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Perturbed world model

 Everything we can observed in the universe are gravitationally collapsed
and bounded objects — planets, stars, galaxies, clusters of galaxies and
temperature anisotropies in CMB

 For gravitational collapse to occur, there should be slightly overdense
region so that gravitational instability amplifies initially small overdensity

« Thus, to have an universe something like ours — full of gravitationally
bound objects — we need the initial density field to have slight deviations
from the average, homogeneous background value

 That is, we need inhomogeneous universe — homogeneous universe along
with perturbations!

« Then the question is, how to introduce perturbations to the otherwise
homogeneous world?



* The evolution of the universe is governed by the Einstein equation, so we
Introduce perturbations into the Einstein equation
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* The evolution of the universe is governed by the Einstein equation, so we
Introduce perturbations into the Einstein equation
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e Let's consider LHS first: Introducing perturbations as...
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* The evolution of the universe is governed by the Einstein equation, so we
Introduce perturbations into the Einstein equation

G = 21
pry o — 9
mp)
‘_Y_, \_'_I
Geometric part: Introduce Matter part: Introduce
perturbations into g, perturbations into ¢

e Let's consider LHS first: Introducing perturbations as...

ds® = —(1+ 2A4)dt* + 2aB;dtdz’ 4+ a* [(1 + 2p)d;; + 2&;; | dx* da?

/ \

No contraction with any 1 spatial index contracted with 2 spatial indices contracted with
spatial index (no index), so dx', so changes as a vector dx'dx’/, so changes as a (rank-2)
changes as a scalar under under spatial coord x-form tensor under spatial coord x-form

spatial coord x-form



* Note: We will be interested in describing perturbations linearly



* Note: We will be interested in describing perturbations linearly

- We can find the inverse metric g#¥ easily by demanding g*Pg,, = s*, and
then straightly find the perturbed Einstein tensor
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» Scalar-vector-tensor decomposition: Decompose the vector and tensor
components of the metric perturbations B; and &;; into pure scalar, transverse

vector and transverse & traceless tensor components

B =B+ 5; | |
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Eij=Baj + Fag + 5hy oot



» Scalar-vector-tensor decomposition: Decompose the vector and tensor
components of the metric perturbations B; and &;; into pure scalar, transverse

vector and transverse & traceless tensor Components

B, = B+ S | |
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U N % R —

& = Bij + Flagy + 5y "m0

« Vectors S; and F; have 3 dofs each, but the transverse conditions remove 1
each so in the vector perturbations S; and F; there are total 4 dofs

- Similarly, symmetric tensor h;; has 6 dofs, but the transverse and traceless
conditions remove 4 of them, leaving with 2 dofs



» Scalar-vector-tensor decomposition: Decompose the vector and tensor
components of the metric perturbations B; and &;; into pure scalar, transverse

vector and transverse & traceless tensor Components

B, = B+ S | |

1 SIL’/L' — FZ77: — 0
U N % R —

& = Bij + Flagy + 5y "m0

« Vectors S; and F; have 3 dofs each, but the transverse conditions remove 1
each so in the vector perturbations S; and F; there are total 4 dofs

- Similarly, symmetric tensor h;; has 6 dofs, but the transverse and traceless
conditions remove 4 of them, leaving with 2 dofs

« 4 scalar dofs (4, B, ¢ and E), in total 4 scalar + 4 vector + 2 tensor = 10 dofs
* In agreement with the observation that g,, has 10 indep components (4x4)



» Plugging the SVT decomposition into §G,, and raising 1 index, we find
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« At linear order, scalar, vector and tensor perturbations are all decoupled and
we can consider each component separately



« At linear order, scalar, vector and tensor perturbations are all decoupled and
we can consider each component separately

« Next we move to the RHS: We introduce the perturbation of the inflaton field

¢ = Pg + 09

« We can straightly find the perturbed components of the EM tensor as

5TO = — [qso (5’¢ _ (boA) + vcb(s(p}

6T ; = _$05¢,i
T = 5 [0 (86 — doA) — Vg
STT ;=0

« EM tensor has only scalar components!



 Equations for each component of the scalar, vector and tensor perturbations:
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« Thus we find the following:
1. Scalar, vector and tensor perturbations evolve separately, not affecting each other
2. If inflation is driven by a single field, only the egs for scalar pert are sourced (RHS # 0)

3. If there is no anisotropic stress (5TTij = 0) traceless scalar equation is unsourced (D = 0)
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2. Gauge transformations

« The notion of “perturbations” is meaningful only if we can define the
corresponding background value

« But GR is a gauge theory — we have the freedom to choose coordinates,
and every choice is equivalent

 Thus, defining perturbations in GR is ambiguous: Consider 2 perturbations
a and B, and we may choose 1 coordinate system where a vanishes but S
IS not, or choose the other way round

e Just saying “perturbations are blah blah blah” is not enough

« We need to specify the coordinate system in describing perturbations!
« Then, how do we define perturbations?



