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We will focus on QCD of mass ∼ 𝜇eV

Based on 



Provides a solution to strong CP problem
Axion Dark Matter



Pre-inflationary scenario

One of the appealing qualities of the axion is that it can be dark matter
Axion Dark Matter

``PQ symmetry breaking before inflation”

Post-inflationary scenario
``PQ symmetry breaking after inflation”VS
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Too much prod of DM 
-> 𝜽𝒊𝟐	 ≪ 𝟏 : fine-tuned

Not enough prod
of DM 

𝜽𝒊𝟐 ∼ 𝟏 : natural
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Misalignment

Topological defects
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Situation of direct axion search dramatically 
changes depending on the size of this part



Formation of cosmic string
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String core

Evolution of this complex scalar field is 
highly non-linear and it can be done only 
numerically
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See talk by Takahashi



𝝆𝐭𝐨𝐭 = 𝝓̇ 𝟐 + 𝛁𝝓 𝟐 + 𝑽 𝝓

=
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𝟐 : stored in axions : stored in radial modes

3D volume (spatial) average

𝝆𝒔 = 𝝆𝐭𝐨𝐭 − 𝝆𝒂 − 𝝆𝒓

String energy density





∼ 10 ∼ 70

lattice simulation

QCD PT

log
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𝐻 = log
𝑡
𝑡2
≲ log𝑁

Axions decayed from 
strings around this time 
contribute to DM

𝑡 ∼ 1034	sec

Cosmological evolution

Appearance of Scaling solution
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: no new scale 
between 𝑚+ and 𝐻

: number of strings 
per Hubble patch

Multi-scale problem: 
Even numerical simulation is very difficult and 
progress is very slow
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Two important scalings for axion mass prediction

: allows us to extrapolate all the way to QCD scale
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[soft axions]

[hard axions]

Interesting situation would be 
this at the QCD crossover
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: should follow a power law due to absence of other non-trivial 
scales and sampling has to be done in scaling regime

Two most important scalings in 𝜉 and spectral index 𝑞 in cosmic string
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Gorghetto, Hardy, Villadoro 20’
Kim, SON, Park 2024 (redone)

Axion abundance

: instantaneous emission function



𝜉 = 𝛽 + 𝛼 log
𝑚>
𝐻

𝜉 ∼ 𝒪(10)
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Recent intriguing observations are

Gorghetto, Hardy, Villadoro 18’,20’
Benabou, Buschmann, Foster, Hook, Peterson, Willcox, Zhang, Safdi 21’, 24’
Saikawa, Redondo, Vaquero, Kaltshmidt 24’

Kim, Park, SON 2402.00741
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Extrapolates to
𝑞 > 1

Kim, Park, SON 2402.00741

This is where simulation frontiers leads the theory. 
These findings are not explained by theory yet

Kim, Park, SON 2402.00741

𝜉
Curves of different 
initial conditions



QCD PT

Axions from strings in 
scaling regime @QCD PT

Axions from string-domain wall 
network @QCD phase transition
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Supported by 
scaling solution

𝑡 ∼ 1034	sec

lattice simulation Nonlinearity may or may not kick in
𝑎0

𝑓1
≥ 1	vs ≤ 1

Gorghetto, Hardy, Villadoro 20’
Benabou, Buschmann, Foster, Safdi 24’

Gorghetto, Hardy, Villadoro 20’

Gorghetto, Hardy, Villadoro 18’,20’
Saikawa, Redondo, Vaquero, Kaltshmidt 24’
Kim, Park, SON 24’

Extrapolation
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: soon after this time, axions become 
non-relativistic dark matter 



Recent results in cosmic string frontier

Buschmann et al, 2021

Gorghetto et al, Italy, 2020

Kim, Park, SON, 2024

Saikawa et al, 2024

Benahou et al 2024
non-negligible Domain 
walls can increase axion 
mass further

Nearly 
conformal strings ,q ~ 1

IR dominant axions, q > 1



Recent results in cosmic string frontier

Buschmann et al, 2021

Gorghetto et al, Italy, 2020

Kim, Park, SON, 2024

Saikawa et al, 2024

Benahou et al 2024
New update:
non-negligible Domain 
walls can increase axion 
mass further

