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1. Why is inflation necessary?

« Cosmic microwave background (CMB), first observed in 1965 by Penzias
and Wilson, appears to be extremely homogeneous and isotropic




* The early universe was so hot that it was filled with protons, free electrons
and photons, constantly scattering off each other, viz. plasma
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* The early universe was so hot that it was filled with protons, free electrons
and photons, constantly scattering off each other, viz. plasma

 As the universe expands, the temperature drops, and when it reaches a critical
temperature T, free electrons and protons combine to form neutral hydrogen

« No free electrons to scatter off, photons since then can propagate — CMB!




* Thus the characters of the CMB are:
1. CMB is the earliest & farthest universe observable by photons, i.e. EM waves
2. The universe was in thermal equilibrium, so CMB exhibits perfect blackbody spectrum
3. Because of thermal equilibrium, CMB appears to be homogeneous and isotropic
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« What is then wrong with the homogeneous and isotropic CMB?
 To see this, we return to some very basic GR necessary for cosmology
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« The metric which describes an expanding, flat, homogeneous universe is the
so-called Friedmann-Robertson-Walker(—Lemaitre) metric (¢ = 1):
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« What is then wrong with the homogeneous and isotropic CMB?
 To see this, we return to some very basic GR necessary for cosmology

« The metric which describes an expanding, flat, homogeneous universe is the
so-called Friedmann-Robertson-Walker(—Lemaitre) metric (¢ = 1):

ds® = —dt* + a®(t)d;;dx" da’

Scale factor Spatial “comoving” distance between 2 points
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Scale factor times comoving distance
= physical distance at time t

 Using the conformal time dt = dt/a:
ds® = a®(7)( — dr* + 6;;dx' dx’ )
Scale factor times static Minkowski metric!

 What does the conformal time T mean?



« Light follows a null geodesic, ds® =0

 Thus, using the spherical coordinates the (radial) distance r a photon has
traveled from some initial moment (r = 0) is given by simply r =t

 That is, conformal time measures the comoving distance traveled by a photon
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« Light follows a null geodesic, ds® =0

 Thus, using the spherical coordinates the (radial) distance r a photon has
traveled from some initial moment (r = 0) is given by simply r =t

 That is, conformal time measures the comoving distance traveled by a photon
* During MD, we can compute t as follows:

present dt 0 1 dt 0 d 0
7'2/ —=/ ——da:/ 2a X a Y2da < a'/?
1 a 1 i a H

nitial / ) / ' / ) /

a = a(t) is a function of time a=aH During MD H? < p,, x a=3 Initially a = 0 (singularity)

 Further, the relation between a (normalized as ay, = 1) and the “redshift” z is

a

B 1+ z



* Using zo = 0 and z¢vg ~ 1100, we can easily find

TCMB 1
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* Using zo = 0 and z¢vg ~ 1100, we can easily find

TCMB 1

Y

70 v/1100

 Thus, the past light cones stemming from (say) the 2 end points do not have
any overlapping region initially, viz. not in causal contact
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 To have a more concrete idea, assume that the observable CMB size coincides
with the current Hubble horizon 1/H, within which causal contact is possible
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« Q: When CMB was generated, were they the same, or how much different?
1. Physical size corresponding to 1/H,: Physical sizes simply scale with a « 1/T
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 To have a more concrete idea, assume that the observable CMB size coincides
with the current Hubble horizon 1/H, within which causal contact is possible

« Q: When CMB was generated, were they the same, or how much different?
1. Physical size corresponding to 1/H,: Physical sizes simply scale with a « 1/T
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2. Hubble horizon 1/H¢cyg: During MD, H? «a™3 « T3
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. Heoyp = Hy

Tcmp

 Thus, if we compare the ratio of these volumes (T, ~ 3 K and Tcyp ~ 3000 K)
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 That is, if we assume at present the Hubble horizon size and the CMB scale
are the same, when the CMB was generated, the corresponding physical
volume was filled with 10% — 10> causally disconnected patches

« Therefore no reason at all for these patches to have the same temperature
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"Horizon problem”




« At the same time, as the resolution of the CMB measurements improves, tiny
fluctuations of @(107°) in the temperature of CMB have been discovere




* From these fluctuations, the famous CMB spectrum can be obtained
which you must have seen many times
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« How is that spectrum obtained?
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:-,'.—Jj;.{‘-',{,_' -
o7 -

i




« How is that spectrum obtained?