» As a simple example, consider a scalar quantity ¢ at a space-time point p in
the real, perturbed universe U

« "Perturbation” means the difference between the value ¢ from the
corresponding background value ¢,

* But what's ¢,?

U



 To specify the background value ¢,, we need a coordinate system (“mapping”)
x#, such that each point in U is associated with the corresponding point in
the (fictitious) homogeneous, background universe U
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 To specify the background value ¢,, we need a coordinate system (“mapping”)
x#, such that each point in U is associated with the corresponding point in
the (fictitious) homogeneous, background universe U

* ¢ Is the value of ¢ at x*, only then the following perturbation is meaningful:

AN

0p(p) = ¢(p) — Po(z"(p))
U U



 But there is no a priori natural mapping, so all is equivalent
* Thus we need to know how one coordinate system is related to another




 But there is no a priori natural mapping, so all is equivalent
* Thus we need to know how one coordinate system is related to another

« Any change induced by a change in mapping is NOT physical — It is just a
transformation since we change the coordinate (“gauge”) to describe the
same thing: This non-physical change is called “gauge transformation”

U U




« Suppose another coordinate system x¥, in which the perturbation is given by

56(p) = ¢(p) — do(2(p))
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« Suppose another coordinate system x¥, in which the perturbation is given by

56(p) = d(p) — do(@*(p))
» The 2 coordinate systems x#* and £* map p in U to the corresponding
different points in U, and are related by

zt(p) = 2*(p) + ¥ (z" (p))
U U



- If the transformation is infinitesimal, 2 perturbations §¢ and 8¢ are related by

56(p) = 8¢(p) — | Po(2 (D)) — do(z" (D))

0 BG is homogeneous and
= 0¢(p)

~ o £’ (x” (p)) <— isotropic, so only x° =t
: acts on the BG quantity ¢,

= 00(p) — 6o(t(p)E” (" (p))

U U
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» Further, decomposing the spatial transformation vector &' into scalar-vector:
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» Further, decomposing the spatial transformation vector &' into scalar-vector:

. ) N
£ =6Y¢; + g(tr)d
* Then the scalar, vector and tensor components of B; and &;; transform as:

0

B=B+>—af, ;=8 —all"™ , E=E—¢, F,=F,— &, hyj = hy
a

1. Tensor perturbation h;; remains the same — "gauge invariant”
2. Vector metric perturbations S; and F; appear only in the combination S; — aF;:

S\i - aﬁi = (Si - aéi(tr)) — G(Fi — @(tr))' = 5; — an; “Gauge invariant!”



» Further, decomposing the spatial transformation vector &' into scalar-vector:

. ) N
£ =6Y¢; + g(tr)d
* Then the scalar, vector and tensor components of B; and &;; transform as:

0

B=B+>—af, ;=8 —all"™ , E=E—¢, F,=F,— &, hyj = hy
a

Tensor perturbation h;; remains the same - "gauge invariant”
2. Vector metric perturbations S; and F; appear only in the combination S; — aF;:

S'\i — aﬁi = (SZ' — af.z-(tr)) — a(Fi — §,§tr)) =5, — aFi "Gauge invariant!”
3. Among scalars, B and E appear only in the combination aB — a?E (called “shear"):
: 0 , :
aB—a2E:a(B—|— —af) —a*(E—¢) =aB —a*E 4 ¢
a

While B and E depend on both &Y and ¢, in practice only &° (time translation) matters
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* There are 2 strategies to treat gauge ambiguity

1. Fix the gauge (i.e. coordinate system) such that the perturbation in some
physical quantity of interest to vanish, e.g. the perturbation in ¢ vanish:

59(6) = 0 = 36(5) — dolt(p)E (@ () —> €= 5 =,

This amounts to eliminate 1 scalar dof in perturbations!

