

)2

=
8πG

3

∑

i

ρi − (Ω0 − 1)
R2

0H
2
0

R2
(10)

H2 & 8πG

3
ρ Ω− 1 =

k

H2R2
∝ 1

ρR2
∝ R R2 (11)
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Ṙ
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+H2 +

k

R2
= −8πGp

ρ̇+ 3H(ρ+ p) = 0 p = p(ρ) Ωi ≡
ρi
ρc

Ω =
∑

i

Ωi =

∑

i ρi
ρc

(12)

r1 =
2Ω0z + (2Ω0 − 4)(

√
Ω0z + 1− 1)

H0R0Ω0(1 + z)
(13)

h = 0.702± 0.024
λ′

λ
≡ 1 + z λ′ (14)

1

Soon	the	neutrinos	are	decoupled	from	the	thermal	plasma.

Interaction	rate	
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Expansion	rate	1 MeV = 1.1605× 1010K Γ " G2
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

⌦0 � 1 . 0.01 Y� ⇠ 1 T � Mh g⇤ = 10.75 (1)

⇢ =

Z
f(~x,~k, t)E(~k) d3k

p =

Z
f(~x,~k, t)kivi d3k

p =

Z
f(~x,~k, t)ki

k
i

E
d
3
k

(2)

Tµ⌫ =
⇤

8⇡G
gµ⌫ = �⌦K (3)

p =
1

3
⇢ p = 0 p = �⇢ (4)

|~k| � m, |~k| ⌧ m E =

q
m2 + ~k2 E ' m E ' |~k| (5)

T00 = ⇢, T0i = Ti0 = 0, Tij = �ijp gµ⌫u
µ
u
⌫ = +1 (6)

1

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

⌦0 ! 1 ! 0.01 Y! " 1 T # M h g! = 10.75 2 +
7

8
(4 + 3 $ 2)

(1)

! =

!
f ("x, "k, t)E ("k) d3k

p =

!
f ("x, "k, t)ki vi d3k

p =

!
f ("x, "k, t)ki ki

E
d3k

(2)

Tµ" =
⇤

8#G
gµ" = ! ⌦K (3)

p =
1

3
! p = 0 p = ! ! (4)

|"k| # m, |"k| % m E =

"
m2 + "k2 E & m E & |"k| (5)

1

Neutrinos	are	still	relativistic,	after	freeze-out	of	neutrinos,

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

⌦0 � 1 . 0.01 Y� ⇠ 1 T � Mh g⇤ = 10.75 (1)

⇢ =

Z
f(~x,~k, t)E(~k) d3k

p =

Z
f(~x,~k, t)kivi d3k

p =

Z
f(~x,~k, t)ki

k
i

E
d
3
k

(2)

Tµ⌫ =
⇤

8⇡G
gµ⌫ = �⌦K (3)

p =
1

3
⇢ p = 0 p = �⇢ (4)

|~k| � m, |~k| ⌧ m E =

q
m2 + ~k2 E ' m E ' |~k| (5)

T00 = ⇢, T0i = Ti0 = 0, Tij = �ijp gµ⌫u
µ
u
⌫ = +1 (6)

1

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

! = n! v ! G2
F T5 (1)

T = TD

!
RD

R

" 2

" R! 2 µ = m + ( µD # m)
T

TD
(2)

E $ m + Ekin Ekin (t) = Ekin (tD )
R2

D

R2

E(tD ) # µ(tD )
TD

=
Ekin (t)

TD

R2

R2
D

+
m # µ(tD )

TD
=

Ekin (t)
T

+
m # µ(t)

T
=

E(t) # µ(t)
T

(3)

f ("k, t ) = f ("k
R

RD
, tD ) =

1

exp
#

ER
R D TD

$
± 1

=
1

exp(E/T ) ± 1
T = TD

RD

R

(4)

1



After	neutrino	decoupling,	there	are	two	decoupled	systems

with	same	temperature.

neutrinos
photons,	electrons,

positrons,	baryons

In	each	system	the	comoving	entropy	is	conserved.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.
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nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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t(! , " ) =
1 + zl

c
D l Ds

Dls
! F (! , " ), (18)

whereDl , Ds, and Dls are the angular diameter distances
out to a lens galaxy, to a source galaxy, and between
them, respectively, and ! F is the so-called Fermat po-
tential, which depends on the path length of light rays
and gravitational potential of the lens galaxy.