:-,'.—Jj;.{‘-',{,_' -
o7 -

i




« CMB exists on a sphere away from us nearly 13.8 billion yrs

« Thus, we can decompose the temperature fluctuations of the CMB using the
spherical harmonics Y;,,(6, ¢)

Lrmax 14 14




« At the same time, as the resolution of the CMB measurements improves, tiny
fluctuations of 0(107°) in the temperature of CMB have been discovered

Size of causal patch =
size of full moon (1°)



« At the same time, as the resolution of the CMB measurements improves, tiny
fluctuations of 0(107°) in the temperature of CMB have been discovered

Size of causal patch =
size of full moon (1°)
(circle is exaggerated)

 Correlations between 2 points separated larger than 1°7



 2-point correlation between temperature fluctuations of the CMB separated
larger than 1° is non-vanishing with nearly constant amplitude

Multipole moment, ¢
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» Therefore we need to explain, at the same time, the following:

1. How come is the observable universe so much homogeneous and
Isotropic beyond causality with an extremely high accuracy?

2. How come did the small fluctuations come to exist?
3. How come are these small fluctuations correlated beyond causality?

« We have no other way but to resort to the initial conditions, which
should have been finely tuned to an accuracy of 0(107°°)

 But such extremely finely tuned initial conditions are disturbing...
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2. What is inflation?



What is inflation?

« Essentially, the finely-tuned initial conditions are inevitable because
physical scales expand slower than the horizon (MD: 1 o< a & H™! « a3/?)

« This means what all we see were in the past outside the horizon
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 Thus, if conversely physical expands faster than the horizon, everything was
once inside the horizon, maintaining causal contact

« How is this (“physical scales expands faster than the horizon”) formulated?
Outside horizon:

No causal
communication

Expansion is accelerating!

Causal
contact

Causal contact:
same temperature

Length

Standard evolution

l

[
Time

\ &—




 The ratio of the physical scale to the Hubble scale is
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 The ratio of the physical scale to the Hubble scale is

A\ a .
X = q

H-1 " (afa)~!

« Usually, 1 expands slower than H™1, thus

d A
( ><OHEL<O

dt \ H—1

- However, we demand the opposite — 1 expands faster than H~1!

d A .
dt(H—1> >0 < a>0

 This phase of accelerated expansion is called “inflation”



e Let us return to some GR again: Energy-momentum tensor for perfect fluid
matter whose energy density p and pressure p reads

", = diag(—p,p,p; )

« From the Einstein tensor, using the FRW metric we find:
G’y = —3H"
Gy = — (QH + 3H2) 5"

» Thus the 00 and ij components of the Einstein reads (here, m3, = 1/8nG)

m=_r_
Sm%l H o P + P
—3H2 —2H = L 2mp,
2mp,

—_—



« Explicitly writing H in terms of a, combining these 2 equations give
p+3p  3lp+p) , 2p
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« Explicitly writing H in terms of a, combining these 2 equations give

@ — = | > ()
a Gm%l N Gm%1 | Gm]%1
_ [ = H?2
H
€ = <1




« Explicitly writing H in terms of a, combining these 2 equations give

a _ pt+3p _ 3ptp) , 20 _ 4
a Gm%l 6777,%1 | Gm]%1
_ [ = H?2
_ "
€ = 72 <

 This parameter is the so-called “slow-roll parameter” (we will return to the
reason why it is named so)

« We will need another slow-roll parameter to describe inflation



« What happens to the conformal time when € < 17
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« What happens to the conformal time when € < 17
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« What happens to the conformal time when € < 17

_/ da ——L—I—/ € 4
T azHT aH aQHa

fle = f=—= Always smaller than ffz—i{

~1dH -1 H e
" H2da H2aH oH

 Therefore, during accelerated expansion, viz. inflation, T < 0

« But we have seen that during the standard phase (decelerated expansion)
the conformal time is positive (t « a'/? during MD and 1 « a during RD)

 What does this extension of the conformal time to T < 0 mean?
 This is how during inflation otherwise finely-tuned initial conditions are ready



 Extending T < 0 means...
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 Extending T < 0 means...

