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1. Perturbed world model
• Everything we can observed in the universe are gravitationally collapsed 

and bounded objects – planets, stars, galaxies, clusters of galaxies and 
temperature anisotropies in CMB
• For gravitational collapse to occur, there should be slightly overdense

region so that gravitational instability amplifies initially small overdensity
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1. Perturbed world model
• Everything we can observed in the universe are gravitationally collapsed 

and bounded objects – planets, stars, galaxies, clusters of galaxies and 
temperature anisotropies in CMB
• For gravitational collapse to occur, there should be slightly overdense

region so that gravitational instability amplifies initially small overdensity
• Thus, to have an universe something like ours – full of gravitationally 

bound objects – we need the initial density field to have slight deviations 
from the average, homogeneous background value
• That is, we need inhomogeneous universe – homogeneous universe along 

with perturbations!
• Then the question is, how to introduce perturbations to the otherwise 

homogeneous world?



• The evolution of the universe is governed by the Einstein equation, so we 
introduce perturbations into the Einstein equation
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• The evolution of the universe is governed by the Einstein equation, so we 
introduce perturbations into the Einstein equation

• Let’s consider LHS first: Introducing perturbations as…
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No contraction with any 
spatial index (no index), so 
changes as a scalar under 
spatial coord x-form

1 spatial index contracted with 
𝑑𝑥# , so changes as a vector 
under spatial coord x-form

2 spatial indices contracted with 
𝑑𝑥#𝑑𝑥$ , so changes as a (rank-2) 
tensor under spatial coord x-form



• Note: We will be interested in describing perturbations linearly



• Note: We will be interested in describing perturbations linearly

• We can find the inverse metric 𝑔%& easily by demanding 𝑔%'𝑔'& = 𝛿 &
% and 

then straightly find the perturbed Einstein tensor
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• Scalar-vector-tensor decomposition: Decompose the vector and tensor 
components of the metric perturbations ℬ( and ℰ() into pure scalar, transverse 
vector and transverse & traceless tensor components

<latexit sha1_base64="efrTjZ+ObOQG7aOdDLkR2EX98Cs="></latexit>

Bi = B,i + Si

Eij = E,ij + F(i,j) +
1

2
hij

<latexit sha1_base64="6o28VrJHw13CpJdOf/wgHN3e9p8="></latexit>

Si
,i = F i

,i = 0

hi
i = hij

,j = 0



• Scalar-vector-tensor decomposition: Decompose the vector and tensor 
components of the metric perturbations ℬ( and ℰ() into pure scalar, transverse 
vector and transverse & traceless tensor components

• Vectors 𝑆( and 𝐹( have 3 dofs each, but the transverse conditions remove 1 
each so in the vector perturbations 𝑆( and 𝐹( there are total 4 dofs

• Similarly, symmetric tensor ℎ() has 6 dofs, but the transverse and traceless 
conditions remove 4 of them, leaving with 2 dofs
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• Scalar-vector-tensor decomposition: Decompose the vector and tensor 
components of the metric perturbations ℬ( and ℰ() into pure scalar, transverse 
vector and transverse & traceless tensor components

• Vectors 𝑆( and 𝐹( have 3 dofs each, but the transverse conditions remove 1 
each so in the vector perturbations 𝑆( and 𝐹( there are total 4 dofs

• Similarly, symmetric tensor ℎ() has 6 dofs, but the transverse and traceless 
conditions remove 4 of them, leaving with 2 dofs

• 4 scalar dofs (𝐴, 𝐵, 𝜑 and 𝐸), in total 4 scalar + 4 vector + 2 tensor = 10 dofs

• In agreement with the observation that 𝑔%& has 10 indep components (4×4)
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• Plugging the SVT decomposition into 𝛿𝐺%& and raising 1 index, we find
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• At linear order, scalar, vector and tensor perturbations are all decoupled and 
we can consider each component separately



• At linear order, scalar, vector and tensor perturbations are all decoupled and 
we can consider each component separately

• Next we move to the RHS: We introduce the perturbation of the inflaton field

• We can straightly find the perturbed components of the EM tensor as

• EM tensor has only scalar components!
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• Equations for each component of the scalar, vector and tensor perturbations:
<latexit sha1_base64="WwYzgQyJWPutdB85MFQaabnFLMY="></latexit>

00 component: 3H
(
→ ω̇+HA

)
→ !

a2

[
→ ω→H

(
aB → a

2
Ė
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• Thus we find the following:
1. Scalar, vector and tensor perturbations evolve separately, not affecting each other
2. If inflation is driven by a single field, only the eqs for scalar pert are sourced (RHS ≠ 0)