Nearly 
conformal strings ,q ~ 1

IR dominant axions, q > 1
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Benahou et al 2024

280 ← 65	𝜇𝑒𝑉 ≥ 𝑚1 ≥ 45	𝜇𝑒𝑉

Saikawa et al 2024

450	𝜇𝑒𝑉 ≥ 𝑚1 ≥ 95	𝜇𝑒𝑉

Gorghetto et al 2020

𝑚1 ≥ 450	𝜇𝑒𝑉

Buschmann et al 2021

180	𝜇𝑒𝑉 ≥ 𝑚1 ≥ 40	𝜇𝑒𝑉

𝑚1 ≥ 420	𝜇𝑒𝑉

𝑚1 ≥ 470	𝜇𝑒𝑉

Fat-string pre-evolution

Thermal pre-evolution

Kim, Park, SON 2402.00741

Fat-string pre-evolution

Fat-string pre-evolution

Thermal pre-evolution

Axion mass prediction
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Fat-string pre-evolution

Fat-string pre-evolution

Thermal pre-evolution

Axion mass prediction

Do not exceed current bound,
Only axion from strings in scaling regime 
+ nonlinearity around QCD
[Domain-walls are sub-dominant]

Account for 100% DM abundance,
Mass range due to the range of 𝑞 from fitting, 
Axions from strings scaling regime + string-domain walls,

Account for 100% DM abundance,
Only axion from strings in scaling regime,
Mass range due to multiple ansatz for 𝜉 and 𝑞 + stat. + syst. errors
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𝜉2345 = −0.19 3 + 0.205	ℓ

𝜉2678 =
−0.25 15 + 0.23(6)ℓ

1 + 0.02 4 ℓ

→ 	95	𝜇𝑒𝑉	 ≲ 𝑚! ≲ 450	𝜇𝑒𝑉

𝑞 = 𝑞9 + 𝑞-ℓ	(Linear)𝑞 = 𝑞9 + ⁄𝑞- ℓ0 (Plateau)

Note that plateau (linear) model predicts smaller (larger) axion mass

95	𝜇𝑒𝑉	 ≲ 𝑚! ≲ 198	𝜇𝑒𝑉 237	𝜇𝑒𝑉	 ≲ 𝑚! ≲ 450	𝜇𝑒𝑉
𝑓! ≈ 1.3 − 2.4 ×10)4	GeV𝑓! ≈ 2.9 − 6.0 ×10)4	GeV

Plateau ansatz : Linear ansatz :

ℓ = log
𝑚+
𝐻
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Axion mass prediction

Do not exceed current bound,
Only axion from strings in scaling regime 
+ nonlinearity around QCD
[Domain-walls are sub-dominant]

Account for 100% DM abundance,
Mass range due to the range of 𝑞 from fitting, 
Axions from strings scaling regime + string-domain walls,

Account for 100% DM abundance,
Only axion from strings in scaling regime,
Mass range due to multiple ansatz for 𝜉 and 𝑞 + stat. + syst. errors
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𝑞 = 𝑞9 + 𝑞- log
𝑚+
𝐻

Exact scaling behavior
has a dramatic impact on axion mass

A counter-study claiming a constant scaling of a unity
Correia, Hindmarsh, Lizarraga, Lopes-Eiguren, 
Rummukainen, Urrestilla, 2410.18064

, 𝑞 = 𝒪(1), 𝑞 = 𝑞9 +
𝑞-

log0𝑚+
𝐻

𝜉, = 𝜉⟨𝛾3&⟩
Moving frame vs Rest frame

vs	 𝜉 ∼ 𝒪(1)𝜉 = 𝛽 + 𝛼 log
𝑚+
𝐻

New independent scaling solution being consistent with 𝝃 and 𝒒 
would be helpful for clarifying disagreements

ü stronger disagreement in here

Spectral index of axion power spectrum

String number density per Hubble



𝑞 = 𝑞2 + 𝑞& log
𝑚,

𝐻

New scaling in string fluctuations

𝑅3B𝜕7 𝑅B𝜌! ∼ Γ!

𝑟! =
Γ!