The biggest challenge for this method is to control sys-
tematic errors in our knowledge of! F , which requires a
detailed modeling of mass distribution of the lens. One
can, in principle, minimize this systematic error by Þnd-
ing a lens system where the mass distribution of lens is
relatively simple.

The lens system B1608+656 is not a simple system,
with two lens galaxies and dust extinction; however, it
has one of the most precise time-delay measurements of
quadruple lenses. The lens redshift of this system is rela-
tively large, zl = 0 .6304 (Myers et al. 1995). The source
redshift is zs = 1 .394 (Fassnacht et al. 1996). This sys-
tem has been used to determineH0 to 10% accuracy
(Koopmans et al. 2003).

Suyu et al. (2009) have obtained more data from the
deep HST Advanced Camera for Surveys (ACS) obser-
vations of the asymmetric and spatially extended lensed
images, and constrained the slope of mass distribution of
the lens galaxies. They also obtained ancillary data (for
stellar dynamics and lens environment studies) to con-
trol the systematics, particularly the the so-called Òmass-
sheet degeneracy,Ó which the strong lensing data alone
cannot break. By doing so, they were able to reduce the
error in H0 (including the systematic error) by a factor
of two (Suyu et al. 2010). They Þnd a constraint on the
Òtime-delay distance,ÓD! t , as

D! t ! (1 + zl )
D l Ds

Dls
" 5226± 206 Mpc, (19)

where the number is found from a Gaussian Þt to the
likelihood of D! t

17; however, the actual shape of the
likelihood is slightly non-Gaussian. We thus use:

¥ Likelihood of D! t out to the lens system
B1608+656 given by Suyu et al. (2010),

P(D! t ) =
exp

!
# (ln( x # " ) # µ)2/ (2#2)

"

$
2$(x # " )#

, (20)

where x = D! t / (1 Mpc), " = 4000, µ = 7 .053,
and # = 0 .2282. This likelihood includes system-
atic errors due to the mass-sheet degeneracy, which
dominates the total error budget (see Section 6 of
Suyu et al. 2010, for more details). Note that this
is the only lens system for whichD! t (rather than
H0) has been constrained.18

17 S. H. Suyu 2009, private communication.
18 As the time-delay distance, D ! t , is the angular diam-

eter distance to the lens, D l , multiplied by the distance ra-
tio, D s/D ls , the sensitivity of D ! t to cosmological parameters
is somewhat limited compared to that of D l (Fukugita et al.
1990). On the other hand, if the density proÞle of the lens
galaxy is approximately given by ! ! 1/r 2 , the observed Ein-
stein radius and velocity dispersion of the lens galaxy can b e
used to infer the same distance ratio, D s/D ls , and thus one

3.3. Treating Massive Neutrinos in H (a) Exactly

When we evaluate the likelihood of external astrophys-
ical data sets, we often need to compute the Hubble ex-
pansion rate, H (a). While we treated the e! ect of mas-
sive neutrinos onH (a) approximately for the 5-year anal-
ysis of the external data sets presented in Komatsu et al.
(2009a), we treat it exactly for the 7-year analysis, as de-
scribed below.