3. If there is no anisotropic stress (𝛿𝑇! "
# = 0) traceless scalar equation is unsourced (𝐷 = 0)
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2. Gauge transformations
• The notion of “perturbations” is meaningful only if we can define the 

corresponding background value
• But GR is a gauge theory – we have the freedom to choose coordinates, 

and every choice is equivalent
• Thus, defining perturbations in GR is ambiguous: Consider 2 perturbations 
𝛼 and 𝛽, and we may choose 1 coordinate system where 𝛼 vanishes but 𝛽
is not, or choose the other way round
• Just saying “perturbations are blah blah blah” is not enough
• We need to specify the coordinate system in describing perturbations!
• Then, how do we define perturbations?



• As a simple example, consider a scalar quantity 2𝜙 at a space-time point 𝑝 in 
the real, perturbed universe 5𝑈
• “Perturbation” means the difference between the value 2𝜙 from the 

corresponding background value 𝜙*
• But what’s 𝜙*?

!𝑈

𝑝



• To specify the background value 𝜙* , we need a coordinate system (“mapping”) 
𝑥%, such that each point in 5𝑈 is associated with the corresponding point in 
the (fictitious) homogeneous, background universe 𝑈

!𝑈

𝑝

𝑈

𝑥! 𝑝



• To specify the background value 𝜙* , we need a coordinate system (“mapping”) 
𝑥%, such that each point in 5𝑈 is associated with the corresponding point in 
the (fictitious) homogeneous, background universe 𝑈
• 𝜙* is the value of 𝜙 at 𝑥%, only then the following perturbation is meaningful:

!𝑈

𝑝

𝑈

𝑥! 𝑝

<latexit sha1_base64="tHoIzuoh95tDCiHwXvDOQ/TOHHo="></latexit>

ωε(p) → ε̂(p)↑ ε0(x
µ(p))



• But there is no a priori natural mapping, so all is equivalent

• Thus we need to know how one coordinate system is related to another

!𝑈

𝑝

𝑈

𝑥! 𝑝



• But there is no a priori natural mapping, so all is equivalent

• Thus we need to know how one coordinate system is related to another

• Any change induced by a change in mapping is NOT physical – It is just a 
transformation since we change the coordinate (“gauge”) to describe the 
same thing: This non-physical change is called “gauge transformation”

!𝑈

𝑝

𝑈

𝑥! 𝑝



• Suppose another coordinate system 8𝑥%, in which the perturbation is given by

!𝑈

𝑝

𝑈

𝑥! 𝑝

#𝑥! 𝑝
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• Suppose another coordinate system 8𝑥%, in which the perturbation is given by

• The 2 coordinate systems 𝑥% and 8𝑥% map 𝑝 in 5𝑈 to the corresponding 
different points in 𝑈, and are related by

!𝑈

𝑝

𝑈

𝑥! 𝑝

<latexit sha1_base64="Srygilu6BBvvzSt89ycKtjsPwqI="></latexit>

bxµ(p) = xµ(p) + ⇠µ(x⌫(p))

#𝑥! 𝑝

𝜉!
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• If the transformation is infinitesimal, 2 perturbations 𝛿𝜙 and 9𝛿𝜙 are related by

!𝑈

𝑝

𝑈

𝑥! 𝑝

#𝑥! 𝑝

𝜉!

<latexit sha1_base64="bcWzoqU5HqDFAorRIwxCjEuRyns="></latexit>

ω̂ε(p) = ωε(p)→
[
ε0(x̂

µ(p))→ ε0(x
µ(p))

]

= ωε(p)→ ϑε0

ϑxω
ϖω(xµ(p))

= ωε(p)→ ε̇0(t(p))ϖ
0(xµ(p))

BG is homogeneous and   
isotropic, so only 𝑥% = 𝑡
acts on the BG quantity 𝜙%



• The transformation of a generic tensor 𝑇 &!⋯
%!⋯ under 𝑥% → 8𝑥% = 𝑥% + 𝜉% is

<latexit sha1_base64="QUpIxwLWwVsWOZnup1TqXDX6Ktw="></latexit>

Tµ1···
ω1···(x) =

ωxµ1

ωx̂ε1
· · · ωx̂

ϑ1

ωxω1
· · · T̂ ε1···

ϑ1···(x̂)