Γ! + Γ,

→	Γ = Γ! + Γ> ∼ Γ!
We speculate that axion power-law spectrum 
is originated from string power-law

Kim, Park, SON 2402.00741

**Branching fraction of strings to axion

New brand-new scaling consistent with 𝑞 
could be hinted from this observation

Observed a new scaling consistent with 
spectral index of axion power spectrum



∼ 𝐻0# : correlation length

Self-avoiding 3D 
random walks
Oscillations larger than ∼ 𝐻#$ 
is frozen in expanding Univ, 
and those are well-described 
by Random walk strings 

Long string

Looking into
String power spectrum

Kim, SON, 2411.08455



∼ 𝐻0#

Self-avoiding 3D 
random walks

Looking into
String power spectrum

Kim, SON, 2411.08455

Oscillations larger than ∼ 𝐻#$ 
is frozen in expanding Univ, 
and those are well-described 
by Random walk strings 

We are interested in oscillations 
shorter than ∼ 𝐻,- that can 
contribute to axions



∼ 𝐻0#

Self-avoiding 3D 
random walks

Axion energy density (red color) from cosmic 
strings inside one Hubble volume in real simulation

Looking into
String power spectrum

∼ 𝐻0#

Speculation :
 Axion power-law spectrum should be originated 
from string power-law behavior

Kim, SON, 2411.08455

Oscillations larger than ∼ 𝐻#$ 
is frozen in expanding Univ, 
and those are well-described 
by Random walk strings 

Spectra of
string fluctuations Axion spectra



∼ 𝐻0#

Self-avoiding 3D 
random walks

𝑑𝛾⃗(𝑠)
𝑑𝑠

= 𝑡 𝑠 = d
B;0C

C

𝑇Bℓ𝑒
'"DBℓ E

𝛾⃗(𝑠)

Oscillations larger than ∼ 𝐻#$ 
is frozen, and those are well-
described by Random walk 
strings 

𝑇Bℓ ⋅ 𝑇B;
ℓ = 𝒯Bℓ𝛿 BFB; ?

𝒯oℓ ∼
1
𝑘q

Kim, SON, 2411.08455

Assume string fluctuation follows the power law 
similarly to axions   

Looking into
String power spectrum



String power spectrum

𝛾⃗(𝑠)

Radiation 
into Axions

Kim, Park, SON 2402.00741

Γ!+,- 𝑘 ∝
1
𝑘G
	

Γ! ∼
1
𝑘6

Traditional: 
All literature analyze the axion 
spectra away from string cores

This work: 
Explicitly analyze the spectra 
of string fluctuations Kim, SON, 2411.08455

Kim, SON, 2411.08455

Question :
How 𝑞 is related to 𝑝 ? 



Analytic connection between strings and axions

Γ!$;<(𝑘 =
2𝜋𝑛
ℓ ) ∝ 𝑛 t

C?&

D3&
1

𝑛 + 𝑚 E 𝑛 − 𝑚 E

1. No Expansion of Universe
2. Almost straight string 
3. Kalb-Ramond (KR) interaction in thin string Limit

𝒯Dℓ ∼ v𝐵ℓ
𝑘D
𝐻

3E

0
:	𝑘GH < 𝑘 < 𝑘IJ
: otherwise

→ Γ!+,- 𝑘 ∝ 𝑘"0"G×𝑘G0# =
1

𝑘G0#	

: a	few×(2𝑘<=) < 	𝑘 < 𝑘>? 𝑞 = 𝑝 − 1 − Δz{z|}S~���~.

Part missed in 
our derivation



Axion Dark Matter

Taken from

* CAPP -> DMAG (Dark Matter Axion Group)



Axion Dark Matter



In near future

ü Improve lattice resolution at least by 4x -> 16K each dimension

ü Numerical testing the collapse mechanism (while solving axion 
quality) of string-domain wall system with N > 1 might be interesting

Technically huge jump. Super-challenging

ü The statistical analysis of the string time evolution should be 
useful to understand the interaction between axion and strings.

Question : q is very close to touch the line of unity. 
will q keep growing above unity or get saturated ? 16K should help for this.

Question : is commercial method of gauged discrete symmetry actually working ?
Lu, Reece, Sun,  2312.07650

Supported by
AMR (Adaptive Mesh Refinement)

Supported by 
Static Lattice Simulations VS

Question : any hint for better EFT description ?