The total energy density of massive neutrino species,
%! , is given by (in natural units)

%! (a) = 2
#

d3p
(2$)3

1
ep/T ! (a) + 1

$

i

%
p2 + m2

! ,i , (21)

where m! ,i is the mass of each neutrino species. Using
the comoving momentum, q ! pa, and the present-day
neutrino temperature, T! 0 = (4 / 11)1/ 3Tcmb = 1 .945 K,
we write

%! (a) =
1
a4

#
q2dq
$2

1
eq/T ! 0 + 1

$

i

%
q2 + m2

! ,i a2. (22)

Throughout this paper, we shall assume that all massive
neutrino species have the equal massm! , i.e., m! ,i = m!

for all i .19

When neutrinos are relativistic, one may relate%! to
the photon energy density,%" , as

%! (a) %
7
8

&
4
11

' 4/ 3

Ne" %" (a) " 0.2271Ne" %" (a), (23)

where Ne" is the e! ective number of neutrino species.
Note that Ne" = 3 .04 for the standard neutrino
species.20 This motivates our writing equation (22) as

%! (a) = 0 .2271Ne" %" (a)f (m! a/T ! 0), (24)

where

f (y) !
120
7$4

# !

0
dx

x2
(

x2 + y2

ex + 1
. (25)

The limits of this function are f (y) % 1 for y % 0,
and f (y) % 180#(3)

7$ 4 y for y % & , where &(3) " 1.202 is
the Riemann zeta function. We Þnd that f (y) can be

can use this property to constrain cosmological parameters as
well (Futamase & Yoshida 2001; Yamamoto & Futamase 2001;
Yamamoto et al. 2001; Ohyama et al. 2002; Dobke et al. 2009), u p
to uncertainties in the density proÞle (Chiba & Takahashi 20 02).
By combining measurements of the time-delay, Einstein ring , and
velocity dispersion, one can in principle measure D l directly,
thereby turning strong gravitational lens systems into sta ndard
rulers (ParaÞcz & Hjorth 2009). While the accuracy of the cur rent
data for B1608+656 does not permit us to determine D l precisely
yet (S. H. Suyu and P. J. Marshall 2009, private communicatio n),
there seems to be exciting future prospects for this method. Fu-
ture prospects of the time-delay method are also discussed i n Oguri
(2007); Coe & Moustakas (2009).

19 While the current cosmological data are not yet sensitive
to the mass of individual neutrino species, that is, the mass
hierarchy, this situation may change in the future, with hig h-
z galaxy redshift surveys or weak lensing surveys (Takada et a l.
2006; Slosar 2006; Hannestad & Wong 2007; Kitching et al. 200 8;
Abdalla & Rawlings 2007).

20 A recent estimate gives Ne" = 3 .046 (Mangano et al. 2005).
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Neutrino	energy	density	after	decoupling

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the Þrst time of the history, human has been studying these matters,
to Þnd out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

!
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where M P = G! 1/ 2 is Planck mass

H0 = h (100 km/ sec/ Mpc) = 1 .75! 10! 61hM P , (6)

and

Heq = 5 .25! 106h3! 2
m H0, (7)
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Energy	density	after	electron-positron	annihilation

The	energy	density	of	the	Universe	was	dominated	for	a	long	
while	by	photons,	and	(anti-)neutrinos	with	all	of	them	highly	
relativistic.	The	effective	degrees	of	freedoms	are	given	by

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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In	the	expanding	Universe,	out	of	thermal	equilibrium,

A + B ! øX + X A + B " øX + X (1)

T # m T $ m (2)

log ! log
!

1
T

"
(3)

(z = 0)

(z % 0.4)

(z % 5000)

(4)

!
R
R0

" ! 1

=
! 0

M

! 0
R

=
0.26

5 & 10! 5 % 5000 = 1 + z (5)

! M = ! 0
M

!
R
R0

" ! 3

= ! v = ! 0
v

1
1 + z

=
R
R0

=
!