• The transformation of a generic tensor 𝑇 &!⋯
%!⋯ under 𝑥% → 8𝑥% = 𝑥% + 𝜉% is
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= ωω0 + εω ,0︷︸︸︷
ωx̂ϑ

ωx0
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)
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= →1→ 2A = ĝ(0)00 (x̂) + ε̂g00(x̂) + ϑϑ ,0ĝ
(0)
0ϑ (x̂) + ϑµ,0ĝ

(0)
µ0 (x̂) + · · ·

= →1→ 2 Â(x̂)︸ ︷︷ ︸
= Â(x) + · · ·

+2ϑ0,0ĝ
(0)
00 (x̂) + · · ·

= →1→ 2Â→ 2ϑ̇0 + · · ·
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) bA = A� ⇠̇
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, bBi = Bi +

⇠
0
,i

a
� a⇠̇i , b' = '�H⇠

0
, bEij = Eij �

⇠i,j + ⇠j,i
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• Further, decomposing the spatial transformation vector 𝜉( into scalar-vector:
<latexit sha1_base64="4SMdYcdtr6vmPvrdWyKtqS1M+h8="></latexit>

⇠i = �ij⇠,j + ⇠(tr)i



• Further, decomposing the spatial transformation vector 𝜉( into scalar-vector:

• Then the scalar, vector and tensor components of ℬ( and ℰ() transform as:
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bB = B +
⇠0

a
� a⇠̇ , bSi = Si � a⇠̇(tr)i , bE = E � ⇠ , bFi = Fi � ⇠(tr)i , bhij = hij



• Further, decomposing the spatial transformation vector 𝜉( into scalar-vector:

• Then the scalar, vector and tensor components of ℬ( and ℰ() transform as:

1. Tensor perturbation ℎ#" remains the same – “gauge invariant”
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• Further, decomposing the spatial transformation vector 𝜉( into scalar-vector:

• Then the scalar, vector and tensor components of ℬ( and ℰ() transform as:

1. Tensor perturbation ℎ#" remains the same – “gauge invariant”

2. Vector metric perturbations 𝑆# and 𝐹# appear only in the combination 𝑆# − 𝑎𝐹̇#: 
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→ a
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Fi → ω(tr)i

)·
= Si → aḞi “Gauge invariant!”



• Further, decomposing the spatial transformation vector 𝜉( into scalar-vector:

• Then the scalar, vector and tensor components of ℬ( and ℰ() transform as:

1. Tensor perturbation ℎ#" remains the same – “gauge invariant”

2. Vector metric perturbations 𝑆# and 𝐹# appear only in the combination 𝑆# − 𝑎𝐹̇#: 

3. Among scalars, 𝐵 and 𝐸 appear only in the combination 𝑎𝐵 − 𝑎$𝐸̇ (called “shear”):

While 𝐵 and 𝐸 depend on both 𝜉% and 𝜉, in practice only 𝜉% (time translation) matters
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a
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)
→ a2(E → ω)· = aB → a2Ė + ω0



• There are 2 strategies to treat gauge ambiguity
1. Fix the gauge (i.e. coordinate system) such that the perturbation in some 

physical quantity of interest to vanish, e.g. the perturbation in 𝜙 vanish:
<latexit sha1_base64="nnRrbf98gK2FicegWcZvm9C8fXg="></latexit>

c��(p) = 0 = ��(p)� �̇0(t(p))⇠
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physical quantity of interest to vanish, e.g. the perturbation in 𝜙 vanish:
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1. 𝜉% = 𝜉&'
% is the necessary time translation from each point on generic constant-time 

hypersurface to a special one where 𝛿𝜙 = 0
2. Or, only by appropriate time translation 𝜉% = 𝜉&'

% , we can set 𝛿𝜙 = 0 completely

This amounts to eliminate 1 scalar dof in perturbations!



2. From the beginning we can use gauge-invariant quantities like ℎ(), such as:
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2. From the beginning we can use gauge-invariant quantities like ℎ(), such as:

• What is the meaning of ℛ?
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2. From the beginning we can use gauge-invariant quantities like ℎ(), such as:

• What is the meaning of ℛ?