A
T Hyt Observed CMB
0
Observed to be x T~ 1
Homogeneous & isotropic
TeMB[ - AT
0 Hot big bang starts X
t
Physical |
. -1 | . -1
size Ay, i sizeHcug
‘ r
I
| | Physical size expands
Causally communicated " i faster than
| 1 the Hubble horizon
Ti = — |

« The further 7 extends, the more overlap we have: How far should we go back?



« To quantify how large the universe has expanded, it is very convenient to
introduce the “number of e-folds” N:

f
NE/ Hdt:10g<a—f>
i g

If the number of e-folds is N, the universe has expanded by a factor of eV
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If the number of e-folds is N, the universe has expanded by a factor of eV

« To explain the observed homogeneity and isotropy of CMB, we must demand
that when a = q; the physical length scale 1;-1 corresponding to the current

Hubble horizon be smaller than the Hubble horizon during inflation H; !
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« To quantify how large the universe has expanded, it is very convenient to
introduce the “number of e-folds” N:

f
NE/ Hdt:10g<a—f>
i g

If the number of e-folds is N, the universe has expanded by a factor of eV

« To explain the observed homogeneity and isotropy of CMB, we must demand
that when a = q; the physical length scale 1;-1 corresponding to the current

Hubble horizon be smaller than the Hubble horizon during inflation H; !

a; ar Q; T _
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ag ag @ 0 1's

End of inflation
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* While there are 2 unknown factors [Tf: temperature at the end of inflation (or

reheating), H;: Hubble parameter during inflation] the logarithmic factor is
likely to lie within 0(1) — 0(10)

. N > 50 — 60

 That is, to explain the homogeneous and isotropic CMB, i.e. to solve the
horizon problem, we need 60 e-folds of expansion during inflation

« During inflation the universe should have expanded by e®% ~ 10%° times!
* Then, how is inflation realized?
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3. How does inflation occur?
« The acceleration of the scale factor is determined by the equation:
a P+ 3p

2
a 6mP1

« Usual matter contents give always p + 3p > 0, such as pressureless matter
(p > 0 and p = 0) and radiation (p > 0 and p = p/3)



3. How does inflation occur?
« The acceleration of the scale factor is determined by the equation:
a P+ 3p

2
a 6mP1

« Usual matter contents give always p + 3p > 0, such as pressureless matter
(p > 0 and p = 0) and radiation (p > 0 and p = p/3)

« To implement inflation, we need a very special, unusual matter content
that is dominant and has a strong negative pressure! (we do not consider
p < 0 because of the null energy condition)

0
< -
Ps"3

« What kind of matter has this exotic property?



« The simplest candidate of such a property is the cosmological constant A
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* Since the cosmological constant term is proportional to the metric in the
Einstein equation, its energy-momentum tensor has the components

op =N and pp = —pa

* Then, the expansion of the universe is exactly exponential!
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« The simplest candidate of such a property is the cosmological constant A

* Since the cosmological constant term is proportional to the metric in the
Einstein equation, its energy-momentum tensor has the components

op =N and pp = —pa

* Then, the expansion of the universe is exactly exponential!

a

. CLOCBHt

. [(a\® A
H* = | — — ;- = constant
IMp,

« But the cosmological constant is really a “constant”, and the exponential
expansion never stops — inflation is eternal and we cannot recover the

universe with stars, galaxies and gravitationally bound objects in which we live



* Thus we need something different that can do the following:
1. Can have a strong negative pressure (p < —p/3) to support inflation
2. Can provide a smooth, reasonable, “graceful” exit from inflation
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* Thus we need something different that can do the following:
1. Can have a strong negative pressure (p < —p/3) to support inflation
2. Can provide a smooth, reasonable, “graceful” exit from inflation

« One simple choice is to make use of a scalar field!