Generic, arbitrary (t=const) hypersurface where §¢ # 0 /
Spatial (t=const) hypersurface where §¢p = 0

1. &%= €§¢ Is the necessary time translation from each point on generic constant-time

hypersurface to a special one where §¢ =0
2. Or, only by appropriate time translation &9 = €§¢, we can set 6¢ = 0 completely
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2. From the beginning we can use gauge-invariant quantities like h;;,
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« What is the meaning of R?
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2. From the beginning we can use gauge-invariant quantities like h;;, such as:

H
0

H — H : H
P00 =(p— HE) = o (30 -€%0) =9 - 40

« What is the meaning of R?

Perturbation in spatial curvature (pert prop to
= ¥é¢ BG metric §;;) on the constant-¢ hypersurface

* If 5¢ =0, T'; = 0 (no momentum flux) as we move together w/ ¢

* In this sense, this gauge is called “comoving gauge” and R is called
“‘comoving curvature perturbation”
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a. Tensor perturbation
« We have already found the equation for tensor perturbation, which is
gauge-invariant!
« So we may proceed to find the solutions of those “physical” solutions

* Nevertheless, we spend some time for an alternative approach for
cosmological perturbations via the perturbed action

 Our starting point is the action for the Einstein gravity (i.e. Einstein-Hilbert
terms) with a minimally coupled canonical scalar field:
2 1

§— / d%@[%z% — 9" 000,60 — V(0)

e Including all perturbations in metric and scalar field, we expand the action
up to quadratic order in perturbations to derive the equations linear In
perturbations



* As the linear equations for perturbations are all decoupled, so is the
perturbed action: We find the perturbed action quadratic in scalar, vector and
tensor perturbations separately
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« If the dynamical variable of our interest is physical, we should be able to write
the action in first-order form in terms of the Hamiltonian



* As the linear equations for perturbations are all decoupled, so is the
perturbed action: We find the perturbed action quadratic in scalar, vector and
tensor perturbations separately

« The perturbed action quadratic in tensor perturbation is (x" = dx/dr)

2002
Sét) — /d4aj‘a 78nP1 (hzjlhéj B hlmjkhzj,k)

« If the dynamical variable of our interest is physical, we should be able to write
the action in first-order form in terms of the Hamiltonian

« The conjugate momentum is easily found:

t
i = 0Ly aPmiy
5h), 4




« Then the action takes the first-order form:

- 2, 2
(t) _ 4 ij 1/ 2 ij A-Mp1 5k
)= [aalon, (2 om, P, )

J/

Eﬁ(t)

* This is precisely of the form pg — $, and nothing more!
» Indeed, tensor perturbation h;; is physical d.o.f.



« Then the action takes the first-order form:

; i . ) i a2m2 i
Sé) :/d4£l? H]h;j— (azm%lﬂjﬂij — Tplhj’khij,k

J/

E;ﬁr(t)

* This is precisely of the form pg — $, and nothing more!
» Indeed, tensor perturbation h;; is physical d.o.f.
* If we write the Hamiltonian equations of motion (here, H = a'/a):
55 (%) 65t

o114 J ShiJ
g ————

/1 / _

We reproduce the equation of motion for h;;




b. Vector perturbation
» The vector 0i component already says S; — aF; = 0: No vector perturbation!
* Even if S; — aF; = X; # 0, the traceless vector ij component says it vanishes:

X/L' +2H X, = 0, .. X; X CL_2 ~ 6_2Ht

* This is why, unless supported by vector sources, vector perts are neglected
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« More formally, we consider the perturbed quadratic action: Expanding up
to 2" order in perturbations, we find the action quadratic order in vector
perturbations as (Note that aF; = F))
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b. Vector perturbation
» The vector 0i component already says S; — aF; = 0: No vector perturbation!
* Even if S; — aF; = X; # 0, the traceless vector ij component says it vanishes:

X/L' +2H X, = 0, .. X; X CL_2 ~ 6_2Ht

* This is why, unless supported by vector sources, vector perts are neglected

« More formally, we consider the perturbed quadratic action: Expanding up
to 2" order in perturbations, we find the action quadratic order in vector
perturbations as (Note that aF; = F))

. 7\ »J
Sgu) — /d4$a2m%1 (SZ — FZ/) (S; — F)) ;
* Only F; has a time derivative and the conjugate momentum exists:

= OF

= QaZm%IA(Si — Fi/)
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any time evolution, i.e. the equation of S; is simply the coefficient IT* which
vanishes, l.e. a constraint



 Thus, the Lagrangian is written as:

y . 1 . .
£ =10 = (o mar ) s
Pl

g _ Equation of motion for §;
follows only from this term

Eﬁ(v)

|
First-order form

» The equation of motion for S; is ALWAYS II* = 0, because S; does not carry
any time evolution, i.e. the equation of S; is simply the coefficient IT* which
vanishes, l.e. a constraint