0.74
0.26

" ! 1/ 3

% 0.7

z % 0.4

(6)

! M

! R
% 5000 (7)

! 0
R = 5 & 10! 5! 0

c ! 0
M = ! 0

DM + ! 0
B = 0 .26! 0

c ! 0
vac = 0 .74! 0

c (8)

P(t) '
1

R(t)
n(t) '

1
R3(t)

(9)

k = +1 k = 0 k = ( 1 (10)

= R(t) & sin! 1 r sinh! 1 r r (11)
# r 1

0

R(t)dr
)

1 ( kr 2
= R(t)

# t

o

dt"

R(t")
= R(t)

# R 0

R 1

dR(t")
úR(t")R(t")

(12)

1

A + B ! øX + X A + B " øX + X (1)

T # m T $ m (2)

log ! log
!

1
T

"
(3)

(z = 0)

(z % 0.4)

(z % 5000)

(4)

!
R
R0

" ! 1

=
! 0

M

! 0
R

=
0.26

5 & 10! 5 % 5000 = 1 + z (5)

! M = ! 0
M

!
R
R0

" ! 3

= ! v = ! 0
v

1
1 + z

=
R
R0

=
!

0.74
0.26

" ! 1/ 3

% 0.7

z % 0.4

(6)

! M

! R
% 5000 (7)

! 0
R = 5 & 10! 5! 0

c ! 0
M = ! 0

DM + ! 0
B = 0 .26! 0

c ! 0
vac = 0 .74! 0

c (8)

P(t) '
1

R(t)
n(t) '

1
R3(t)

(9)

k = +1 k = 0 k = ( 1 (10)

= R(t) & sin! 1 r sinh! 1 r r (11)
# r 1

0

R(t)dr
)

1 ( kr 2
= R(t)

# t

o

dt"

R(t")
= R(t)

# R 0

R 1

dR(t")
úR(t")R(t")

(12)

1

31

3. Warm Dark Matter

Besides hot and cold dark matter, the early uni-
verse can also provide warm dark matter (WDM) can-
didates whose velocity dispersion lies between that of
hot and CDM. The presence of WDM reduces the
power at small scales due to larger free-streaming
length compared to that of a CDM (Bode et al., 2001;
Sommer-Larsen and Dolgov, 2001).

The origin of WDM can be found within ster-
ile states. For instance, the see-saw mechanism
for the active neutrino masses from the SM singlet
states (Gell-Mann and Slansky, 1980; Minkowski, 1977;
Mohapatra and Senjanovic, 1981; Yanagida, 1979) would
naturally generate masses to the activem(! 1,2,3) !
y2"H #2/M N , and sterile neutrinos m(! a) ! M N (a > 3)
in Eq. (152), if we take i, j = 1 , á á án + 3. The typi-
cal mixing angles in this case are:" ai ! y2

ai "H #2/M 2
N .

In order to explain the neutrino masses from atmo-
spheric and solar neutrino data,n = 2 is su! cient, how-
ever for pulsar kicks (Kusenko, 2006; Kusenko and Segre,
1996, 1999), supernovae explosion (Fryer and Kusenko,
2006; Hidaka and Fuller, 2006, 2007), as well as sterile
neutrino as a dark matter candidate (Abazajian et al.,
2001; Asakaet al., 2005; Dodelson and Widrow, 1994;
Dolgov and Hansen, 2002; Petraki and Kusenko, 2008;
Shi and Fuller, 1999), we require at leastn = 3, so in
total 6 sterile Majorana states, for a review on all these
e" ects, see (Kusenko, 2009). The presence of such extra
sterile neutrinos is also supported by ø! µ $ ø! e oscillations
observed at LSND (Aguilar et al., 2001), and the recent
results by MiniBoone (Aguilar-Arevalo et al., 2010).

A sterile neutrino with a KeV mass can be an ideal
WDM candidate which can be produced in the early
universe by oscillation/conversion of thermal active neu-
trinos, with a momentum distribution signiÞcantly sup-
pressed from a thermal spectrum (Abazajianet al., 2001;
Dodelson and Widrow, 1994). A typical free-streaming
scale is given by, see (Abazajian and Koushiappas, 2006)

#F S % 840 Kpc h! 1
!