• If 𝛿𝜙 = 0, 𝑇 *
( = 0 (no momentum flux) as we move together w/ 𝜙

• In this sense, this gauge is called “comoving gauge” and ℛ is called 
“comoving curvature perturbation”
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II. Classical cosmological perturbations

1. Perturbed world model

2. Gauge transformations

3. Towards physical perturbations
a. Tensor perturbations
b. Vector perturbations
c. Scalar perturbations



a. Tensor perturbation
• We have already found the equation for tensor perturbation, which is 

gauge-invariant!
• So we may proceed to find the solutions of those “physical” solutions



a. Tensor perturbation
• We have already found the equation for tensor perturbation, which is 

gauge-invariant!
• So we may proceed to find the solutions of those “physical” solutions
• Nevertheless, we spend some time for an alternative approach for 

cosmological perturbations via the perturbed action



a. Tensor perturbation
• We have already found the equation for tensor perturbation, which is 

gauge-invariant!
• So we may proceed to find the solutions of those “physical” solutions
• Nevertheless, we spend some time for an alternative approach for 

cosmological perturbations via the perturbed action
• Our starting point is the action for the Einstein gravity (i.e. Einstein-Hilbert 

terms) with a minimally coupled canonical scalar field:

• Including all perturbations in metric and scalar field, we expand the action 
up to quadratic order in perturbations to derive the equations linear in 
perturbations 
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• As the linear equations for perturbations are all decoupled, so is the 
perturbed action: We find the perturbed action quadratic in scalar, vector and 
tensor perturbations separately



• As the linear equations for perturbations are all decoupled, so is the 
perturbed action: We find the perturbed action quadratic in scalar, vector and 
tensor perturbations separately

• The perturbed action quadratic in tensor perturbation is (𝑥1 = 𝑑𝑥/𝑑𝜏)

• If the dynamical variable of our interest is physical, we should be able to write 
the action in first-order form in terms of the Hamiltonian
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• As the linear equations for perturbations are all decoupled, so is the 
perturbed action: We find the perturbed action quadratic in scalar, vector and 
tensor perturbations separately

• The perturbed action quadratic in tensor perturbation is (𝑥1 = 𝑑𝑥/𝑑𝜏)

• If the dynamical variable of our interest is physical, we should be able to write 
the action in first-order form in terms of the Hamiltonian

• The conjugate momentum is easily found:
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• Then the action takes the first-order form:

• This is precisely of the form 𝑝𝑞̇ − ℌ, and nothing more!

• Indeed, tensor perturbation ℎ() is physical d.o.f.
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• Then the action takes the first-order form:

• This is precisely of the form 𝑝𝑞̇ − ℌ, and nothing more!

• Indeed, tensor perturbation ℎ() is physical d.o.f.

• If we write the Hamiltonian equations of motion (here, ℋ ≡ 𝑎1/𝑎):
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We reproduce the equation of motion for ℎ()
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b. Vector perturbation
• The vector 0𝑖 component already says 𝑆( − 𝑎𝐹̇( = 0: No vector perturbation!
• Even if 𝑆( − 𝑎𝐹̇( ≡ 𝑋( ≠ 0, the traceless vector 𝑖𝑗 component says it vanishes:

• This is why, unless supported by vector sources, vector perts are neglected
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b. Vector perturbation
• The vector 0𝑖 component already says 𝑆( − 𝑎𝐹̇( = 0: No vector perturbation!
• Even if 𝑆( − 𝑎𝐹̇( ≡ 𝑋( ≠ 0, the traceless vector 𝑖𝑗 component says it vanishes:

• This is why, unless supported by vector sources, vector perts are neglected
• More formally, we consider the perturbed quadratic action: Expanding up 

to 2nd order in perturbations, we find the action quadratic order in vector 
perturbations as (Note that 𝑎𝐹̇( = 𝐹(1)
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b. Vector perturbation
• The vector 0𝑖 component already says 𝑆( − 𝑎𝐹̇( = 0: No vector perturbation!
• Even if 𝑆( − 𝑎𝐹̇( ≡ 𝑋( ≠ 0, the traceless vector 𝑖𝑗 component says it vanishes:

• This is why, unless supported by vector sources, vector perts are neglected
• More formally, we consider the perturbed quadratic action: Expanding up 

to 2nd order in perturbations, we find the action quadratic order in vector 
perturbations as (Note that 𝑎𝐹̇( = 𝐹(1)

• Only 𝐹( has a time derivative and the conjugate momentum exists:
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• Thus, the Lagrangian is written as:
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• Thus, the Lagrangian is written as:

• The equation of motion for 𝑆( is ALWAYS Π( = 0, because 𝑆( does not carry 
any time evolution, i.e. the equation of 𝑆( is simply the coefficient Π( which 
vanishes, i.e. a constraint
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• Thus, the Lagrangian is written as:

• The equation of motion for 𝑆( is ALWAYS Π( = 0, because 𝑆( does not carry 
any time evolution, i.e. the equation of 𝑆( is simply the coefficient Π( which 
vanishes, i.e. a constraint

• Thus, the constraint Π( = 0 can be plugged back, giving ℒ3
(5) = 0

• There is no vector perturbations during inflation driven by a single scalar field
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c. Scalar perturbation

• Now we find the equation of motion for ℛ in 3 different ways
1. Choose a non-comoving gauge find the equation for ℛ
• Let’s choose the Newtonian gauge 𝐵 = 𝐸 = 0: Then 𝐴 = −𝜑 ≡ Φ, so
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c. Scalar perturbation

• Now we find the equation of motion for ℛ in 3 different ways
1. Choose a non-comoving gauge find the equation for ℛ
• Let’s choose the Newtonian gauge 𝐵 = 𝐸 = 0: Then 𝐴 = −𝜑 ≡ Φ, so

• Comparing to the weak field limit of GR, Φ is the Newtonian gravitational 
potential (that’s why this gauge is called “Newtonian” gauge)
• Also, the shear 𝑎𝐵 − 𝑎3𝐸̇ vanishes, so also called “zero-shear gauge”
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c. Scalar perturbation

• Now we find the equation of motion for ℛ in 3 different ways
1. Choose a non-comoving gauge find the equation for ℛ
• Let’s choose the Newtonian gauge 𝐵 = 𝐸 = 0: Then 𝐴 = −𝜑 ≡ Φ, so

• Comparing to the weak field limit of GR, Φ is the Newtonian gravitational 
potential (that’s why this gauge is called “Newtonian” gauge)
• Also, the shear 𝑎𝐵 − 𝑎3𝐸̇ vanishes, so also called “zero-shear gauge”
• The (scalar) 00, 0𝑖 and trace 𝑖𝑗 components of the Einstein equation read
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• 2 variables (Φ and 𝛿𝜙) and 3 eqs, so 1 eq is redundant: We pick 00 and 0𝑖



• 2 variables (Φ and 𝛿𝜙) and 3 eqs, so 1 eq is redundant: We pick 00 and 0𝑖
• From the 00 component:

• In the Newtonian gauge, we can write ℛ as:

<latexit sha1_base64="A964wZ3wSpT9IQ873B3LkJP8XgU="></latexit>

d

dt

✓
��

�̇0

◆
= �� 1

Ḣ
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• Now plugging everything into the 0𝑖 component:
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• Now plugging everything into the 0𝑖 component:
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2. Work in the comoving gauge and find the equation for ℛ
• This is much simpler than the 1st approach, but it has some illuminating 

aspects for the 3rd approach so I place this approach as 2nd



2. Work in the comoving gauge and find the equation for ℛ
• This is much simpler than the 1st approach, but it has some illuminating 

aspects for the 3rd approach so I place this approach as 2nd

• In the comoving gauge 𝛿𝜙 = 𝐸 = 0 with 𝜑 = ℛ, then 00, 0𝑖 and traceless 𝑖𝑗
components become (trace 𝑖𝑗 vanishes)
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�Ṙ+HA = 0

(A+R) +
d

dt
(aB) + aHB = 0



2. Work in the comoving gauge and find the equation for ℛ
• This is much simpler than the 1st approach, but it has some illuminating 

aspects for the 3rd approach so I place this approach as 2nd

• In the comoving gauge 𝛿𝜙 = 𝐸 = 0 with 𝜑 = ℛ, then 00, 0𝑖 and traceless 𝑖𝑗
components become (trace 𝑖𝑗 vanishes)

• 00 and 0𝑖 components are algebraically solved (this is NOT a mere 
coincidence – we will return to this) to give 𝐴 and 𝐵 in terms of ℛ as:
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• Plugging these solutions of 𝐴 and 𝐵 into the traceless 𝑖𝑗 component, and      
applying the Laplacian operator, gives

• We obtain the same equation for ℛ!
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3. Work with the perturbed action and find the equation for ℛ
• Directly related to the quantum theory of cosmological perturbations
• Expanding up to quadratic order in perturbations, we find [For detailed 

steps, see e.g. Mukhanov, Feldman & Brandenberger (1992), Sec. 10]

• 𝜑, 𝛿𝜙 and 𝐸 have time derivatives, while 𝐴 and 𝐵 do not
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• Thus, 𝐴 and 𝐵 are not dynamical and their equations are just constraints