* Thus, the constraint IT' = 0 can be plugged back, giving Lg”) =0

* There is no vector perturbations during inflation driven by a single scalar field



c. Scalar perturbation

* Now we find the equation of motion for R in 3 different ways

1. Choose a non-comoving gauge find the equation for R
* Let's choose the Newtonian gauge B =E =0: Then A = —¢p = ®, so

ds® = —(1 4 2®)dt* + a*(1 — 2®)6;;dz"dx’
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ds® = —(1 4 2®)dt* + a*(1 — 2®)6;;dz"dx’

« Comparing to the weak field limit of GR, ® is the Newtonian gravitational
potential (that's why this gauge is called "Newtonian” gauge)

» Also, the shear aB — a?F vanishes, so also called “zero-shear gauge”



c. Scalar perturbation

* Now we find the equation of motion for R in 3 different ways

1. Choose a non-comoving gauge find the equation for R
* Let's choose the Newtonian gauge B =E =0: Then A = —¢p = ®, so

ds® = —(1 4 2®)dt* + a*(1 — 2®)6;;dz"dx’
« Comparing to the weak field limit of GR, ® is the Newtonian gravitational
potential (that's why this gauge is called "Newtonian” gauge)
» Also, the shear aB — a?F vanishes, so also called “zero-shear gauge”
 The (scalar) 00, 0i and trace ij components of the Einstein equation read

3H (cb + 3H<I>) _ %CD _ —27;231 [q5 (5’¢ _ qécb) + V’(Sqﬁ}

T
% (<i> + 3Hc1>) +3H (<i> + 3Hc1>) 4 H® = 2”1%1 {gb (5’¢ _ gé@) _ V’5q§}

O+ 3HD =




« 2 variables (® and 6¢) and 3 eqgs, so 1 eq is redundant: We pick 00 and 0i



« 2 variables (® and 6¢) and 3 eqgs, so 1 eq is redundant: We pick 00 and 0i
* From the 00 component

. A , ) .
3H (cI> + 3Hc1>) - G- _2mpl [gbo(sgb B — (¢0 n 3qu0) 5¢}
1 { $odd — ¢od¢ - d [ 65¢ 1A
— 2d—3Hpodp | L = (L) =dp— =
— ( e do qs) a <¢0) .
2 T d (8¢ .
J— 0 J—
I [ — (q's()) @] +3H (& +3H0) )
* In the Newtonian gauge, we can write R as:
Re-0-L56 & p——-b-022 gl (5¢> B
b0 b0 b0 .
. H 1 A . H 5
_—CIJ—.—OQmPI(CI)—FH(I))—H((I)—E?(I)) (I)_EQA R
HA
“Ha _




* Now plugging everything into the 0i component:

R+ <3H+2?ﬂ5> R}

. H
(LHS) =® + H® = a* — A"
¢o H

H

1 . H H H .
(RHS) o, PodP (R + @) (R +a R)



* Now plugging everything into the 0i component:

(LHS) =& + H® N r-n <3H+ 2¢0 _ E) R}

H oo H
1 . H H H .
(RHS) 2m%z¢05¢ H(R+ ) H<R+a = R)
H A H .
L 2_ —1 - -
—a HA <a2R+HR>

. 26 2H\ . A 1 d . A
Rt (w202 R——R:——(aSeR)——R:O
do H a? ase dt a?



2. Work in the comoving gauge and find the equation for R

 This is much simpler than the 1st approach, but it has some illuminating
aspects for the 3 approach so | place this approach as 2nd
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* In the comoving gauge 6¢ = E = 0 with ¢ = R, then 00, 0i and traceless ij
components become (trace ij vanishes)
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. Work in the comoving gauge and find the equation for R

 This is much simpler than the 1st approach, but it has some illuminating
aspects for the 3 approach so | place this approach as 2nd

* In the comoving gauge 6¢ = E = 0 with ¢ = R, then 00, 0i and traceless ij
components become (trace ij vanishes)

- A %
3H (—R+HA) + 5 (Re+allB) = 5 -4

RAIHA=0

d
(A+R)+ —(aB) +e¢HB =0
« 00 and 0i components are algebraically solved (this is NOT a mere
coincidence — we will return to this) to give A and B in terms of R as:
R R .
A==, aB=—=+a’A"R
H H



 Plugging these solutions of A and B into the traceless ij component, and
applying the Laplacian operator, gives

d . . 1 d : A
7 (CLQER) + a?eHR — e AR = a’e LSE pn (ageR) — ?R} = (

« We obtain the same equation for R!