1 KeV
ms

" !
< p/T >

3.15

"
, (191)

wherems is the mass of the sterile ßavor eigenstate, 0.9 &
"p/T #/ 3.15 & 1 is the mean momentum over tempera-
ture of the neutrino distribution and ranges from 1 (for a
thermal) to ! 0.9 (for a non-thermal) distribution. Very
stringent bounds on the mass of WDM particles have
been obtained by di" erent groups. Typically, the bounds
range from ms & 10 ' 20 KeV (95 % CL) (mW DM &
2 ' 4 KeV), see (Kusenko, 2009). It is quite plausible to
imagine a mixed dark matter scenario, where more than
one species contributed to the total dark matter abun-
dance. If there is a fraction of sterile neutrinos or WDM,
then the above bounds can even be relaxed.

B. WIMP production

1. Thermal relics

At early times it is assumed that the dark matter parti-
cle, denoted byX is in chemical and kinetic equilibrium,
i.e. in local thermodynamic equilibrium. The dark mat-
ter will be in equilibrium as long as reactions can keep
X in chemical equilibrium and the reaction rate can pro-
ceed rapidly enough as compared to the expansion rate
of the universe, H (t). When the reaction rate becomes
smaller than the expansion rate, then the particleX can
no longer be in its equilibrium, and thereafter its abun-
dance with respect to the entropy density becomes con-
stant. When this occurs the dark matter particle is said
to be Òfrozen out.Ó

The equilibrium abundance of X relative to the en-
tropy density depends upon the ratio of the mass of
the particle to the temperature. Let us deÞne the vari-
able Y ( nX /s , where nX is the number density of
X with mass mX , and s = 2 $2g" T 3/ 45 is the en-
tropy density, where g" counts the number of relativistic
d.o.f. The equilibrium value of Y , YEQ ) exp(' x) for
x = mX /T * 1, while YEQ ! constant for x + 1.

The precise value ofYEQ can be computed exactly
by solving the Boltzmann equation (Kolb and Turner,
1988):

únX + 3 Hn X = '" %v#(n2
X ' (neq

X )2) , (192)

where dot denotes time derivative,%is the total annihila-
tion cross section,v is the velocity, bracket denotes ther-
mally averaged quantities, andneq is the number density
of X in thermal equilibrium:

neq = g (mT / 2$)3/ 2 e! m X /T , (193)

where T is the temperature. In terms of Y = nX /s and
x = mX /T , and using the conservation of entropy per
comoving volume (sa3 = constant), we rewrite Eq. (192)
as:

dY
dx

= '
"%v#s
Hx

#
Y 2 ' (Y eq)2$

. (194)

In the case of heavyX , the cross section can be expanded
with respect to the velocity in powers of v2, "%v# = a +
b"v2#+ O("v4#) + ... % a + 6 b/x , where x = mX /T and
a, b are expressed in GeV! 2. Typically a ,= 0 for s-wave
annihilation, and a = 0 for p-wave annihilation. We
can rewrite Eq. (194) in terms of a new variable: # =
Y ' Y eq,

# # = ' Y eq# ' f (x)# (2Y eq + # ) , (195)

where prime denotesd/dx , and

f (x) =
$g"

45
mX M P(a + 6 b/x )x! 2 . (196)
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Neutrinos	are	decoupled	below	this	temperature	slightly	larger	
than	the	electron	mass.	The	massless	neutrinos	then	began	a	
free	expansion	with	number	density	decreasing					and	keeping	
the	distribution	function.
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At	decoupling	time	

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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,	with	temperature	

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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the	phase	space	distribution	function	is

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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After	decoupling,

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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for	massless	particles,

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

f (!k, t ) = f (!k
R

RD
, tD ) =

1

exp
!