• Thus, 𝐴 and 𝐵 are not dynamical and their equations are just constraints

• We expect 𝜑, 𝛿𝜙 and 𝐸 can be written in the first-order form with 
Hamiltonian, while 𝐴 and 𝐵 are multiplied by their equations, viz. constraints:

• This is why in the 2nd approach 𝐴 and 𝐵 are solved algebraically – by 
construction they are not dynamical
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• Thus, 𝐴 and 𝐵 are not dynamical and their equations are just constraints

• We expect 𝜑, 𝛿𝜙 and 𝐸 can be written in the first-order form with 
Hamiltonian, while 𝐴 and 𝐵 are multiplied by their equations, viz. constraints:

• This is why in the 2nd approach 𝐴 and 𝐵 are solved algebraically – by 
construction they are not dynamical

• We can easily find the conjugate momenta for 𝜑, 𝛿𝜙 and 𝐸:
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• Using the canonical momenta we can replace 𝐵 − 𝐸1 and 𝛿𝜙1 to find:
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• Using the canonical momenta we can replace 𝐵 − 𝐸1 and 𝛿𝜙1 to find:

• From 𝒞7 = 0 𝐸 disappears, and from 𝒞8 = 0 we can replace Π9: or Πℛ in 
terms of other variables

• Let’s eliminate Π9: in favour of ℛ (but we may eliminate Πℛ in favour of 𝛿𝜙)

<latexit sha1_base64="NqBL/3HG1Tl7LLH6GPzZPIFX7cE="></latexit>

L
(s)
2 = ⇧''

0 +⇧����
0 +⇧EE

0

�

⇢
1

2a2m2
Pl


�⇧'�

�2⇧E +
3

2

�
��1⇧E

�2
+m2

Pl⇧
2
��

�
�

1

2m2
Pl

�0
0⇧'��

+a2m2
Pl


'�'�

3

4m2
Pl

�0
0
2
��2

�
1

2m2
Pl

�
������ a2V����

2
���

�
⇥
H⇧' + �0⇧�� + 2a2m2

Pl�'+ a2
�
3H�0

0 + a2V�

�
��

⇤
A�⇧EB



<latexit sha1_base64="E5OqCGrv2CKt7IspF1JX41riLy8="></latexit>

L
(s)
2 =

✓
⇧' +

2a2m2
Pl

�0
0

���

◆✓
'�H

��

�0
0

◆0
�

2m2
PlH

�0
0
2

✓
⇧' +

2a2m2
Pl

�0
0

���

◆
�

✓
'�H

��

�0
0

◆

�
H

2

2a2�0
0
2

✓
⇧' +

2a2m2
Pl

�0
0

���

◆2

�
2a2m2

Pl

�0
0
2


�

✓
'�H

��

�0
0

◆�2

� a2m2
Pl

✓
'�H

��

�0
0

◆
�

✓
'�H

��

�0
0

◆



<latexit sha1_base64="E5OqCGrv2CKt7IspF1JX41riLy8="></latexit>

L
(s)
2 =

✓
⇧' +

2a2m2
Pl

�0
0

���

◆✓
'�H

��

�0
0

◆0
�

2m2
PlH

�0
0
2

✓
⇧' +

2a2m2
Pl

�0
0

���

◆
�

✓
'�H

��

�0
0

◆

�
H

2

2a2�0
0
2

✓
⇧' +

2a2m2
Pl

�0
0

���

◆2

�
2a2m2

Pl

�0
0
2


�

✓
'�H

��

�0
0

◆�2

� a2m2
Pl

✓
'�H

��

�0
0

◆
�

✓
'�H

��

�0
0

◆

<latexit sha1_base64="zxX6F0fDu/IoNKI6GamUj1NF2xY="></latexit>

L
(s)
2 = ⇧RR

0
�


2a2m2

Pl

�0
0
2

✓
�R+

H

2a2m2
Pl

⇧R

◆2

+ a2m2
PlR�R

| {z }
⌘HR

�

<latexit sha1_base64="mJe3da3TQ8aCHe1GBwwaD3t5MQk="></latexit>

R ⌘ '�
H

�0
0

��

⇧R ⌘ ⇧' +
2a2m2

Pl

�0
0

���



• There remains no constraint but a single physical dof – comoving curv pert!
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• We can rewrite the action in a more familiar form by replacing the conjugate 
momentum in terms of ℛ1:
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• We can rewrite the action in a more familiar form by replacing the conjugate 
momentum in terms of ℛ1:

• Therefore the equation of motion for ℛ follows immediately from the action:

• In all 3 approaches, we end up with the same equation of motion for ℛ
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