3. Work with the perturbed action and find the equation for R
e Directly related to the quantum theory of cosmological perturbations
 Expanding up to quadratic order in perturbations, we find [For detailed

steps, see e.g. Muk

S5 = / d*

2

mpy o

—6¢"° + 12HAQ — 2 (H' + 2H?) A2 — 2(2A4 + ©)d¢

T——a
2

nanov, Feldman & Brandenberger (1992), Sec. 10]

+ Lz (5(/5’2 + §OASD — a2V¢¢5¢2)

mp

2
+ — (3009’96 — ¢ A — a’VyAdg)
Pl

+4 (277112 D3P + o — HA) A(B — E’)]

Pl

* ¢, 8¢ and E have time derivatives, while A and B do not



* Thus, A and B are not dynamical and their equations are just constraints
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« We expect ¢, 6¢ and E can be written in the first-order form with
Hamiltonian, while A and B are multiplied by their equations, viz. constraints:

LY =,¢ + 5u6¢ + MpE — H) —CsA —CpB

* This is why in the 2" approach A and B are solved algebraically — by
construction they are not dynamical



* Thus, A and B are not dynamical and their equations are just constraints

« We expect ¢, 6¢ and E can be written in the first-order form with
Hamiltonian, while A and B are multiplied by their equations, viz. constraints:

LY =,¢ + 5u6¢ + MpE — H) —CsA —CpB

* This is why in the 2" approach A and B are solved algebraically — by
construction they are not dynamical

« We can easily find the conjugate momenta for ¢, ¢ and E:

2
1, = iﬁﬁ’ = P12 [ 12¢" + 12HA — iqﬁ’5¢ +4A(B — E’)]

0@’ 2 M,
0 (s)
154 = 0
o 5(5¢/)£’2 (¢ ¢O )
0 (s) m%l 2
IIg = — —4 4 _
E 5E’£2 — @ A 0 +4HA mqubO(?qb



 Using the canonical momenta we can replace B — E’' and §¢’ to find:

LY =, + sy6¢ + pE'

1 3 9 1
_ VAN | (AT T2, | — —— 116
{2a2m12;31 [ @ E T 2( E) + Mpy 5¢] 2m%1¢0 ® ¢
3 0 1
+a’ma, [@Agp _ W (C0p* — T (A5 — a2V¢¢5¢2)] }

— [’HH¢ + ¢'Tlsg + 2a°mp A + a (37—[¢6 + aQV(b) 5¢} A—1IlgB



 Using the canonical momenta we can replace B — E’' and §¢’ to find:

LY =,¢ + sy6¢" + MpE’

1 ) 3 —1 2 2 2 1
- {2a2m12:>1 [_HSOA He g (A7 )" + mPlHM] - M%HSDM
3 1
+a’mp, [SOASD ~ (07 — (6¢AdP — a2V¢¢5§b2)] }
mp, 2mp,

— [’HH¢ + ¢'Tlsy + 2a°mp Ap + a (37—[¢6 + aQV(b) 5¢} A—1IlgB

* From Cp = 0 E disappears, and from ¢, = 0 we can replace Is4 or Il in
terms of other variables

* Let's eliminate 154 in favour of R (but we may eliminate Il in favour of §¢)



£l _ (Hgo N 2a°m3, A5¢) ( 5gb) QmPﬂ—[ ( 2a mP1 A5¢) ( 5gb)
2 0 o
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% Po
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HR — HSD -+ 2CL mPl A5Q§

P

2

2 2
— xR — [ a /”;Pl (AR+

2
HR) + a*mip RAR
9 2a%m3, )
55572
« There remains no constraint but a single physical dof — comoving curv pert!




« We can rewrite the action in a more familiar form by replacing the conjugate
momentum in terms of R":

5HR H s
——= =R = I1 R — AR
ollr 2a2m2, 2m H
l|!1-r2$ Y0 : DL, n 2
s = d3x% —aHO R ("R)2 = dtd®xa3#m? RP! (aFj)



« We can rewrite the action in a more familiar form by replacing the conjugate
momentum in terms of R":

0NR H /2
—— =R = IIr = R — AR
ollR 222m2, T 2m2 H
: nl 729 Yo > n 2
s = d3x% % R'Z1 ("R)2 = did®xa%m? R?I (aFj)

« Therefore the equation of motion for R follows immediately from the action:

* In all 3 approaches, we end up with the same equation of motion for R