ER
R D TD

"
± 1

=
1

exp(E/T ) ± 1

(1)

f (!k, tD ) =
1

exp(E/T D ) ± 1
E(t) = E(tD )

R(tD )
R(t)

|!k|(t) = |!k|(tD )
R(tD )
R(t)

(2)

T ! R! 1 TD tD (3)

N = nR3 = const. Y "
n
s

= const. (4)

s = 1 .80g" Sn! s = 7 .04n! T ! g! 1/ 3
" S R! 1 (5)

1

the	temperature	of	the	massless	particles	already	decoupled	can	be	
identified	as	

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
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nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
Þnally forms the structures such as galaxy, clusters of galaxies etc.
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Neutrino	energy	density	in	the	early	Universe
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Neutrino relic density at present

For non-relativistic neutrino,
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2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the Þrst time of the history, human has been studying these matters,
to Þnd out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the Þrst time of the history, human has been studying these matters,
to Þnd out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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1.2 The E ! ective Number of Neutrino Species, Ne!

Relic primordial neutrinos leave a distinct signature in the CMB. Assuming that all entropy produced by
electron-position annihilation is transferred to photons, it can be shown, by considering the available degrees
of freedom, that the temperature of the photon gas is a factor of (11/ 4)1/ 3 higher than the temperature of
the neutrino gas. The total cosmological number density of neutrinos (and antineutrinos) is given by

n! = Ne!

!
3
4

" !
4
11

"
n" , (1)

wheren" is the density of the CMB photons, Ne! is the e! ective number of neutrino species in the universe,
and the factor of 3/4 comes from the di! erence between Fermi-Dirac and Bose-Einstein statistics. The
relativistic energy density in the early universe including neutrinos is given by

! R =

#

1 + Ne!
7
8

!
4
11

" 4/ 3
$

! " , (2)

where the factor 7/ 8 accounts for the fact that neutrinos are fermions.

Ne! , as deÞned above, would be exactly equal to three if neutrinos instantaneously decoupled from the
primordial plasma. However, Ne! di! ers from the integer three, due to known properties of neutrinos in
the early universe. First, accurate calculations show that neutrinos are still interacting with the primordial
plasma when the process of electron-positron annihilation begins. Second, the energy dependence of neutrino
interactions causes the high-temperature tail of the Fermi-Dirac distribution to interact more strongly, leading
to an energy-dependent distortion in the energy spectrum of neutrino gas. These e! ects conspire to raise
Ne! to Ne! = 3 .046 [23]. Once the decoupling has completed, the relativistic neutrino gas redshifts while
keeping its distorted energy spectrum shape1. Therefore, in the absence of non-gravitational interactions,
the relativistic neutrino gas can be described by the modiÞed e! ective number of neutrino species,Ne! . A
high-conÞdence level determination of a neutrino energy density consistent with 3.046 away from the integer
value would be a striking conÞrmation of standard cosmology, its thermal history, and convincingly show
that the measured energy density is composed of Standard Model neutrinos.

Beyond Standard Model physics can also changeNe! . A particular example are additional ÒsterileÓ neutrino
ßavors, but in general any relativistic degrees of freedom that interact solely gravitationally (also dubbed
dark radiation ) will raise Ne! . A high-conÞdence deviation from the standard value ofNe! = 3 .046 would
be a strong indication of new neutrino physics, new particles, or an invalidity in the theoretical assumptions
going into the standard cosmological theory.

The number of neutrino species primarily a! ects the CMB by altering the photon di! usion (Silk damping)
scale,r d, relative to the sound horizon, r s. The sound horizon sets the location of the acoustic peaks while
photon di! usion suppresses power at small angular scales. CMB measurements are sensitive to both as
angles projected over the distance to last scattering:" s = r s/D A and "d = r d/D A . Sensitivity of these
observables to the number of neutrino species comes from how the energy density of the neutrinos increases
the expansion rate. The sound horizon scales as 1/H , while the di! usion scale, resulting from a stochastic
process, scales instead as

%
1/H . Thus, the CMB can measure the expansion rate in the early universe, and

therefore the relativistic energy density, by measuring the ratio"d/ " s = rd/r s !
"

H (see [25] and references
therein).