 As the simplest possibility, consider a scalar field which is minimally coupled
to gravity, with canonical kinetic term:

1
Smatter — /d4x\/jg[ — §guyaﬂ¢al/¢ — V(qb)]

* Following the definition of the energy-momentum tensor, we have

o 2 5Smatter L 1 o
T,ul/ — \/_—g 59“” — M¢al/¢ — Juv [5.9/0 8p¢80¢ T V(¢)]




« By matching the EM tensor of a perfect fluid, we can identify the energy
density and pressure of the scalar field as [let us consider ¢ = ¢(t)]

p="T0% = 36* + V(o)
1
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« Therefore, when the potential energy dominates over the kinetic energy, viz.
%q'bz LKV, p=V=-—pand ¢ behaves nearly a cosmological constant, leading

to an exponential expansion of the universe!

e Such a scalar field drives inflation, so it is called “inflaton”



« By matching the EM tensor of a perfect fluid, we can identify the energy
density and pressure of the scalar field as [let us consider ¢ = ¢(t)]

p="T0% = 36* + V(o)
1

Ll 1o
p=3T=50¢ V(g)

« Therefore, when the potential energy dominates over the kinetic energy, viz.
%qﬁz LKV, p=V=-—pand ¢ behaves nearly a cosmological constant, leading

to an exponential expansion of the universe!
 Such a scalar field drives inflation, so it is called “inflaton”

« But unlike A, ¢ evolves in time and thus can eventually break the condition
p < —p/3, bringing the end of inflation!

« Then what is the equation of motion ¢ follows?



« From the Lagrange equation of motion, we can find
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« From the Lagrange equation of motion, we can find

5 [ 0L ] _ oL
48(6‘“@} Y

= 0 (Fg“”c?yqb), = —V/—9V4

O= 1 0,(V=36"d,) - — =g
= o )
02 9
__ﬁ_3Hat+_




« From the Lagrange equation of motion, we can find
R

“1o0ue)| 04
= —0,(V=99"0,0) = —V"gV;

|
1
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« From the Lagrange equation of motion, we can find
R

“1o0ue)| 04
= —0u(V 00" 0u0) =~/ Ve

0=-19 (\/_9“8) — —+/—g0¢

Lo,
02 0
= Gt o

I P+3HIU+ Vv, =0

* This is the equation of the homogeneous background inflaton field ¢ = ¢(t)

« How is this equation simplified when the potential energy is dominant over
the kinetic energy?
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 Taking a time derivative of both sides of %cpz & V gives

IR Y/

 Potential gradient is much stronger than the acceleration of ¢, and the
equation of ¢ is simplified to

3HIU+ Vv, I O
 During this stage, ¢ rolls down its potential very slowly due to Hubble friction

................. >

 This approximation is called “slow-roll approximation”



« How is the slow-roll condition quantified?
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« How is the slow-roll condition quantified?

e M1
Pl m — 2m§,l 2 < g (SR eom, ¢ ignored)
1 V2

#

Zm%‘ OH 4



« How is the slow-roll condition quantified?

[ ] H 1 "R GV .
P a2 5 5 < PP 5 (SR eom, ¢ ignored)
H 2mg, H SH
1 V!2 H2 | :
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« How is the slow-roll condition quantified?

R H,J — 1 l(ﬂ < Il.,,|| " V! (SR ¢ . d)
HE- —_— e - 5 < L Pr— eom, Ignore
H2  2mg H? SH
, 1 V2 L Friec v
5 < " 3m2 rredmann eq, <
2mp‘ 9Hf" P
2 V

« Later we will need another slow-roll parameter

« Under the slow-roll approximation, the number of e-folds can be written in
terms of the potential only:
. f - f . f . |
H 1 V
N = Hdt = H ﬂd! = —d ! — —!
| | d! . m3, ¢ Vi



 As a fiducial potential, consider a generic power-law one, which is
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 As a fiducial potential, consider a generic power-law one, which is
characterized by a mass scale m that defines the theory:

V()= m*"nn
At the end of inflation, we can approximately find ¢, as
m2, V, °# m2 n2
=1 e g Mk oo #im
2 V -'ﬁ-'e 2 ||g e 2 Pl
« Demanding (say) N = 60 gives
1 teoy 12, 12 | 2 $_
N ! —- —dl =221 0 _=-60 # | lg! 10 nm
LT 2nmg, 2nmg, > i

 \We have no information on the mass scale and cannot constrain the model!



« Thus the question on how to constrain a specific model of inflation is not
answered only by investigating the number of e-folds N, which is the only
requirement we demanded

 Then, how can we constrain models of inflation, or how can we construct
viable models of inflation beyond the condition N > 50 — 607