1Note that in the case of massive neutrinos, the spectrum will be altered when the neutrinos start becoming nonrelativistic and
the evolution must be calculated with general relativistic kinetic theory [24], which is handled properly by modern Boltzmann
solvers.
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Due to this e! ect one can infer Ne! = 3 .36 ± 0.34 [1] from the combination of temperature data from
Planck, WMAP polarization data [26], and high- ! CMB measurements (South Pole Telescope (SPT) [27]
and Atacama Cosmology Telescope (ACT) [7]). LSS measurements improve these constraints by breaking
degeneracies with other cosmological parameters. In¤2, we will give the constraints from combining future
CMB and LSS measurements.

1.3 The Sum of the Neutrino Masses,
!

m!

The physical e! ects of massive neutrinos on the CMB and LSS have been studied for nearly two decades
(e.g., [28]). When the detailed e! ects of the di! erent components of matter in the universe on linear LSS
were Þrst precisely calculated (e.g., [29]), it became clear that the impact of massive neutrinos on LSS was
quite large, making LSS a sensitive probe of massive neutrinos [30]. The physical e! ect of massive neutrinos
on LSS is determined by the fact that massive neutrinos behave as radiation-like particles in the early
universe, and as matter-like particles in the late universe [31, 32, 3]. Since the number density of neutrinos
is comparable to that of photons (Eq. 1), they will contribute considerably to the relativistic energy density
when their energies are relativistic. If the neutrinos are to a! ect matter clustering in a nontrivial amount,
then they must have contributed a nontrivial amount to the total matter density. Because of the neutrinosÕ
high cosmological number density, a small neutrino mass lets them contribute to the critical density as

" ! h2 !
!

m!

93 eV
. (3)

Therefore, even the minimum summed neutrino mass of 58 meV contributes to a matter fractionf ! " " ! / " m

of about 0.4%.

In broad terms, the neutrinos cool down by the expansion of the universe and transition from being ultra-
relativistic gas behaving as radiation to being cold gas behaving as dark matter at a redshift around
znr # 2000m! / 1eV. Before they are non-relativistic, they free-stream out of over-dense regions, erasing the
structure on small scales. This free-streaming establishes a preferred scale, which very roughly corresponds
to the horizon scale at time of transition to the non-relativistic matter. In models with massive neutrinos,
power appears suppressed on scales smaller than the free-streaming scale when normalizing the matter
power spectrum at large scales. This scale numerically turns out to be close to the peak in the matter power
spectrum, a feature produced because of the transition from cosmological radiation to matter domination
when perturbations cross the cosmological horizon. This e! ect is shown in Figure 1. Measurements of this
feature in cosmological LSS can be made in two ways: Þrst through the overall change in shape of the power
spectrum, or second in a relative amplitude measurement, where for example the CMB precisely measures
the amplitude at large scales and a LSS probe gives a measure at small scales.

Among the most stringent current combined CMB plus LSS cosmological constraints on
!

m! result from
the combination of Planck CMB data, WMAP 9-year CMB polarization data [26], and a measure of baryon
acoustic oscillations (BAO) from the Baryon Oscillation Spectroscopic Survey (BOSS) [33], Sloan Digital Sky
Survey (SDSS), Wigglez LSS data, and the 6dF galaxy redshift survey. As reported in [1], these combined
probes produce an upper limit

!
m! < 0.23 eV(95% C.L.). A more aggressive use of galaxy clustering into

smaller scales and the nonlinear clustering regime can lead to more stringent constraints (e.g., [34, 35]).

Sensitivity to e! ects of neutrinos on cosmological gravitational perturbation evolution and the matter power
spectrum are measured in several ways:

Probing
!

m! with CMB temperature and polarization Ñ The CMB constrains the neutrino mass
through its e! ect on structure growth in two primary ways: 1) the early Integrated Sachs Wolfe (ISW) e! ect,
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